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whare k= 1C L, So= X)) ad xpeC. (s £27 [17).
CFr o awset M 4 {o*"_"f’ 4} whick contams o . owe sl
R = {YéX | =.ne Ry for some «:eM}_

A swbsel }’4)( o .s'udﬁ»ﬂ—eam M- code . f
Z(X)AZQ')-;;‘ -foer,er
AnMwAeyM_&ﬁ__rTfXX“mijmmﬁﬂ
) xeY) . Saw |Zw]| = ZMﬁ__.‘, o M-wde Y aliof o




He_oplars _pachivg bound Y] £ le/i'é‘ZMf‘c |
T e equalily Retding F oad ady Y o perfecl. e paiBiedas,
2 ke s X[ o Y o a pafecd Mocods. Asetlr rucessacy
condifion for fo sasliuce of a pinfed M-code YV L dideed frm

s dutidulion A Y % Co. Civ . Cq t

T\@ﬂm#ﬂpﬁd@m LI Y be o pufd M-code oa X
Ton tare sl at ol IMI=1 msdecibls characlrs % of X
egm-% = 9
whart ﬁ.:=(C;,l awd %€ (.
Mowr, &L X be  the .vmmlinz group Sn‘ ] Aldru. n., Lrx.velkX
Mt BY) be Mo minimum pumber of Wﬁt‘dM whese  prodaed
Ly Thn ¢, io o ditave o X. For o positect adiger @,

b

At Ze lve‘{lee—‘edl i anlie x
T, = ‘lyeX[ acx,y}ﬁe}.

A subset )/4 X i cM am e-code of
T, 2 =P for distinet x.y € Y

e e-osl T ) will adhr fo idekil 1 s a umion S conugasy
dasses C; e M) omd  e-codes  are /_»7»{:’:7 s 4 M—wtu.
When = M. Deza  ariailid Japa i 1978 (7 moy 4t ou JITT7,
9 cammil remember muﬂj ), Fe propesed E. Bannai , whe wuo
Ao A Gokushuin Umiversily , B clusdify ‘,M/ed e—codes L.
st s, 4t s il o Aot o slightly

different T 21X ¥) is Mo pumbir o Ml acteadly moved by Xy
: 51—




7ha present %MZ:‘M g 20,) oamd e formdalion of e pofed e-cody
prodlam  are st o B Bawnal awd M. Yoshizawa. Thy piet Dicd

% desiify  pafedd fowdbs Y ln S, 4k gol aliech i n= 1.
T aspeencn o nowdadh salisfy e aphire packiis  condi /oo
e (33 €2 6w, g, 27, 37, }8,---, ,;..ULA.«U fn
hnfords asquemce wit2. e considiralion of Y5 datibdim & C
(0242d) pliminalis n=6 2 nl =1, amed flay sspeclid
Aat e might Mrsf,wv&J I—odea s S, elelid B He MaMliw
7\4’“‘( My, /&.u,wt%_, Nomupa [10]  liminaled o case n=1{ by
Condidaying o diskribulion sf a pifol |-wds & ta cosils 'Sk\Sn.‘

Theorerm (Nomura) ot Y be a prfed ke on S.. Lt H

be a Ak growp a‘é Sn .Ca,onwv):ktc, 3 Sk (ko 2 ["’g—'] 1‘1) ) emé;ddd

ha:u«-rlau:’ Ao Sn . 'n“‘w )/;4 deatrbuled wn«wbj 'to He tasely H\Sn:
IHAYl= I Hxn Y] A st xe S,

In ra&u&g, 14 (2) amdes R,

This ~ thaorem Prmproves  fu aplese prching condition nl 1+ (2)} €2
o elominadio pafect 1- wdee o ‘S,L for n=6, wog. S, \527
1o e amallot %Nxm ?«vo«va i ki e pistis o pnfec
[-odtd 2 wmkwon. |

