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1

The concept of spin models {14] was introduced by V. F. R. Jones as statistical
mechanical models to construct invariants of knots and links in R?* through their
partition functions. It was generalized by Kawagoe, Munemasa and Watatani [15]
by removing the condition of symmetry, and then was further generalized to give
Jour-weight spin models (or called generalized generalized spin models) by Bannai

Four-Weight Spin Models and Related
Bose-Mesner Algebras

Tayuan Huang* and Haitao Guo
Department of Mathematics
Kyushu University
Fukuoka 812, Japan

February 3, 1997

Abstract

As a generalization of symmetric spin models, a four-weight spin model
(X ; W, W, W3, Wy), introduced by Bannai and Bannai, consists of a finite
set X and four non-zero complex valued matrices with rows and columns in-
dexed by elements of X which satisfy certain conditions set for polynomial
invariants of links, knots in R® through their partition functions. This paper
is devoted to a general theory of four-weight spin models in connection with
Bose-Mesner algebras. We show that Wy'W, = ‘WyWy, Wi o'W are in a
symmetric Bose-Mesner algebra in terms of spectral technique together with
some combinatorial arguments. Based on this algebra, further algebraic and
combinaiorial properties of Wy, Wy are studied by introducing two transfor-
mations, t.e., scaling and permutation.

Introduction

and Bannai [4]

The fact that Bose-Mesner algebras and their association schemes provide a
convenient and natural framework for the study of spin models was first pointed out

"This research was done while the first author was visiting Department of Mathematics, Kyushu
University under the research project NSC 33091F sponsored by National Science Council, Taiwan.
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by Jaeger [10], which was soon generalized by Bannai and Bannai [3] to two-weight
spin models in nonsymmetric association schemes. Inspired by the works of [16,
13] and many other previcus works, this paper is devoted to a general theory of
four-weight spin models in connected with associations schemes. Inspired by the
works of [16,13] and many other previous works, this paper is devoted to a general
theory of four-weight spin models in connected with associations schemes. Indeed,
a four-weight spin model (3{; W, Wy, Wi, Wy) contains a pair of type II matrices
which are related by some conditions, call ster-iriangle condition, set for polynomial
invariants of links, knots in R® through their partition functions. A type Il matricis
a square matrix with non-zerc complex entries such that the entries quotient of any
two distinct rows sum to zero, its algebraic structure has been studied by Jaeger,
Matsumoto and Nomura in [13].

Basic definitions regarding four-weight spin models, Bose-Mesner algebras, as-
sociation schemes and Terwilliger algebras are given in Section 2. Some straightfor-
ward consequences derived from star-triangle conditions and their equivalent froms
are collected in Section 3. The algebraic nature of W) and the combinatorial nature
of W, were initiated in Theorems 3.5 and 3.7 respectively. We then show in Section
4 that W 'W, = ‘W, W,, W, o'W are in a symmetric Bose-Mesner algebra (say of
dimension d + 1) of symmetric matrices in terms of spectral technique together with

- some combinatorial arguments. This allows a significant simplication in the study of
those defining conditions based on d+ 1 variables rather than on n®, n = |X|, vari-
ables. Based on this algebra, further algebraic, combinatorial properties of W), W,y
axe studied in Section 5 by introducing the operations of scaling and permutations.
In particular, we show in Theorem 5.4 that WjoW) lies in the subconstituent algebra
of the Bose-Mesner algebra mentioned above.

2 Preliminaries

The notions of four-weight spin models and the algebraic structures supporting
them, e.g., Bose-Mesner algebras, subconstituent (or called Terwilliger) algebra,
will be recalled in this section. Most of the terminology and notations used in this
paper follow from that of [4, 13].

Definition 2.1 Let X be a finite set of n points, and let w; (1=1,2,3,4) be non-
zero complez valued functions on X x X. Then (X; wy, wy, w3, ws) 95 o four-weight
spin model of size n and of loop variable D (D? = n) if the following conditions are
satisfied for any o, and v € X

(1) wi{o, B)ws(P, @) = wale, FjwalB, o) = 1,

(2) Teex wi(a, )ws(®, f) = Trex walo, o)uwa(x, 8) = ndap,

(3)  a Teex wile, wi(z, Hwi(,2) = Dunla, Bywa(y, a)walr, ),
b. Trex wi(z, 0)wi(f, 2)wa(z,7) = Dwi (B, o)wsle, v)wa(B,7)-

The conditions (32) and (3b) are called star-triangle conditionin the literature.
These four functions w;,1 < i < 4, can also be conveniently expressed as matrices
Wil <i<a4, with W; = [wile, 8)lasex-

2
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Let Myx be the family of all square matrices over complex numbers whose
rows and columns are indexed by elements of X. Assume A- B (or AB when there
is no confusion) is the ordinary product, and 4 o B is the Hadamard product of
A, B € Mx. I is the identity matrix and J is the all-one matrix; furthermore, iet

Y:é be an n dimensional column vector whose z-entry is given by

ij;(z) = w0, z)wi{z, 8)

for i,7 € 51.2, 3,4} and o, € X, the above conditions in Definition 2.1 can be
conveniently expressed in terms of matrices as following.

Lemma 2.2 [4, Proposition 5]  For ¢ four weight spin mode (X, Wy, Wy, Wy, Wy),
(1) 'WyoW; = WoeW,=J,
(2) W\W,; = WL, = nl,
(3)  a WYY = Duy(y, B)YS,
b. ‘WA YE! = Duy(f, 7)Y for all 4,8 € X,

Bannai and Bannai showed in [n’-i] that star-triangle conditions (3¢} and (3b)
are equivalent to III; ~ IIly, and to Illy ~ TI{;4 respectively, which are given below
in the form of matrices. The motivation and background for these conditions can
be found in [4] and the references there.

Lemma 2.3 [4, Theorem 1] For a four-weight spin model {X; W), W, Wy, Wy),
the star triangle conditions (Ja), (3b) are IIL;, Illyy respectively. Moreover, the
conditions [l o I1lg are equivalent to cach other, as well as Il to I114:

IIT, : W YA = Duyle, BYYAL, Iy : WYZE = DuB, )Y,
IIIQ . W4n§' - le (Of, ﬁ)Yf‘l, IHl(] : tW3Y£§ = Dwg(ﬁ, G)Y;lg,
IH3 . tW;;Y;EQ = DIUQ(&,,@)YE?, HI;I . W4Y;lg = D'wl(ﬁ, &)]’:;g.
II; . 'WLY,3 = Dunla, )Y, s : *WaY 2 = Duwg(3, )Y,
III;: WYl = Dwg(ﬁ,a)Y;‘é, IIT5 - Wstg = Dws(a, ﬁ)Yfg,
Olg: WRY5 = Duwsy(8,2)Y23, I, : "WIY‘%“,‘ = Dw,;(a,ﬁ)}gg,
I : :les: = Dho(f3, a)Yaig, Ils : WzYaé = Duwj(e, ﬁ)}’;‘g,
Iy : *W,Y7 = Dwy(e, B)YLS, Mg : ‘WY = Dun{e, Y2

aff

Lemina 2.4 [4, Proposition 4]  For a four-weight spin model (X; Wy, Wa, Wi, Wa),
there is a constant a, called module, such that

(1) Wod = 'WoJ = Da~'J, Wao [ =67,
(2) Wit = ‘W.I(J: Dal, Wiol =al.



Among those 16 conditions, conditions Iy, Iy, I, IIT;, Iy, [11;g, I11,5 and
IIIM_posed conditions on eigenvalues of W, W; and their transposes, which in turn
provide the entries of Wa, W, respectively.

Lemma 2.5 For g four-weight spin model (X, W1, Wy, Wy, W),

(1) Dwsle, B}, Dwa(f, ) (:'respectively Dwy(3, @), Dws(a, B)} are eigenvalues of

Wy, Wy with the same eigenvector 1’;‘% {respectively Yfg ).

{2) Dugle, ), Dwn(B, ) (respectively Dw,(f, o), Duwy(a,f)) are eigenvalues of
‘W, ' W3 with the same eigenvector Y.1j (respectively Y2 ).

Let Spectrum(W; } denote the multiset of all eigenvalues of Wy, We shall prove

in Theorem 3.5 that D~1Spectrum{W;) forms rows and columns of Wy, In addition
to their eigenvalues, the rest post further constraints on the entries of Wy, W5 by
introducing a Bose-Mesner algrbra containing W W, = ‘W, W, and WSW, = ‘W, W,
Some examples show that diagonal entries of W, need not be identical, this shows
that Wy, Wo, Wi, Wy may not be in general contained in any Bose-Mesner algebra.,
Hence there exasts limitation when relating arbitrary four-weight spin models to
Bose-Mesner algebras of association schemes.

3 Some immmediate consequences

;From now on, we assume that (X; Wi, W2, W3, W) is a four-weight spin model of
size n and of loop varialbe D (= n?) unless otherwise stated. Some facts about the
vectors Y;f;, i,7 = 1,2,3 and 4, and a,8 € X, together with some relations over
products among Wi, W, W3, Wy will be derived in this section simply by applying
the star triangle conditions together with those equivalent forms given in Lemmas
3.1 - 3.4. All these facts will be used in the following sections to derive Bose-Mesner
algebras which pose some constraints over Wy, Wo, W, Wy. In particular, Theorems
3.5 and 3.7 show the algebraic and combinatorial natures of W1, Wy respectively.

For column vectors u={u; }icx,v =(¥;)iex With complex entries, the inner prod-
wet < u, v > is defined to be ;e ¢ #:v;. The following lemma shows that (¥, 3, Y;?) #
0 if and only if (¥22, Y3 # 0, (Y2, Y.3) # 0 if and only if (¥33,Y.y) # 0, which
will be used in determining the structure of related Bose-Mesner algebras in terms
of certain graphs, see Lemma 4.3.

Lemma 8.1 For(a,f),(1,6) € X X X,
(1) (Ya3,Y;8) = wale, Byun (v, 6)(Y53, Yo5), and

(2) (Y3, Y:8) = ws(B, ywn {6,V )/(VE5. Y33).
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In addition to those conditions in Definition 2.1 posed over ‘Wi o W3, ‘TWae W,
Wi W3 = WaW| and W)W, = W, some more relationship over similar products
LW, o W, tW3 0 Wy, tWaly, WHlWS,, ‘W IW,, W, 'W, are given in the next lemma
for later reference, in particular in Corollary 4.6.

Lemma 3.2
(1) 1W4"V4 = "’V.q “’Vq = a‘Wa o (WIW}),
thTJVQ = I‘Vz ‘Wg = % '.'I’V]_ o (“Vsl’v“_;}',
(2) 'EDVI o T/V[ = %WQ(W4 ko) Wq) = %(W”d ¢} W})I’VQ,
"'DV:-) o3 I/V;s = ﬁ'(Wg =} WQ)W4 = %‘V;;(T‘Vg =} PVQ);
(3) DfalWao Wy = Wa(Wyo ‘W) = (W 0 ‘W) Wh,
= Wi (W 0 Wo)Wa = 5 Wa(Ws 0 W)Wy

DaW}i o I’V.l B W4(I"V10 !‘""]_) = (Hjl =) ‘W'l)PV“,
- %L’VQ(I’V‘t < W4)I’V4 = %I«V,;(T«V‘t o I’V‘;)[’Vg.

Lemma 3.3 {Y,;fg | B € X} is a set of linear independent vectors with respect to
afizedo € X, and i, =1,2,3,4.

Let Co.{W)), Ry(W;) be the r-th column of W; and the s-th row of W respec-
tively. For a column vector ¥, let A(Y’} be the diagonal matrix with entries of Y
along its main diagonal. The following lemma follows easily.

Lemma 3.4
(1) (A(C(W))W)~!« DWWy - (A(C.(W3))Wa) = A(C,(Wa)),
(2) (WLA(R(Wy))) - D71W; - (WL A(R(WY))) ™! = A(C(Wa)).

Theorem 3.5 Fach column (respectively, each row) of Wy is a permutation of
the multiset D' Spectrum(W, ).

The above theorem sheds some light on the combinatorial nature of Wy. As
for W), we shail show that W] can be decomposed into product of diagonal matrices
with some other matrices with specific properties which in turn shed some light on
the algebraic nature of W.

Lemma 3.6 JForeschz e X,

R

— wi{a,z} GE, wqf'f,ﬁ)sz.lhr‘r)
(2) wile B) = O T e B v )




. Based on this lemma, we shall show that W, can be decomposed in two ways.
W}:th respect to a fixed point z in X, we consider the matrix H, = [Ho(a, B)lagex,
where

~” VI
H_,«;(CE, ﬁ) - azrex w4( f!ﬁ) /Wq("}‘,.?f) )
Trex walv, gy, 8) wily, z)

Note that the above expression of H;(a, 3}, appear in Lemma 3.6{2), involves en-
tries of Wy only. Let H, H{a, ) denote H; and Hz{a, #) respectively when there
is no confusion. Clearly, H(o, &) = H{x,z) =aforeach a € X, and W}, = AHA"!
by Lemma 3.6{2) where A is the diagonal matrix diag(w (@, 2))acx. The decom-

position Wy = AHA™! can be further decomposed as follows: Let ¢, be a complex
number such that

y _ @ wlna)
* D.re_!( w4(7v$)

and let b, = un{o, z)/c, for each o € X. Furthermore, let B = digg(ba)ecx, and

C = diag(cs)aex. Then A = BC and W), = B(CHC")B™'. Let § = CHC™!,

both H = A~IWA and § = B~'W) B will be called scalings of W) respectivety

later in Section 5. It is interesting to note that

e D Cal,
S{e,f) = 2H(e, By = = At
(0,0) = ZH(e.) = e

for each o, § € X, and hence § is symmetric. The above observations are summas
rized in the following theorem.

Theorem 3.7  With respect to ¢ fized point x in X, let H = [H{a, §)]a0ex be the
malric with )
H(a,,ﬁ) _ azrex w4(71ﬁ) /w‘i(‘:(v :!.‘)

- Torex wal7, aywe(y, ﬁ)/w(v.x)'
Moreover, let A = diag(un(e, 3))aex, B = diag(b,)acx ond C = diag(ce)acx where

)
u, 2
be = wi(e,z)/ce and ¢y @ compler number such that c2 = § Y. ——4(7’—. Then

S=CHC, and W, = AHA™ = BSB™!.

These two decompasitions of W) given in Theorem 3.7 will be further studied in
Section 5, in terms of a symmetric Bose-Mesner algebra derived in the next section,
which leads to some algebraic constraints over W).

4 Related Bose-Mesner algebras

Inspired by the works of Bannai and Bannai [3] and by the technique introduced
by Nomura in [16, 13], we will show that ‘W W, = Wa'W, and Wy o ‘W) are in
a symmetric Bose-Mesner algebra in terms of the eigenvaiues and corresponding
eigenvectors of Wty = *WolVy, W, W, = ‘W, W; derived from star-triangle condi-
tions and their equivalent forms. This certainly poses restrictions over W, and Wy,
in particular on the distributions of the multiset D~ Spectrum(W,} over rows and
columns of W, as stated in Theorem 3.5,

6
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As shown in [16, 13], some Bose-Mesner algebras can be associated with the
type Il matrices W and W. For {i,5) = (1,3},(3,1),(2,4) and (4,2}, let

N; = {A] A€ Mx(C) with ¥} as eigenvectors for all &, 8 € X}.

Indeed, they are Ay = M(W)), Nig = N (W), Nog = N (W), Nag = N (W) as

given in [13, Theorem 1], and hence they are commutative Bose-Mesner algebras.
Proposition 4.1 M3 = M3, Nis, Noy are Bose-Mesner algebras.
Furthermore, let
SN = [A] A € N} is symetric},

for (2,4) = (3.,3), (1,3), (2,4) and (4,2). Indeed, SA/;; is the symmetrization of the
Bose-Mesner algebra Af;. Let {4y (=T}, A1,: -+, Az} be a base of Hadamard idem-
potents of Ny, clearly, SN;; is a symmetric Bose-Mesner algebra with Hadamard
idempotents A; for all ¢ with *A4; = A;, and 4; +'A; with 4; # *4,.

The associate classes of those Bose Mesner algebras SA;;, N;; can be described
in terms of the following two graphs. Following [13, 14], let &y, for {3, 7) = (1,3),
(3,1), (24) and (4,2}, be the graph defined on X x X such that (¢, f8),(v,8) €
X x X being adjacent if and only if the usual scalar product (Y;;;, K;;;} is nonzero.
Furthermore, let G7; denote the distance two graph associated with Gyj; ie., G

is defined on X x X such that (&, 8),(%,0) € X x X being adjacent if and only
if their common neighborhood in Gy; is non-empty. The following lemma follows
immediately from the remarks after Lemma 3.1.