Nomurals thaciem ia oxpeclid % fdd for pufect e;wm Ann
daroctalion ackimss whose aclomorphitm groups have asgulas
Anbrgrowpd G amd “good ” anbgroups H o G , ed, Hamnnsg
achamss , associalion ackamss of Adincar fromas [ dossical  formas
(40 8§36 [1]). For Hoamming  pedsmes , Muremasa [§] Showed

—52— .




e

Theorem (Mu.nemo.m)-‘ A'In;t Y be a perfrel € code in Ha.w\nu:nj
ackame H( ). Tt w be e minimum zer o the 2logd —

Z i(m whae K; 0 s e Kromtehowie polynomial of doge 2
o= £ e ()(7)

Epip te wndorling apace X=>m (IF[29) st a group
adractort  ach a8 fe dirdt produsct  of ’n{‘wp»:;e f F, et T
H be o aabguoup of X shomerphe & FexF (% 2Zn-u+l),
embeddad naturally X'.. Thw Y is diatibulid ovenky HN\X:
Ha¥l = [HeaY| 4o ot xe X, o
In pacticular, vé(g)(g-:)‘: wodas  3F,
Notbw Hol w is o positive mjw by #e Uoyd  theorer .
M\mmu theorem Ly Mrnmmwt 5 He Afm -y conolitron
F/ZOGD € Z. Tnfod e-iods in HOL) fave e complelid
dossifad for €23 amd  remain uw-v(w' 7‘»0‘ for €=1,2, masely
'&@se #o Uoyd faorem 3 W.fw( for €23 4l nd for e=1.2.
Br e=2. Murdmeca’s fioom  clasmeo g.n'u’ﬂ Li+ ng-n+(3) gt
L o slyger s where |
»{.7.+ ncg—l)- (.3-4- (g-1)(n—2) }

u =

L
% ,
at e hapr Rl b a sl Mfwmxm b olessify ,m,ewt
2-wdts A Hin,{) ;hhrnayj Go(.oj cade Lo f‘.n_lvv% fergmm r‘“;‘wf
2 - eode, ' '

Com&«g bk 1 /aa.ful' /—coa&{s s Sn, Ha eorem 47 ﬂ:yd
I‘ﬂ*“ Hat -ﬁu-r-eunsts am  Amediccible mchx{{San

dcd i‘l\.d’
—53—



ALx) . '
1+ ()76(1)- : ﬁra.trw/:o:.#m x

H- Enomote awd 7. Saite FOar comruﬂrs (3 _ma/o.o; tha  Moal ﬁf
anck % for n £30. Thue were Lol A amck fx,,wt@daf Ham,
were ,ﬁ,w % 4:-2»0-0\»\5 Yo Ha ,MML.T,J 2- ock if n aalisfio
Sy | o _
“ i n. R . . "
the aphore Ff’“k"‘j conds tron H‘(g)(:z. TALa fa.J aeoms M»—u% ..:I“.mL]C _

Question Lk % b an msdedblt clarmclr of Sp owar ©
"prL 5 SR (2)%%))' = 0 fﬁY‘ a 'trum..efoi??'?w X, 7o svea

?( M.bn:? L e .lprinu:’qﬂ 2."44004, :‘f H (2') d"’"“'"‘“" ”'.l?

3 Deaignd in Symmelic Groups ottt X= (X AR} ec2a) be

o commulalis guipeiolion aclame. Lt Y be o anksit ot X. The smnon
MY‘CI’WUE "F y 4;4 a‘=(a—0) ah I’ ad) . M’i

a_mlyy Rl (0 2:¢2d),

Oandh f‘-t-. éﬁ‘l/e__ "f al i a|’= (a,’,-a,’, =T, a-d) wH .