Lemma 4.2  The graphs Gay and G 3 are identicel; as well as Gyg and Gs).
The following lemma follows from Lemma 3.1 and Theorem 5 in [13, p12].
Lemma 4.3 [13, p12] For {(i,7) = (1,3),(3,1),(2,4) and (4,2),

{a) the associate classes of the symmetric essociation scheme corresponding to the
Bose-Mesner algebra SNi; are identical with the connected components of Gi;.

(b) the associate classes of N;; the association scheme corresponding to the Bose-
Mesner algebra are identical with the comnected components of G:‘;

Furthermore, components of Gi; are identicel with those of G?j if Wi is symmetric.
Theorem 4.4 The symmetric Bose-Mesner algebras SN 43, SN 31, SN 13 and SN oy
are identical, denoted by U, which contains ‘W, W, = W iW,, "WolV, = WytW,,
WL 0 £W1 and W3 o] t‘ngg.

_ Since type 1I matrices Wi and W, are interacted further by additional star
triangle conditions, the Bose-Mesner algebras I as defined in Theorem 4.4, and AV;;



for (4,7) = (1,3), (3,1), {4,2), (2,4) can be made more precisely. For every 4 in
Nij, let 9;(A)(8,7) be the eigenvalue of A with eigenvectors Y;f;, €.,

AV = y(AYB,1)YE,

and let qlr;jg.:l) be the matirx {1;{A) B, 7)|s.1ex With all these eigenvalues as entries.
The following lemma gives explicit expressions for ¥,;, {1, 7) = (1,3), (3,1), (4,2) and
(2,4), in terms of W,, W>, W3 and W;.

Lemma 4.5 :
(1) ¥2a(A) = S5 Wa('Ws 0 (AWY))
= 5 ('Wyo (Wr'A))'W,
= sWa(Wao (‘A'Wa)) for each A € Nyy;

(2) () = {Wie (Wi{fAo W)
a'Wj e ({4 o W3)Wy) for each 4 € Ay,

Corollary 4.6 can be proved by. substituting Wy'Wy = 'W,W,, Wo'lV;, =
WolWs, W, oWy, W30 !'W;, I and J into the expressions given in Lemma 4.5
and following by some simplification in terms of Lemma 3.2.

Corollary 4.6  For(3,j) ={1,3), (8,1), (4.2}, and (2,4), ¥i;{Wi'W,) = nW o'W,
Bi;(Wo'Wa) = nWio'Ws, (W0 W) = Wi'Wy, ¢y(Wao'Ws) = Wil ¢yu(l) =
J, and T,L‘U(J) =nl.

Clearly, o;; : Nij — My is a linear operator for (4, §)} =(1,3), (3,1}, (4.2) and
(2,4). We further let Woq: Naq —+ Mx by Uag{4) = ‘{394(A)), which is also a linear
map. Let 7;; be the restriction of the transposition map on Aj.

Theorem 4.7  Both Pyz: Nog — Nag, and Woq = Sifpg: Nig — Ny are dualities
respectively such that Pa(Nig) = Nay, Tau(Nat) = Ny, Y4e¥os = nhaq, and Tauthp =
nre, Hence (Nag,Nos) 18 a dual pair of Bose-Mesner algebras.

Replacing (Y, Y2, Noy, Naa, U1, ¥a2) by (Y3, Y13, Ny, Mg, Wan, ¢13) in the
proof of Theorem 4.7, where ¥3;{A) = *(¢31{A)) for A € Ny, similar resulis hold
for W) and Wi,

Theorem 4.8 Na = Ni is 6 self-dual Bose-Mesner ulgebra, and so is SNy =
13-

Though ‘W W, = WiWy, WolWy = WalWs, Wy o'W, W3 o ‘W are in the
single symmetric Bose-Mesner algebra {{ as given in Theorem 4.4, it is interesting
to indicate that W, and W, need not be necessarily contained in any Bose-Mesner
algebra. However, it was known (13, Proposition 9] that Wy € Ay (respectively
W, € Nai) if and only if (Wi, Ws3) (respectively (W,,W2)) is a two-weight spin
maodel of Jones type.
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5 Further properties of W; and W,

Following Theorems 3.5 and 3.7 on some algebraic and combinatorial natures of
W,, W, respectively and Theorem 4.4 on a symmetric Bose-Mesner algebra if con-
taining WW, = ‘W, W,, W) o ‘W], we will further study W), Wy in this section in
terms of the transformations of scaling and permutations respectively.

Suppose {X; W), Ws, W3, W) is a four-weight spin model. Consider the fol-
lowing transformations on W and W)y respectively:

(1) W — W1 = A~'W\ A, where A is a diagonal matrix, and

(2) Wy — W, = PW,Q, where P and @ are permutation matrices.

Note that W, = H in Theorem 3.7 if A = diag(un(a, r))qex With Tespect to 2
fixed z € X. As in [L3], we call A™1W, A is obtained from W, by scaling, and
PW,Q is obtained from W, by permutation. The notions of scaling and permutation
mentioned here were identical with those given by Jaeger et. al. in {13], which
include the gauges transformations of types I and II introduced by Deguchi [7] as a
special case. Since Wy, W) are type II matrices, clearly Wi = A~YW A and We =
PW,Q are also type Il matrices. Let W; = [@:{ e, B)|apex fori=1,2,3 Exd 4, where
W, Wa are defined by WyotW, = Vo0, = J. With respect to (W;, Ws, ET’:;,WQ,

‘Y7 is defined to be the column vector indexed by X with Vi(z) = @ile, z)@;(z, 8)

as its z-entry, and as before, Ni; = {A | A € Mx(C) with all Y} as eigenvectors }

for (i,j)z(1,3), (3=1)1 (412) and (214)1 then 4’731 = A".Sl. and ﬁ:‘»l = MS can be proved
by a technique similar to that used in Proposition 4.1.

Lemma 5.1 [}:’-, Propositions 2 and 3] - Both iV, and Wy are type I1 matrices.

Furthermore, Ny = Ny, N1y = Na, and Nas, Nas are combinatorially isomorphic
to Naog, Nz respectively.

Theorem 5.2 If (X, Wy, W, W3, W,) is a four-weight spin model, then (X; W’i,
Wa, W3, Wa) s also o four-uieght spin model with identical Bose-Mesner algebras.

From now on, we assume W, = A“LW,A where A = diag{wm (o, £))acx With

respect to a fix x € X, i.e, W) = H given in Theorem 3.7. Let (X, { R }o<i<q) be the
symmetric association scheme corresponding to the symmetric Bose-Mesner algebra
U (=8N = SNy = SNy = SN 24) given in Theorem 4.4. Moreover, let A4; be
the adjacency matrices of its ith relation R;, 0 < i < d, and let R{z) ={y |y €
X and (z,y) € R:}. Since Wi o'W, € U, let

d
W o th = Zﬂi/‘li
Fe==i}

for some coglPlex numbers #;, 0 < ¢ < d. In order to provide a suitable framework
to describe W, in terms of the partition {Ri(z) x R,{z) |0 € 4,j £ d} of X x X,
the Bose-Mesner algebra Uf will be enlarged to its subconstituent algebra T(Lf).
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Lemma 5.3 Let 1717'1 be as given above with respect to a fized x € X,

(1) Wyo'W, =W, o'W, €U,

) Grle,B) | drlf,a) = Bz, B) [ Gz, o), and

(3) @ (e, 2) = Hie,a) =a for all a € X, and (z,a) =m/e if (x,0) € R;.

Theorem 5.4 W0, = Tocijhed SR E;ALE? lies in the subconstituent algebra

TU) of U. "

The previous theorem shows that Wooi is uniquely determived by the
coefficients {n; | 0 € ¢ < d} in Wy o'W = T ¢ ;1A together with the partition
{(Rz) x R{(z)) N Ry | 0 < 4,5,k < d} of X x X, and consequently the entries of
W, are uniquely determined up to parities.

If (0, 8) € Ry, (B,7) € Ri, (7,@) € Ri. Let F(a,0,7) = 2e8@a) they

wy{e,7)

F(o, f,7)* = %%, note that the values of the function F{a,,7), independent of

@, 3,7, depends on the relationship among «, 3,7 only.

Acknowledgments: Both authers would like to thank Professor Eiichi Barnai for
his continuing support and for several stimulating conversations during this research.
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ON THE MOLIEN SERIES OF 4 «2,%%.5p(8,2)

ManNaBU QURA

Graduate School of Mathematics
Kyushu University

1. Introduction.

Several authots study connections among codes, lattices, the invartant ring of finite groups, and auto-
morphic forms (See [BE], [Eb], [S]]. etc.). In this section, we describe a connection between the invariant
ring of certain finite group and the ring of Siegel modular forms, based on the papers [R1], [R2], and [R3)
which are the starting points of our work.

Let H; be the finite subgroup of GI(27, ) with Hy = 4+ 2:_+2’.Sp(2g,2}, H, acts on the polynomial
ting R := C[za with ¢ & ZZ]. The Molien series @, (¢) of H, is defined by &, () 1= T ys(dim R )7,
where RHs .= {f € R|of = f,"o € H,} and R%" denotes the d-th homogeneous part of RFs. Ft is

interesting to note that &, and f, are the unitary reflection groups te.8 and Ne.31 in {ST], respectively.
We have

1
)= Toma -y

1
{1 = £8y(1 — £17)(1 — £30) (1 — £24}

and Dy (2} =

See [ST] for unitary reflection groups. For ¢ > 3, Hy is free of reflection and &u,{¢} was given in [R3].
Let [y be the Siegel modular group of degree g and A(L';)¢z) the ring of modular forms of even weight
for Ty, Le.,

T, = 5p(2g,2),
and ATy} := €D [Ty, 8,
2

where [[',. 5] denotes the vector space of modular forms of weight s for [,. We denote by ¥r,(2) the
Poincaré series of A(T)¢ay, that is, ¥ (¢) := 3, (Am|ly, s]}2*. For gy < 3, the structure of ATy )2y,
as well as ¥p, (¢), were given and we refer the reader to [Eb], [Se] for g = L, [11], (12] for g = 2. and [R2],
[R3}. [T] for ¢ = 3. See also [D] and [Huf]. .

On the other hand, Runge showed that 4{T ), can be obtained from the invariant ring of the finite
group f1, described above. More precisely, let the fi be the theta constants of second order.

(1.1} (Corollary 3.17 [R2])
A(C,) 2, = (T fa with o € Z8)#5) ",

where N denotes the normalization in its field of fractions and “relations” are the theta relations. 0O

For g = L, 2, no relation and no normalizalion are necessary. As a consequence, the invariant ring of
H, for g = 1,2 is isomorphic to (L, )y for g = L, 2, respectively. For g = 3, we need a relation but no
normalization and two rings are slightly different (See [R2] and [R3] for details).

Typeset. by ApS-TEX
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2 MANABU OURA

We shall see the phenomena above from a different point of view. We remark that the degree of a
polynomial in the invariant ring is two times the weight as a modular form. We have

‘tHl(t} =¥, (ta)l

(DH'J(t} = ‘I’L-: (ialr

and Br ) = [y Ve ().

The purpose of this paper is to study the Molien series of the finite group . Qur result will be useful
for investigating not only the invariant ring RHs but alse the ring of modular forms of degree four.

2, Invaviant theory of finite groups.
In this section, we recall some facts on invariant theory of finite groups. See [S], [Sta] and [Stu] for
details.

Let ¢ be a finite subgroup of Gi(n,C). Then G naturally acts on the polynomial ring R := Clzy, .-,
z,), Le.

ef{zy,. .- Ta) = f(Zaumk, ..,,Zan;,l‘;g}
k 3

for f(z1,...,%n) € R and ¢ = {aij)151,55s € C¢. One of the fundamental problems of the invariant theoty
is to determine the structure of the invariant ring R := {f € R|of = f,"s € G} {for a fixed G}, but it
is difficult in general. One approach is, roughly speaking, to count the invariants.

A set {8i}1¢icn is called a homogeneous system of parameters (h.s.op.) if RS is finitely generated
module over Cldy, ... ,fn]. A basic result of commutative algebra, known as the Noether normaliza-
tion lemma, implies that an h.sop. for RE always exists. K% is Cohen-Macauley and we have the
decomposition

]
(2.1) 3p(=1),... .7 € RS 5.t. RS =P n;Clor,-.. .00l

i=1

called the Hironaka decomposition.
The Molien series Bg(2) of G is defined by Bg{t) = T 45 o(dimRG )14, where RG denotes the d-th

homogeneous part of RE. Under (2.1}, the Molien series is

4 i
L1cicstSET

Teft) = n15jsn[l — %)

The converse statement is false, that is, if ®;(?) can be written in the form

LY
dot) = Dici<s —
]._[151'5"“ — t45)
we cannot always find the appropriate invariants 8's and ;s with degrees d),...,dy and e,... ¢,
respectively ([St] p.481). But if one can find polynomials 8y,...,8, of degree dy, ..., dn with culy Anitely
many common zerns, there also exist #y,. .., 75 which generate the invariant ring as a free module over

the ring C[8,,...,0.].
Molien showed that the series can be calculated by the identity below.
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(2.3) {Molien, Theorem 2.1 [Sta], Theorem 2.2.1. [Stu])

clt) = =

|G| Z det- l-to'

But if the size of the group 7 is quite large, (2.3) is useless without simplification. Next we describe
the simplification which we use in this paper.

Let (& be as above and let H be another finite group {H is expected to have nice properties}. Assume
we have a surjective homomorphism

G — H

with ¥ := Ker ¢ and representatives {ci}ocici—1 of the conjugacy classes of ff. Let 5 (0 < i <&~ 1) be
elements of G with (5} = ¢. Then, using the bar convention, {Zitogicr-1 forms a set of representatives
of conjugacy classes of &, where G := G/N (Note G = H). Let Z; denote the conjugacy classes of G
containing %.

(2.4) o
b= T T o

ogi

Proof. It suffices to show
{det(l—tan)ine N} ={det(l —tbn)|ne N}

as sets if @ and } are conjugate elements in . By an assumption, there exists an element & € & such
that & = &~13. Since N is a normal subgroup of G, we have a = ¢~1ben’ for some n’ € N. Then

{det(l —tan){n € N} = {det(l —t{c"toen") n) |n € N}
= [det(l ~tc bnc) |n € N}
= {det{l —tbn) |n € N}

This proves ihe lemma. U

Our computation is done under (2.4).

3. On the group f;.
In this section, we studv the group H,. This group has been studied by several authors in addition to

Runge. For example, sze [CCKS], [D}, [GY], and [KL].
Lat V' bhe the g-dimensional vector space over 8 field of two elements, ie. V := Z%. Forz,y eV, let

r + y denote the usual dot product. We equip " with the usual hermitian inner product. Label the
standard basis of C*° as ey, v € V. Set

)
Iy = (lzi) =1, v+

and for a binary symmetric ¢ x ¢ matrix 5,

Ds := diag (il with ¢ € V),
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where Sa] ;= a5%a. Let
H; = (T,, Ds|S runs over all binary symmetric ¢ x g matrices)

be the subgroup of GI{2¢ ) generated by the slements Ty and Ds’s.
{t is easy to see that D} and T, 'D%T, depend only on the diagonal entries of §. For o € V with
b = Sy, we may set

X{a}:=T;' DiTy,
and ¥{a}:= Dz,

where Sy means to take the row vector determined by the diagonal entries of $. Direcs caleulation shows

ey X(0) = 2ota,
and e Via} = (-1}"%,.

We have the identity
Y{$) X (2] = (-1 X{a) ¥ (5).

Set
E, = (D5, T, D3Ty)

and we have the equality of groups

By = (X{a}, Y{§)la, b € V).

(3.1) (Lemma 2.1 [CCKS|) The group Ey is an extraspecial 2-group of order 2'+%, and the center

is {=1). Moreover, every element of E, can be uniquely written in the form X(a)¥'(b}(—1)" for some
abeclVandyeZ, 0O

Let vy,... ,u; denote Lhe standard basis of ¥V = Z§. Since (-X{#,)Y (%), Y{w)) = Ds(1 €4 £

and Dy is a dihedral group of order 8), we have E, &= Dy *--- % Dy, Le, E; is of positive Lype and is
4 3 group ) 73 g+ % Dy, le, By is of pos vpe
9
1
dencted by 2}*%.
Set
Nﬂ' = (é!EJ)s

then ¥, is the central product of (i) and E,, or &, = 4+ 2.**¥ where 4 denotes a cyclic group of order 4
and 4 = (§). (Bat it is known that 4« 2,7 = 422" where 2'7% denotes the extraspecial 2-group of
order 2147 of negative type. See [Hup] p.361}. We have Z(N, ) = {#), and ¥, is no longer extraspecial.
Since every element of ¥, := N, /Z(N,) s of order 2, /¥y &5 a vector space of dimension 2y over Zy. Let
k= X)) and ;= Y. TheP 1,00 .2, and 1, ... Ly, are dual basis of X(¥) and F(V), and
Liypooo s Ty Yia- - Yy 15 2 basis of ¥,

For 4 € GI(V'), we define the unitary transformation A of € by ¢,4 = e,4 and we will identify
GHVY with {A] 4 € GHVY

(3.2} (i) GI{V) is & subgroup of H,.
.. o A 0 i}
(i) For A € GI{"), A induces [0 ‘(A'l)] on Ng.
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o

(3.3) Ds induces [10" i] on N,.