‘=L 200 fre, a'=-L a
G, u S (e a7= gy aQ)

‘ wm Q= (§,4)) P fa 2nd vgenmaliix of X Dokarte [2] showed

Dol sarta 'C;Ml;t.‘m a; >0 (o=2i 2d)

2

defiad  fat Y ia o0 TodRiph for ez, -, d) if
=0  for €T,

Now, At X e a foili prowp oun K= (X, {RiJo2:24) ‘f‘*\,
ardoccalion gchamae MX a6 A {QWW /I 7ér'aw)lj |
Y A X, s dasd iwwer pstnbdion a’= 45,80, -,405) £ Y L .

g by | e



a./ - X

‘ S x. )
v v lY‘z x%{-y v ’ .
omd Ao >/j.4 ,a.‘ T- deign  F an dy F
5. %) =0 for < €T,

x,>'6>/
ZJJ X acl o a sl L Mﬁws adl T #Ha Mﬂ«

c‘.-a-rv-t_—ﬁ'f. Lt T be /»(.L sek af indccts 4 quid Hal S # o sl
e wnnducitlo Mba’ x: a.ri«--/é apprend L, v, 7h Lj o D.J:&r'&

= > Y,
lle x.vey

Fr o asbset Y of X, s

Pyg = # {xe)/l xm:@} | (é,pe‘Q,)_

Com%' Mam.im‘éréf (KP X)(-‘Q.JL )/,MJ. Had o)==, M"R,w!
zn«@ = ly|-lal, |

I)\ PM’R«»{M:
CoZadk 2y

xpc-&. ’
whon Ae skl Alds o and oy if ap = vl /il for all «, pc-,.(l_.
On tha dllar fand | counling e numbsy of (4.p.x.v)€LLuxdlx Y Vo e,

Hoat Xe)= yw) =3, we Sare

2 —
2 fap = 2 Ty |
«,pe L 2404

Thuo we gk

_LME. (Ernomoto-It) - Y & a Trdwign o awdt o o

Y
nd(;-.:—L—Q—T- for all o, @eJL



In pasticdar . F Y] & o T-dusign . foe Y[ N02] €Z o

I.negu-dw% "-F Foshor x‘a"““ lYl 2, l‘ﬂ-'l

I'F Ha -Q'(_“'"Q"QS ‘R-O(-u >/ Ao old 2‘6 be a ﬁgg T—M—ern

Let X be e Aym»wtnc group Sn. 4 Agrea N amd My /,grmiir\

(ot Lz = n

charnlir of X aling  on o ordered h—Tupls o, o (7% fmm.*;j\l_et y‘e
4 awbsed 4 X y -erm a ly,:wt W’&u@m cuwaj w-hose (x ‘)""t"j

4.«5 xet)y (xe Y. t-"{l .- ’13) Bahrrbwou Lomma. , Y & a T -dedcgm

will AX/\MJ/{ ‘k-,.i.e-’/ ﬂ(amrd 4 ary 'YIXk Mow\.aj m'amd

Lyl
'.go.Jt ovdared 'k"tﬂ-,v& X;,--',dk (d;abdj for c 25 ) m Lm‘

Or'ﬂwjond Pmmtajlm MAA«H»G r.f Mﬂ f ane 4;%}4,&34,&}»\. af

sy

k-ply  Dawidice  guoups, Gcm a 'T'-M"g Y, wt may addmme

yloonw 1‘1\.0. A_ME . Atcawat  Yx oo xy e aleo T—M;Md
‘Fo_rwdlxex, IuMM,QMngth.M

Quaslien s o Trdwign Y (Y51) astecalis wi Ty |

| rmuf:d-ﬁe a AM’A—O:A,) 7 X —ﬁw Mﬁfd&«{é ’&"“‘}‘ h ?

If k=1,: Taton aquarsd  are ‘wmu‘,%a.,ylw. };Y/f=2, r(wf. e alas
ww«ﬁa—u»-‘r&c conatnacTd fmm frv/&om»-' /nla-nu Stm»% i/l /44

WWM &MLE"‘ %k 4 X o.om\j on /‘,0. ‘k—M% J‘? {l,z,"‘,vﬁ}’ |

we com  condider 4 Admilar T—-d.u,ir« ,orr(f&m:

m Ts a T—M;,n y astoalid Wi 7T ma.s:a.ng aTdmr,

1—?)/24 a,Mr-ouf, He amowtr g 4M¢ ,foy kZE_[77.

ig?




’Toa&I MW Wu‘;&d we X 'ﬁ'lk are .co%'&-fw&”'fd‘. ._ro 9 adoulol -eé'A-(
bt ask .