. ¢ 1 7
(3.4) Ty induces [19 0’] on M.

Summerizing the lemmas above, we have the equality of groups

Hy = (N, GH{V}, T, Ds|S runs over all binary symmetric g x g matrices )

and the surjective homomorphism
@ H, ~—+ 5p(29,2)

defined by
wiB) = la, for 8 € A,
o(A) = [; ‘(-40“1] for 4 € GI{V),
0 1
T = L
e =[0 5]
1
and p(Dg) = [6’ l‘i] .

(3.3) {Lemma 2.1 [R1]} One has an exact sequence

0 — N, ~ Hy = Sp(20,2}) — 0. a

Finally we list the sizes of groups.

|Sp(2g,2) = 29" (2% — 1}~ (2* = 1),
and LH,| = [Nl x |Sp(20,2)] = 242042 (2% — 1) .. (2° - 1).

In our case (g =4}, -

¥4 = 1024 = 27,
|5p{8,2)] = 47 377,612,800 = 2!°3%5% . 7. 17,
and | 4] = 48.514,675,507,200 = 2793352 . 7 - 17,

4. On Sp(8,2) and its conjugacy classes.

In this section, we study the symplectic group Sp(8,2). This is identified with the Chevalley group
of type (4} over the field of two elements. We give all the characteristic polynomials of ¢lements in
Hy. We remark that we cannot read off representatives of the conjugacy classes of 5p(8, 2) from Atlas[3]
although it is the good reference for the finite simple groups.

As is said, $p{8,2) is one of the Chevalley groups. The properties of such groups are known and we
describe what we need. Let A = {28, £& & (i < j}|1 <4, j < 4} be the root system of type (Ca),
and choose a6 = £ — &2, 8 = £2 — £3,¢ = & — &4, d = 2{q for 2 fundamental system 11 of roots. We denote
by A¥ the set of positive roots with respect to IL We write an element aa + b+ ve+8d of &t as aFyé.
For example, we write 1023 for 2 ++ 2¢ + 3d.
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E:; is the elementary matrix of size 8 x 8 with L in the (4, f}-entry. For 1 < 4,5 <4,

Zgpe; = 1+ Bigps + Ejatis

Tgg; = L+ Eij  Eagjai (i< i)
rag, 1= 1+ Eiagd
T ="z, (re Ay,

Then 5p(8, 2) is generated by 2, {r € A) and is known to be one of the finite simple groups(cf. {3]).
Let X, be the group generated by . and put B = XorvoXooroXot 0 Xaooy Aoor1No111 Xoo21 Xoim
Xamar X1000X1100X1110.X1111 X120 X129 Xza21. Then B is a Sylow 2-subgroup of $p(8,2) and is normal
" gpu(ts;:L 2,2 p2, and M = {n.|r € A). N is isomorphic to the Weyl group of type (C'5). We fix the
following correspondence:
& +—1:=[1,0,0,0,0,0,0,0],
&H—2:=[0,1,0,0,0,0,0,0],
& +—3:=[0,0,1,0,0,0,0,08),
£ +—4:=[0,0,0,1,0,0,0,0],
~£ —=1:={0,0,0,0,1,9,0,0],
~£ +— =2:=1[0,0,0,0,0,1,0,0],
—& —=3:=1(0,0,0,0,0,0,1,0],
-8y —+ —4:=1{0,0,0,0,0,0,0,1].

An element of & is uniquely determined by its natural acticnon 1.2,3,4. Ifn € M satisfies ln =g, 2n =
8, 3n =7, 4n = §, then we denote n by n{a, £,7, 6). For example, we have

‘010000 0 0
00100000
0000 1L 000
0000000 1

R3-L-0=t, 56001 0 0|
9 0000010
1L 00O0O0O0OO
00061000 Ol

(4.4) Including ihe identity class, the group G containg 81 classes. The following list gives representatives
and the orders of the centralizers in G. (m-elements means confugacy classes of elements of order m,
A,B,..., I appeared in the boxes below are available only in these boxes.)

[ lelements | | | 47377612300 I

2-elements Ea00L 185794560
Lo g 8347360
Lotoodoyr 2049120
Toeodol21 X110 49152
Tood 1] 737280
LoLng£gp0) 147458
J-elements n(2,3,1,4) 12960
D3 77760
Zogoyn{1,2,3, —4) 4354560
Toopn{=2,3, =1, ~4) 3388
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4-glements

Zo001Tt110 92160

T000t T 1000L 11101111 92160
£010070171% 1100% 2221 36864
TyLo0¥ 012171100 12288
ToreoTooo1 L1110 5144
To100T0001 511101111 6144
L0 F 0121 % 1000 3072
Za1002 000121121 3072
Tor00Zaa10Z 001152221 1024
FOL00%0010% 1000 768
ZoL00T 0010200111110 512
FolooTon1oTo01 L 11 10T 2021 512

S-alements

ZogorToortn(1, 2, —4,3) 3600

zooo®o111n(—4, =3, —-1,-2) 300
B-elements n(—4,-2,-1,3) 864
n(—4,—-1, -3, -2} a6
n(—4.2,1,3) 288
eoo11200m »(2, —4, 3, —1) 238
1‘0001200“300'2112(1, —2. —4, 3:] 4608
TIaany 1'1(1,4, —3,2) 13824
Toem Toor1800n 3 —4, =3, ~2,1) 288
Teoro®aoor o121 {1, 4,3, -2} 4320
r0131n(—l.—3,2,—4] 1152
Tooot Toor1 o111 Foor Lo n(1, 2,3, —4) 9120
zegoiTo11Zoaz#man (3, —4, ~2,1) 864
Zgoo1 TopitTe1L18eon o121 {4, =2, =1, —3) 144
Fe 1296
B? 432
Al 288
C? 1728
[ T-elements | zaoun(=4,2,1,—-3) | 42 |
B-elemnents £9100%0010% 0008 384
£¢100¥0010€ 00011111 128
TotonLaotoLoontZL000 32
LoLo0 0010000 THo11 384
Z9100£ 00194000 LL00LI 1007 22
Toj00E0010F0001 Tool 1 F111aR 511 L2 123

D-elemnents zooo1n(—4,=1,3,~2) 54

sz ri-4, -1L -3 -2 27

10-elements zoorLn{—4,-2,-1,-3) 30

zoonnnt(—4,—1,-3,-2) 20
rgoun{—42,—1 -3) 240
Topor®oort M2, 1,4, —3) 240
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12-elements roooin(—4,-3,2,1) 43

zoon{—2,1, =3, —~4) 86

A= ﬂ!ugolﬂ(‘l,l,—?.:ﬂ 24

TeonLoomn(—4,-1,3,-2) 43

Zorrroonn(2,3, 1, —4) 144

B = zgoo1Toon®otisroinn(l, —4,2,3) 72

Tooor ZoonTaraen{—1, —2,4,-3) 24

ToonZalu oo T2 n(L, 3, =2, —4) a7

zonzanrn(l, 4,3, -2) 576

Topo1L Foe11 Tor11 %121 (4, —3, 1, ~2) 144

G 152

H* 0B84

C = rooozooni ot Lo 2 (=2, —4, 1,3} 144
[ Td-elements | zpoin(-4,-2,1,-3) [ 14 ]
15-elements 2go i ~4,2, -3, 1) 90
Ik 90

D = zooyn{—4,-1,~2,~3) 15

LT-elements E = zgo0 2o n(—4,-1,-2,3) 17
E? 17

| 18-elements | F = ryge1n{—4, -2, -1,-3) | I8 }

20-clements TooarLoouit{=2,1,—4,3) 40
znreunn(-4,-1,3, -2) 40

[QI—elements | rooorzooin(—4, -1, -3,-2) | 21. |

24-elements G = Tyoo1Zpot12oony n{—4, =1, =2, =3} 48
H = zninceomn{=4,-2,-3,-1} 48

30-elements I := wograwoor1 a2, ~4, — i, — 3} 30
Topin{ —4. ~2. -3, 13 |- 30

Proof. We have to show

{i) No two elements in the list are conjugate in G,
(i} Zogigso IGI/iCs (e}l = G,
where Cg(c,} denotes the centralizer group of ¢; in G. These are proved by GAP [S¢]. O

Remark {.5. The determination of the conjugacy classes of Chevalley groups were studied by several
authors. For example, see [Ch], [En], and [3h].
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ON THE MOLIEN SERIES OF 4~ 24+ 5508, 2
5. Main result.
We have obtained the surjective homomorphism
¢ Hs — 5p(8,2)

with Kerg = ¥4 and a set {¢i}ogicao of representatives of conjugacy classes of $p(8,2) in the preceding
section. In this section, we choose z; € Hy with ¢{=;) = (0 € ¢ < 80} to compute 102481 determinants
of 16 x 186 size, and finally we obtain our main result.