Quskion '-Dé thurt  oges HafLI diigns asdocialid " 4 7,\1;': (hz2) ¢

4 Tonfect Cokts omd Tight Desigms s (Pond Q) polymomind Agocralios Gelamsy
20 X= (X,{R;Sugd-) 42 & sgmmaline associalion ackima,

It A; ond E- (021 24) 4o fb. o.?a.cuy malwus of - amd
e ,mmv‘v. ,.nm/wm A e arya censy djdm ,,»uru—fw-vs., X i
asd B 4o a _’E,F%‘M aatoialion ackare w.rT. Ha ovdsring Ao, B, Ay
£ A= ‘V‘-CA‘), (021 24) iu fha adjacemsy algtbra 0L for
ponomials V0 o degae v, oy eﬁw'téf f ”C“f"“fL [=(X.R)
A’d;:d'aMu‘-r-ejbfW, €, xXady (x.veX) Rame didanct < in  rha
graph [ r-fw«{,:f «.y)e R;. Bf.bwaﬂ @ Q- polinomual
pasocialion acdoma wnrT. fha ovdering E,,E,, -, Eq ¥ E;=vI(E)
(ofiﬁd.)»iu ffu. ducat %awﬁj B pay for I,,ejma,.u v of
digree & ( #a mullipbealion of OL is o Hademarsd prodecd | &ee, e
onbvy wise  produed ). Wcskuuru axarples t{f(m e Ao et asction

C Tn Rt follews ; we pdj conaidey {o.(,--,e} codes MPPal,Mmd
MML‘M schkerunr  amd {1.2, "’,ts;w—? L Q—fdjm.‘wzd sasocwalin

ackamed, Mwmwm‘mmwﬁ‘iﬂ cetlid e-coles and
o diaigs , peapa vl Thare s weukm-wmm,u»&t&o for
I, e- codts amd t-didigmo [2] |

Sphirt Tacking Bosmd ke A e Y,
Ineqweli® o 'c-f , Lglmm Yl for a t-daigm Y,



whene Ry Lo M'vniwég‘é.?; amd Amc w e A-a»dcio; E:.

The W_MM e—codes (resp. t-dedigne) ana catlid pafecd
(reep. bl ). Therr ane well- bnowm mecessary comdilions for Ae sxslimer
A pnfed e-codes amd Ll t-deeigme [2] |

Theorem o Lpud Type I thre oxials o pinfed e-code , Hom

LT - e .d‘

- e pobjnomial .£Z=DV;OO dirioles ;.L____..O‘VQ:W- If taw 2xeaZs a ,&,{\I t—clediyn,
S d o x : ot

Mo ZVTW  dindes VW, whint s=[].
t=p =

 The  polymomsels zvbcx) and va e collid #a ;LL,.,A mmd

DET !v—'o

Now , f X = (X, {Rsesca) 4 achmmed

7/

asapecalion acdeme, Leona.rd[é] .«J«owed ﬂ.wt ﬂ(x) ad V0 are

wdanad 8y Asksy = Wilipn pdlymorials) , »:.Juamj certacn Mimiling

crans (see £3.5 [1]). Nawady, A1

-t < vl -y Y+l
ERLER R
: = = - ha-300-5970
will X = /“(Y) = “kl ¥ I 3zy Z ,

| Ry, ==, a—r . X = (858D = (Ar;§)e _,_ff__.
3 (b., L ) E', (b3t (hespde (180

wX ’(a’;z)t = {(/-—a)cl-éj)—--(/—aftf') .fw t={,2,-—,
‘ for t=0 .

7‘;«» Uy (X) us @Womdtfh.fvu—m 4 X wﬂ,w&;f,f,t;fi,’},
L, b e i Adda fLJ = ke upxo, If we Aamge (557 £, k)
L oesUs AT, o ml), e gt v,

{u,:‘m} ciid ane W»(oym.! ,wfjmm‘d,o wrt.  fha aweight wao; where

l x—sz"m (sg:8): 3 (BE5%8);
(¢ 1-53 0 (359 u:_-\(_s_r};.).g)_:

M wWX)=o {cr x é@ {,uo), Jay -, /ud)} .

W) = m; = (o024 <d)




LA Viw= )+ Vi v+ Vi), Than Vg has rool uce) (1£<5d)
Ond ‘.\f{.(x)soﬁviﬁd—l Lo ijonﬂl Poéﬂwmld wrnt. e wu,‘.[

(X)) = c/t_(a)—x)wcn. ( 52 L'Z] ) Izlz«l\j

Rz peyst),

t

el A

2 S - B,
=sp ., S=SR, A=, LERE (=),

w.

X Aolds rHAal
| Lermgher-s537)

A = g o+ PE , o
| 23t ($ps9) 3 (R151); .
S = e :_;,h i? _(s?,ﬂ?, 7 (28 1) (0% ¢ dt)
(%) l-s& CEsRl v (BR g,
¢ £
- &s 1-ne
wX ¢ = T“ sgh - 52)11 pepr
amd. Dy=o for x& {fo, Hen,—, S,
Thas  ae  Rawe

. P o 2 | =Y ~_ Y+l . .
Themem. Mo _ o[ TS FET 47 52 .
== Kl L, ) o« M (0% < 2d-1)
. ) V;(IAIOJ) 4 '7%, riz, r% ’ ’
. . T -ge-5 g7
"y 4 X= p(y)= /“{0) + z’y 2 .

o Hod polynomsale Ve ) are aleo dedomad 53, 'Sa»-:(ws Welsom rasmm‘d‘;
V'Cx)—ZVw e alio tulamedd s o

In £3.7 '[1] . o shewn Al M) (0£02d) are nzzadl
w0l fe—\- (P oamat Q)-Fo%mm:d assoccalion acharis . | On e olfar “haud ,
£ pare oxitls a ,.MM e—eode, flaw \fo ) divides \fdcx)‘ b s Lo

Hoorem . 71%4 we  fave

_&ﬁgﬂﬁ. If Here axidls prfed e-code in a (Paws Q)-’Fwénomrd

aadoccalion ALZAM , 1o  Ma ng:‘i o’.ﬁ 1‘0- reénom*«e (Ms x)



g (%“’, S8, ,) -

43\ 3, %1, B ’

L o-¢ha-537)
17 '

wi  x= Gy) = S o) +
one  ceomlaimad L {ﬁc:)lo:—.;sd—|} <z,

r gt t- aU-d—trm,. a aimidar  corollary Aslds JMW
e F, 5. L. Feoo nos=[E s, 510 X, o, rewf»vé

Ha ~ly Aifferemen o pAal '/4";(‘;) art thrru.a.rnf_wé MMM&W
bl ol numbtes.

In §36 (11, st & e Lid of poamlos 2.5 57 LK B,
LR, ki, e for e dmown (Pomd Q)= pilmomind  gasoratim sedames
ped e E3E L1, o alio shoon Aow b cadodsle Witm aeik v
i o Bimiliny cases of dehamad P i, how b Tek ta Lomds of
o ponamilins . |

We  belint Anl Ao obove covtlory o aliry swongh b tliminale
fo arisline o pafoct e—codeo amd gl t-triigns in fa hmewn (Pa-d QF
pominl assoiation ackimse fo anfoietly fuge e and T. In fact,
poed e colis and AL T- deiigma ot deam | Ay Ao matled, proved

nd G sl for esge € A T i A Hamming aclame Hon )
(Bamnas et al ) and & fhe sscocialin schomes of Lilinsar firrms
Cpansonid ommanicalion). St o ao hnoum  Aal for frued t 25,

ave mﬁ.éj il ma-47/§;}u t- d&ur»o o M Jobomsen scbama Tt f)
( Bosmai ) for t= %6, we ned moe imirlud a,yum&wr % complle
Ao assifecaTion  ( Vebrasn for t=6, N.Its ot ol for t=2 ).