First we consider how to write down z; explicitly from ¢;.

e; is the elementary matrix of size g » ¢ with 1 in the (i, f)-entry. Set

Xf.-.'.('- = Dei.,‘!-e,'.n

Xeoog; =1+ e (i # i},
Kog = Doy
Ao =TLX T, ir€ AT),
We = X, Xp X0 (r €1,

then we have o{Xe.4¢,) = Teag;, ©(Nemg,) = 26—g5» 9(Xag) = 2ag, 9(X-r) = 2, and (W) = wyp.
Now we can write down z;'s as efements of H4 explicitly.
Moreover for the simplicity of our computation, set

N(2,1,3,4) : = Wigge,
N(1,3,2,4) : = Woroo,
N(1,2,4,3) : = Wooio
N{-1,2,3,4) : = {Wosor Wiooo Wor00 Waote Woi00 Wiceo)* Wacor ,
N{1,-2,3,4) : = (Wooor Wor00Woa10Wor00} Woaer,
N(1,2,=3,4) : = (Wooo Woor0)* Wooo:.
and N(1,2,3,~4) : = Waon,
and we have (N(2,1,3,4)) = n(2,1,3,4), 9(N(1,3,2,4)) = n(1,3,2,4), p(N(1,2,4,3)) = n(1,2,4,3),
P(N(~1,2,3,4) = n(-1,2,3,4), »(N(1,~2,3,4)) = n(1, -2,3,4), p(N{1,2,-3,4}) = »(1,2,-3,4),
and 2(M(1,2,3, -4} = n(1,2,3, -4).
For example, since we have
a3 = ZooorToon (4, ~1,—2,3}
= 2goo1 oo (4, 1,2, 3)n{~1,2,3,4}n(l,-2,3,4}
= roomToonn{4,2,3, 1)n(3,2,1,4)n(2,1,3,4n(-1,2,3,4)n{1, -2,3.4)
= Tgoo1 £0014
% n(2,1,3, 49n(1, 3,2, 49(1,2,4,3)n(1,3,2,4]n(2,1,3,4)
xn(2,1,3,4)n(1,3,2,4)2(2,1,5,4)
xn(2,1,3,4}
< n{~1,2,3,4)
= n(l,-2,3,4},

we may take
723 = Xooor Xoout
« N{2,1,3,4N(L.3, 2,451, 2,4, 3 ML, 3,24 ¥(2,1,3, 4)
x NE2,1,3,4)N(1,3,2,4)¥(2,1,3,4)
x N{2,1,3,4)
% N{-1,2,3,4)
x N(1,-2,3,4}.
Using the identity (2.3}, after calculating 81 = 1024 determinants by computer, we have,
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(5.1){Main Result) The Molien series of Hy is given by N/D), where

D=(1- 112)(1 - t?l)}(l _fﬂ)é“ - tzs)[l _ t“)(l _ t&m){l —155}(1 —- 160){1 - tea)(l _f‘z:)
(1= 21 - (1 -2,

and

No= 1+ 25 200 4620 4 22 4 3028 0 12032 4 16638 + 35¢%0 + 55¢% + 1206%F + 191457 + 3788
+ 656159 4 1251¢5% + 2106:%5 & 4050:7F + 70597 + 12589#%° 4 21542¢% 4 37016¢%° 4 617534
+ 1024681% + 165916¢19% + 266033¢ 1 + 417796¢'% + 648407t*'2 + 988060¢11° + 1486¢96¢12°
+ 220183441 4 32201764128 + 4641333t137 4 6610593¢1%% 4 920217610 + 12915647¢' 4
+ 17738606618 + 241076046157 - 22407041158 4 431408141157 . 5635636720 + 742522034198
+ 960813976172 + 123273568:17 + 156821288¢%° + 197918327214 + 2475192971152
+ 308000248¢192 - 3790850074% 4 4655200501207 4 56641179370 4 6846377314°%

+ 822192456¢7'2 + 9312732864 + 1163994772¢%%0 4 1372649504%>¢ + 1600369149t

+ 1878413630:%3% 4+ 2175788465¢%%¢ + 2509562823¢%% 4 287944753112 + 328714328145+

3 3733883106252 + 4220812055623 1 4748501510675 4 5317360486425 -+ 50271204874258

+ 6577323698(°™ + 726671483317 + 7993805363¢2%° + 87563083861 + 9551648238¢7%%

+ 103764485211%%% 4 112270563066%%% 4+ 12009045430¢3%° + 12987756456¢%% 4 1388782600317
+ 1479373374442 + 15699362572¢315 + 16598543359¢%%° + 17484652622t%° + 1835114233658
+ 19191179590¢>%2 + 19998148599¢%% 4+ 20765335 1306>1° 4+ 21486338017¢54* + 22155054630¢>1%
+ 227855797208*57 + 2331240473735 4+ 2370005669962 + 241965762712%%% - 24525685598¢3%
+ 2477521609137 + 2494288106637 + 25027102035¢%%° 4 2502710203562 + 24942881066¢3%8
+ 247752160014 + 24525685508¢%%% + 24106576271 + 2370005668044% 4 2331240473708
+ 22785579720¢412 4 2215505463064 4 21486388917¢420 4 20765335130+ + 10998148599+4%%
+ 19191179590¢4%2 + 183511423364 + 1748465262264 - 16598543359 + 1509936257248
+ 14703733744¢4%2 4 13887826003¢*%% + 1208775645664 + 12000045430¢19% + 1122705630649
+ 10376448521¢¥™ + 9551648238177€ + §756308386:0 + 7093805363¢1%* + T266714833:4%

+ 657732360812 + 5927120487¢%% 4 5317360486t°%° + 474850151063 4 422081 2035¢%°°

+ 3733883106:5'7 4 328714328 14515 4 2870447531857 4 2500562823452 + 217578348545%8

+ 1876418630:5%7 + 1600369149:°¢ + 137264950434 + 1163094772654 + 981273286154

+ 8221924566 . B84637731:%°° 4+ 566411793¢%° 4+ 465520050¢%% 4 379985007558

+ 3080002438777 + 2473192974576 4+ 197018227580 1 156821286¢5%% + 1232735068¢758

+ 96081397¢%%7 + T4252203t°% 4+ 5685636715™ + 43140814¢5%% 4 3240794145 4 241076046512
+ 17738608717 4 12015647¢5% 1 92921791934 1 66105034525 + 4641333552 + 322017643

+ 22018341540 1 1486996¢54* + 088060¢5*® + 648407¢%5% + 41779655 -+ 266035¢55¢

+ 165916t 4 102468¢°%% + 61753t%7° + 37016°7 + 21542°%° 4 12580151 4 70591732

+ 4050452 3 210686%%% 1 125167 4+ 65617™ + 378:7%8 4 1014712 4 1204715 4 55470 4 3™

+ letf'_’s + lzt'-'s'.’ + 35736 +21740 +t'?-1-t + 2:‘?43 + tTSG +t764,
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dd

I 2= RN ERY AL AD
association schemes ®4-%8

£ * E F
E X R

Let (X, {R:}ocics) be an association scheme. Let X = {z,, #,---,Za} be
the set of vertices. Then ihe association schemes with al most 17 vertices
are classified.

number of number of number of number of

vertices | isomorphism classes || vertices | isomorphism classes

4 4 11 4

5 -3 12 59

¢ 8 13 6

7 4 14 i6

8 21 15 25
9 12 16 222 new
10 13 17 5 new

adjacency matrix OF7=§ &Lk
(X, {Ri}o<ica) % association scheme & F 5. Ag, Ay, 4q LD adja-
cency matrix £ 5,