5. Th Geomilwe Meaning of t-Deaigns im #he Known (Pond Q)- pelynomont
Assoccalion Schkomes Let L= ¥ X (& dsjoint wnion) be
o FM'CZQLLJ ordared 4.1 ..ddfafJMJ s -ﬁﬂa\«ﬂ:‘? conalions

W L ohae the imfimew P oanad X, = LP].

() For amy xel, thut sxisla a seguence +=x0<xl<"’. < XKy < Xp =X
wil no ohamenty bebwern x. Mat Kogl amed sk sefuences  fhaue
e admag W F=reo. Fw&’mrm.or!‘ |

X, = {xeLl rou:;,} (05?5_"‘)-

G0 Amy x.vell Rowe Ha meel X.Y, se, tha grealial fower boumd .
Uv) St X=X4 ama A_'z-,eem. relalons R; o-n.X (02¢£d) ‘]

e R; & xare Xd__; .

Thn  X(L)= (X, {Ri],2:64) 20 & (Pavst Q)-podpomial
: w—octqilfw aclome .

Wg call MbL L a rgg_wﬁa# A-m-ﬁd&g_ Notice L ie differed  from
Daksarth ragdar asmi-dedices [3]. The fmewm (Pavst Q)-pebmonied
asdpecalion schimis M.e, oALamed )A.o-m. Mau,bw i~ Lalices  as W:

() Lef V obe o at 4 cardinalily v amd X; #e :&r,f'c-wez:s
£ V. Set L=‘;=/°X,; ‘(d..-‘if%h bmd dtfint x <Y ’(x.YéL.) 1
od oy F oy dmcledis x. (L) s A Thwmion acksme Jev.d).

@ Lt V be o veclr apace of dimemsion v over GR) amd X
Ho att of - demensimed aukspaces f V. St L= ¥ X; (42[$]) amd
dfior x2y (X.yel) i amd n—{,'f y dmcludeg x . H(L) io #a z—udo;,.,p

g Jw.d)., _
—f1—



® Lt V b o veclr »&r@ G dimensim v oo GEUD equipped
it o ner-digorarle asiiad form e, ona f adbamaling , Assmlion and
radmtic forma, Lt Xi le e aal of i-cimomsioad tlly ciairepic
aukspaces of V' awd d e dimenaion of magimad BUM, sholrepic
w.,oacu Set L-—VX amd afinr x 2y (xye—/..) :}‘Mwlj“{ y
ndadsa x. X(L) L fe assocalion acloms of dual polor spaces.

W Lt Fobe a at o maémugv wed Xi ke aat of meppinge
FrI—F from i-awbsds T of {12, ",d} 5 B, . St L_—-"kd/'X
ek s £59 (f9el) Fok oy g on selinsion of £, XL)i
e Hamming ackoms Hd.v). |

® Lt Vo W e weclor sppss of dimemiion d amd 2 (dSn)
over GRD), »ufncrwlg, Let X; be #ta stk of 4ilintar mappings |
§1 UsWs GR, whire U rumt Ausigl, < -cemonsiomed ashspacio of V.
Set L=®X~ i dfr § 23 (§.5€L) '{Mu—é’{.ju
o axlimeion o £, X(L) ie e associalion ackoms of 4chimar formo.

€ @ Let \/ be a wci&r»faw of dimemsion d over GF(§?)
and " X; Ke ab o assgus lonar mappings § Ux\/——.»GFq) anck. Hal
fe ratriction of £ B UsU i A,mnm, wlor U rune thasgle
i dimsionad anbspass off V. Set L= L’X wd dafis 29 (£.9¢L)
F ok oy F g b.muwm{f. L) o Aa ossovialion scama of

B La V obe a weelor apas of dimenalon n (d=[3)
Cover GR() owd X; s al of 4limear meppings § ux\f—f—e&z:ag)
vk Ak e reaticton o £ b UsU o allunling , whore U awes
Hough e anbspacss of V' wil dom [ = fim U = 2d-24. Sit Lz-ejxc

v=0




L) Go fta asscation ackamss of lbanaling Aclinter forma.