1. A 4 {0, 1}-F1FIT, EFEND 1 OBBII—ETH L, ZOEK o
% walency L\n9, Ay =HNITH] TH 2,

2. Ao+ AL+ - -+ Ay = J(all 1 matrix)
3. !Ai =A,;r <]:. &5 ’&"’ ﬁiﬁﬁj—%g



4. A,;AJ' - EDSL‘QI P{;Ak a &%%ﬁpg 75{#%?.?2’0
relation matrix O E3%

A:=040+ 14, + 24+ - -+ dAdy

% association scheme @ relation matriz £\ 5,

BLF . relation matrix % A & 7% % association scheme % I association
scheme A £ bW IH T LT B,

Association scheme O [FREHE

association scheme ¥ B X E T & &, incidence R; OFEFTOFT A, 2%,
adjacency matrix Ay, Ay,---, 44 OFEFHT L B X = {2, z2,-+-,Ta}
NEZOMIHFICHHEYDH S, 202 20FFMHTFHELHIZE 2 T asso-
ciationscheme 4 & BT —HT B L X, ZhHEFR LWV,

(1, 2,--,d} LOBEH ¢ & EBRITH P 2BLITEIT

P l4sp =R

LA ETHB, ST A A OERADE (incidence FH) i & ¢
VBRI TH S,

Assocation scheme @ automorphism -

PlAP = A L BEHRAH P TR EhE S5 L5 BIRY assocation

scheme @ aufomorphism &2 3,
A @ automorphism €02 THE Aut(A) TET.

IR D FEIR

1. EEESOF A XD T, BHELBEE %RV T relation matrix 7
_RTEESEE D

2. FAIRHIERTE D,
3. RBAEELTHRIIEEDD, HlAiE, subscheme & LTET S

relation matrix DTENF
valency & ¥E& incidence OFY

[vla g, “‘_:”d’]v [1f1 Qf: 1d’]
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TELAHE, FAIT << Sogs KL TESR, THAFER
2 association scheme BIEMBIE B3I+ 2, 20E_FR LA -T 4
e)%_ﬁ%ﬁ&béo

vifﬁ ‘Ugm vd@
(0 T.-1 §..3 T4
0
D.
tA, = AL h
ELiDHE L
\ 0/

(2,3) B A B NEL incidence BEF L AN TTRTOBFEERL o TT
OEHEOR{LFELT, ZHOMRI incidence FF FHMA T2 TH TS
PP SOMICRESEDEHIIILT S, FOB, —2oBFEARLT
LWEETE S pf FRIE LT, association scheme 1% 52 V& £~
Bo 8HC, MELFEICOWT PlAYP 2EEL T, ZOPIREOM
FPDSBIIZ 22 5 X %) 7 relation matrix A< TWADPEIDEHE, 20D
LRI LR EERRL I L BENFHOPP LI ETH LA, b %
RTBLROBECBIFBIT LIONRWEETH o 1)

[(#fB] valemcy 1 @ adjacency matrix ZERTF L2V, FhefdTHE
£ & semiregular ZBZ %7,

I, m % valency 1 @ adjacency matrix DB, » =THAH. s %*
valency k @ adjacency matrix DL T &, min 2 misk L) FfAE
The SNITID, [v, vy, vy DEFBEBOTILNTES,

[ B D HE AR B

BSESOERIZ (colored) graph OFEE OFE S HEEE,

incidence EF DB IZRFEAMRLELFTTEZ, 2L, pf; W3 RT
EFz0TEYE: 2ATTODNOEFIALTY S,

FIEMHMEO#HTE, Haf1 6 ®IFE 2 0 § D association scheme H5{§
Rz, RELREOLE, U1 6 DBED regular representation D% ¥
association scheme 1 4 BXBRALTHHOT, §5HE2 2 2@ic% B,

Subscheme & L TETHiL



association scheme A DTEAES (0, 1, 2, -+, d} PEE T T, Ty, -+, T

@ disjoint union (Z7EL Tp = {0}) hY. B = SierAs LT
B =08+ 1B, + 2B, +--- + DBp #¥ association scheme &7 % £ & B %
A @ subscheme ¥ v*J,

(#E] B H A D subsheme O X &, Aut(A) C Aui(B).

[#] association scheme A @ automrphism group i< regular Z2FWFEXE
INTWwAB I &L, association scheme A A% regular 235D regular rep-
resentation @72 association scheme B ¢ subscheme {27% % I & (X F{E,

TEEH 1 6ok &, ZOFRBTHRANDL L automorphism group %% transitive
W S WBEA THE, regular RSB LEELWEANL LEHTE,
Bz, oo DOED subsheme BEE LT, BF., A1 6MD22
2 BD4ET O association scheme 13+ 31 6 D regular RRHLTES 1 4
f8l. automorphism group ¥ intransitive %88 5. regular ZBIHES
EFHWIBESO 6. OEF2 58O association scheme 7 £'#.2*¢) subscheme
EBB L Abol,

THEH 1 7Ok 54 cyclotomic scheme O 5 BOAE VI FRTH 27,

EAKLSECOBONTVIRERLEBLALFIELVWERNREDS
T/,

A1 6 OBA. regular 2HA 5 TE % association scheme ZFRWVT
HE | TELNAE1END 2 0 8FF TP association scheme ® 9 BT, R
ERTAEEREFREL pf; Tholo
(8,91 134, 35], [ 36,37, 38, 39], 50,51, 53, 54}, [ 57, 58}, [ 61, 62],
(65,661, (79,80],[84,85],[91,92,93], (97,98, 99], [ 172, 173 ],
[175, 176 ], [ 183, 184]

THEEPERO & & 1 9 E T T cyclotomic T4 V> association scheme
HEFE LT

TS 2 4 T4 5 HEO group association scheme & [F U pf; @ associ-
ation scheme HERTIMTHL I ETHB LI, BRI, AAI7T-7

for,v2, 03, v4) = (3,6.6,8], [I',2,3,4]=[1,2,3,4

13t LT association scheme OBEEIZ 3BT Y, N5 IET 4 KIHK
BE0) group association scheme L F U pf; ¥ 0T L L MR L7
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Atiempt to Prove a Theorem of Williams Not Using

the Classification of Finite Simple Groups

Michio Suzuki

Introduction We begin with some definitions. Let & be a finite group and let #(G} be
the set of prime numbers dividing the order [G | of the group G. The prime graph I'(G) isa
graph T with vertex set V(T'} = x{G). Twoelements p and ¢ of V(T) are joined by an edge
ifand only if p# ¢ and G contzins an element of order pg.

A subgroup H of the group G is said to be isolated if it satisfies the following two
conditions:

(1) HnHY=1 or H forall g€ G, and
(2} if ze H~ {1}, then CG{'z) CH

The theorem of Williams {3] referred to in the title is the following.

Theorem Let G be o noncbelicn stmple group of finite order with disconnected prime graph. Let
¢ be a connected component of the prime graph not containing the prime 2. Then, G contains ¢

nidpotent Holl p—subgroup which 1s isolated.

This report contains an approach to proving the theorem without using the classification of
finite simple groups. The original proof of Williams depends on the analysis of the simple groups
in the list to determine how a connected component not containing the prime two arises in the

prime graph.
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The converse of the theorem is obviously true. Thus, f ¢ nonadelian simple group conteins
an isolated nilpotent Hall m—subgroup, then =N xfG) is a connected componeni of the prime
graph.

Actuaily, the concept of the prime graph arose in the work of Gruenberg—Roggenkamp (2]
" on the question of when the augmentation ideal of the group ring G is not indecomposable as a
right IG—module. They considered three properties on a (not necessarily simple) group G

(1) Thegroup G conteins an isolated proper subgroup;

{2} The augmentation ideal of TG is not indecomposable as a right #G-module; and

(8) The prime graph of G is not connected.

They proved that ()= (é) = (8). The theorem stated here asserts that (8) = (1} fore
nonebelian simple group G. In fact, Williams showed that the classification of finite simple
groups yields (8) = (1) for an arbitrary finite group G. This generalized form of Williams'

theorem might be proved also without the classification, but I have not been abile to do so.

§1 Starting Point We need some definitions. If o is a set of prime numbers, a finite group i is
called a o—group if n(H)C o. Asubgroup K is called a o—local subgroup if K=N_(H) for
some g—snbgroup H# ! of G. For any subgroup U let Oa,( U) denote the maximal normal
o—subgroup of the subgroup U. By definition, 0 a( K) # 1 for any g~local subgroup K.