M Let V be a weelir spacs of dimonsion n-t (4= [21) wer GFID)
: I{-’%xa odd, Mt X; a .fh.al of lircar M,W. 4 u;\/'-—-;—@;-‘cg)
anch tal fo pestriclion of £ & Uxl < A;,w»»«atm, whtre U auna
H"““?"“ s subspacto of V' s dim V- dow U = 2d4-20 or 24-1«—-(
If%wm,/&x X; amm%w(fQ)dww
Cmoppinas f i UxV =2 GR(Y) ot guadntie foomo Q@ U—>GF(Y)
auck fhat  Fxoy)= Query) - Qo= Qv for xoye U, whoe U nms Horoust
Aa antipaus § \/ ik d,:/m;V',-d.ch: 2d-2% or 24—1::—!. Set L." : s
omd  Afia £29 cruf."cf,o) £ 3.R)) o ast ab 5 crep JardR)
b o Mmm A f crup Fomd Q) H(L) io Ha acsociakion schame
g radrlle fovma [4],

’ﬂ\g_ yaau.h.r M-LJL'M L,:.‘ ‘_\:OX': Ton dha abrve pu.mr!u (1) - (5D
) PWVIEE meg 'Pwla.u:ta :
W For xe¢ Xj,
N =#{veX; | rex]

i deﬂ.fw ‘1 s edotes ‘1 xe )<‘3 . Moreover, for
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ON RESOLUTIONS IN FINITE GEOMETRIES

Ryoh Fuji-Hara
Institute of Socio Economic Planning

The University of Tsukuba

A resolution R in a finite geometries G is defined to be a partition
of the lines into classes Rl, R2""’Rt such that -each point of G is'incident
with exactly one line of each class Ri’ 1<i<t. It is well known that any
affine geometry AG(n,q) has a resolution defined by the equivalence relation
of parallelism. We are here interested in another types of resolutions which
we call a skew resolution and a strong skew resolution in an affine geometry
and also a resolution in a projective geometry. In this paper, we survey
these resolutions.

A skew resolution is defined to be a resolution of the lines in AG(m,q)

such that no two lines in any class of the resolution are parailel lines.

The following is a readily established result concerning skew resolutions.

THEORFM 1. 1If there exists a resolution of the line in PG(n,q), then there

exist a skew resolution in AG(n,q).

The proof of this result can be easily seen by considering the affine
geometry which is obtained by deleting a hyperplane from PG(n,q). The
resolution in PG(n,q) induces a skew resolution in AG(n,q).

Resolutions are known to exist in the following projective geometries.

(a) PG(2n+1,2), n>1 (Baker(1975), Zaitxév,Zinovjev and Semakov{(1973) ).




(b) PG(n,q), n=2i—l, i>2, q a prime power (Beutelspacher(1974) ).
These result prove the following theorem.

v : : -
THEOREM 2, There exist -a skew resolution in AG(n,q) for
(a) n>3 and odd, and q=2

(b) n=21—1, i>2, q a prime power.

- In Fuji-Hara and Vanstone (1981), The following two recursive construc-

tions of skew resolutions are shown.

THEOREM 3. If there exist skew resolutions in AG(m,q) and AG(n,qm), then

there exists a skew resolution in AG(mn,q).

THEOREM 4 If there is a skew resolution in AG(m+1l,q) and AG(n,qm), then

there exist a skew resolution in AG(mn+l,q).

These construction can be applied in various way to produce new families’
of skew resolutions. The two recursive constructions along with Theorem 2

are combined to give the next result.

THEOREM 5. For all 1i,j»2, k>1, q a prime power, there exist a 'skew
resolutions in AG(n,q) where né[(Zl—l)k-l]{ZJ—1]+1.

Using theorem 2 and 5, we can show that, for all prime power .q and n<100,
we can‘construct a skew resolution in AG(n,q) where h=3,7;9,15,19,21,25,27;
31,39,43,45,49,55,57,61,63,75,79,81,85,87,91,93  and 99. A skew resolution
in AG(5,q), except q=2, is still unkown. If this exists, we can construct
skew resolutions in affine geometries for all odd dimeﬁsions less than 100,
except 17. Since we can not obtain a‘skeW'resolution by theorem 1 in even
dimension, it was a guestion whether there existé a skew resolution in affine

geometry of even dimension or not. But rcently a computer search answered



this question..
THEOREM 6. There exists a skew resolution in AG(A,Q).

Thls result gives us many skew resolutions in AG(n,2), n even, but
existence of a skew resolution in AG(n 'q), n even, q odd, is stlll a questlon.

Theorem 6 implies that the converse of theorem 1 is generally false.
But it may be able to construct a resolution in PG(n,q) from a skew resolu-
tion in AG(n,q) if the skew resolution satisfies some‘conditions. We now
define a skew resolution with conditions. A skew resolution class S of
AG(n,q) 1is called strbng if the points of hyperplané H at dinfinity which
are not incident with any line of S are the points of a PG(n-2,q). Denote

this space by K(H,S). A strong skew resolution (SSR) of AG(n,q) is a skew

resolution of the geometry in which each class is strong and if S and S'
are distinct class of the resolution then K(H,S)#K(H,;S').
Ve so far have the following results on the existence of strong skew

resclutions, Fuji-Hara and Vanstone (1984).

THEOREM 7. Any skew resolution of AG(3,q) is strong.

k+1

THEOREM 8. There exists a strong skew resoluﬁion in AG(2 " "-1,q) for all

k>1, q a prime pdwer.

THEOREM 9. If there exists a strong skew resolution in AG(m,q) and a strong

skew resolution in AG(n,qm), then there is a strong skew resolution ‘in
AG(mn,q).

A stroﬁg skew resolution is not only a important étep to construct a
- resolution of a projective geometry, but also it has an application by itself
to statistics; see Gosh and Shah (1983).

‘We define another line problem in PG(n,q).. A set of lines in PG(n,q)




is called a t-partition if these lines partition the points of a t-flat (i.e.
a‘PG(t,q) contained in the geometry). The lines of PG(n,q) are said to be

t~partitionable if the 1lines can.be partitioned into t-partitions each of

which is associated with 'a distinct t-flat. A necessary condition for the
linels of PG(n,q) to be t-partitionable is t odd. We can now state a partial
converse to theorem 1.

; o
THEOREM 10. If the lines in PG(n-1,q) are (n-2)-partitionable and there

exists a strong skew resolution in AG(n,q), then there exists a resolution
in PG(n,q). ' ,

The existence question for t-partitionings in PG(n,q) is an open problem.
Ofcourse, for special values of t (i.e. t=1 or n) the question is trivially
answered. Of most interest presently is the case t=n-1. We have the following

results.

THEOREM 11. |

(a) PG(4,2) and PG(4,3) are 3-partitionable,
(b) PG(6,2) and PG(6,3) are 5-partitionable,
(c) PG(8,2) is 7-partitionable.

THEOREM 12. PG(2i,q) is (21—1)—partitionab1e for i»2, g a prime power.

The coﬁcept of t-partitioning can be extended to balanced incomplete
block designs. A (v,k,A )-BIBD D is said to be t-partitionmable if each block
of D can be partitioned into . t-subsets such that the resulting collection
of blocks forms a (v,£,X")-BIBD D'. D and D' are alsc known as nested
designs; There are numerous examples of nested designs, but the existente

of a nested design with parameters v=(qn+1—1)/(q—1); k=(q"-1)/(g-1), ) =
) (qn—l—l)/(q—l), t=q+l, X =1 which 1is equivalent to a (n-1)-partition of -

PG(n,q) is unknown,:

If the lines in PG(2k,q) are (2k-1)-partitionable for all k>2 then the

theorm 10 would implies the existence of infinitely many new resolution in



projective geometris. The smallest unsolved case .is a resolution in PG(5,3).
If a strong skew resolution exists in PG(5,3) then theorem 10 and 11 prbduce

a resolution of PG(5,3). The next open case is PG(9,3). By theorem 9 a strong

skew resolution exists in AG(9,3). Unfortunately, it is not known whether

the lines in PG(8,3) are 7-partitionable.
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