Suppose that G is a finite group with disconnected prime graph [(G) and let o bea
connected component of the graph I'(G).

Assume that 2¢ g

Then, any p—stbgroup i3 of odd order.

Since p is a component in the prime graph, we have the following proposition.
Proposition 1 If H is a p—subgroup ¢ 1, then s0 is CG (H).

The following proposition takes care of the case when some p-local subgroups are of even
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order.

Praposition 2 If there is a p—local subgroup K of even order, G contains en ebelian Hall
p—subgroup that is iselated.

- v_f for

Proof We ha.ﬁe V= Op(K) # 1. Aninvolution { of A actsen V as v
every v¢ V. In particular, V' is abelian. If & V— {1}, then the element ¢ actson 4 = C_(y).
Since A is a p—group by Proposition 1, ¢ acts regularly on A. Tt follows that A is abelian; in
fact, it is a maximal abelian p—subgroup. If e € A — {1}, the repeat argument proves that l'.','G (o}
is abelian, so C, fa) = A. Thus, 4 isisolated. An isolated subgroup is always a Hall subgroup.

Thus, G contains an isolated Hall p—subgroup. a
Thus, to prove the theorem, we may assume that all p—locel subgroups are of odd order.

§2 Method of Bender—Glauberman In a recent publication [1], Bender—Glauberman streamlined
the group—theoretical portion of the Feit—Thompson proof of solvability of groups of odd order.
We can apply their method to study the set 4 of all the maximal p—local subgroups of G.

The set .4 has many properties similar to those of the set of all maximal subgroups in

[1]. All subgroups in # are of odd order. Another example is the following.
Proposition 3 If Me 4, then M= NG(M). If Me & normalizes a p—subgroup H, HC M.

Propositions in the chapter I and after in [1] aze properties of the set of maximal subgroups.

We can interpret them as propositions on the set .# of all the maximal p—local subgroups.

Assertion All propositions of [1] hold with proper modification in hypotheses and conclusions

when we interpret them as propositions on the set A
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§3 Some Differences Since the set # involves only p—local subgroups, we have no control over
other subgroups which are not p—local. Thus, when Bender—Glauberman discuss the normalizers
of p—subgroups, we have to assume that those primes are in the set . If Me &, the group M

has odd order. It is not necessarily a p—subgroup, but £ = Op(M )+ 1.

Proposition { Let H be a p—subgroup and let A be a noncyclic group of order p? for some
prime p such that AC NG(H)A Then, p€ p.

Proof If pe w(H), then pep. If pg v(H), A normalizes some Sylow q—subgrou'p @ of
H. Then, = < Cq(m) ] z€ A—{1} > by Proposition 1.16 of {1]. Thus, p and ¢ are

connected in the prime graph of G. Since g€ o, we have pep. O
Proposition 5 If P is a Sylow p—subgroup of Me K, then either pep or P 15 cyclic

Proof Let M¢ 4 and p€ x/M). If a Sylow p—subgroup P is not cyclic, then P

contains a noncyclic snbgroup A of order p2. By Proposition 4, we get p€p. ©

In the analysis of the structure of a subgroup M¢ A in [1], the set o of prime numbers
in w(M)} defined by
¢ ={ pex(M} ] for some Sylow p~subgronp P of M, NG{P) cM}
plays an important role. It is proved that M contains a normal Hall s—subgroup M - In our
case, the set oy = a N p plays the corresponding role. Each M ¢ £ contains a normal Hall

oe—subgroup which in most cases coincides with the maximal nilpotent Hall subgroup of M.

84 After Group Theoretical Discnssions Let G be 2 nonabelian simple group and let g bea
connected component of the prime graph such that 2¢ p. Let .# be the set of all maximal

g-local subgroups and assume that every M e A is of odd order. We have theorems
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corresponding to Theorems I and IT in §16 of [1] The only major difference is to allow in
Theorem I (¢} S or T may be not a p—group in which case it is a 2—step Frobenius group in the

sense of (3]

We will report on the character theoretical part of the proof in another occasion. It is

hoped that the character theoty provides a proof of the theorem of Williams.

§5 Conclusion A significant point of this work may be the realization that the wonderful method
of Bender—Glauberman on the hypothetical minimal simple group of odd order can be applied to a
real case involving a simple group with disconnected prime graph. This is & very restricted case,

but it may be hoped that the method would be applicable to other situations (with suitable

changes).
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T—"NVEDPURIFIABLESE:
ADERIZDOWT
ElimgeE Al &

P

—fEOT — LB (mixed group) GiZiE|MAD torsion MOWTHEFLIDEETS. COL s
G/ Tit torsion-free X7 H. FITGIL, torsion BTO torsion-free IERELXr 2B T LAt
T25. G/THZ w2 10 tarsion-free x4 B2 2, height-matrix L WAHAEFEWITE &
BGOSEMNTES. LeLENUADBREII>WTIRSDL ZA S b o Tz,

g, THRENETL23LE, GRABFILE WS, LALTXRTOBGHRGEY 2 LIIESL
W, TRpEOEFMOHKZDY, FrilHLTEZOpA— MERETH T, THARHCTE
WeER, FRLYWHSESHD. FITORCHALTALTRSREY, FENTHDRETE LN,
FosTIOHEOMREL, FEEADTBOEBEW-TVWNESS,

BT, AT TpHEIIYWTEEL TE %, purifiable FAEL RO T7 —~XAHEIIYWTEL
TaHE. 2T [(BI1] oo, RIS aleost-dense A FEDESA —BO7—<ALBICEE
L, pure [p-pure} tull OMGEEHREL . £4 [BO] TEAL, p#HITBITD purifisble ]
SBRETZAEOOPERELEELE. [BCM] T, pBICEWT mxisal vertical MoFHHHL
SHEEAL, LOPEBRESNETALERIBRGEREL TND. BRORSIEZ—BOT -
DNTTF> TARY, WEDLZABITEELBLIZEES>THS. UL, [HM] T, §XTO
BR4FEESS purifiable £ #235 pBARTEL Tindd, TR TIHIERICEIIL . AN BEL
purifiable B L p-purifiable SO BERIZSWTEATHS.

BETId, G% torsion-free A torsion AL WIRFELTERLCHA. TEHE
HBADTNERLHAFESL T-hish HABE 0D, COBFRILTHEET S, H2A—EH
TiIAWL, AT ARSI, A 120 T-high BB LELE, GIEAD torsion
Rz RD. LHLCAER TEHEDIIL—BHT, FHCBLVOT, AIL12O&FFEEHTTT
ZELTHE. B, AMNGO alnost-dense BRBTH2LE. (FlDdA—12, p186DH
2N D—BRELFE LTS, OISV TREXLTHLERS. 20 IRHGE
ADE# (almost-dense extension group) L &FHS. 2F D, A% torsion-free L, AN
FOHLKEEGT almost-dense 72> T-high ThH3 L%, GEADADERLVW, A% moho B4
BELER.

TOMY BEHA—BHETRVWESIS, AORDBFLRCEASE. TRAONYAK LT, GSA
DELLTLLEE TR DAL,

ZoTLBREfATFLELARVESAZADERIISVWT, BAEE FEEE - #EEE
AE5AE. HB, A¥D V2 10 torsion-fre BT, BRHpIHLITOpA—FBEERKL R
BES. ZTOLONADEE® (1, 1) MADERERAIERTS.

F, BIomAEfl, SBRLSWEORE LTETFONRTWS. —F. ADEBRIHNT, TH
HEBROL XGHFBTEILRICHSNATVS. 22T, BETEEEREE->T, (1, 1)
BADEHOTRENEHITIESA .
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,Purifiable subgroup RN

BUETATT —~ALBETSH, T, BREDHSRVWRY, GE7—< ¥, AETORIBLYS.
£7, THGORBAD torsion RSHEL, G,2TOp/SA—FETE. FTELNLERLRAD.

FR1. 1. <neat MOH> ROZEBEBETHHEAZ GO neat %ﬁﬁ'ﬁ_& A,
EEEpicdLT, AnpG=p AfE. O

COEROFHBIIL T, 2ORFBLSUEND neat BABHFETHILRLCASNTH
iy .

s8], 2. <ppure RAEE> RORGEBETHRISFEALGO p-pure subgroup LW 3.
FATOFEEBER ICHLT, Anp®G=prA. [

TM1. 3. <pure HAH> KOEEEERTHATEAL GO pure subgroup £ 3.
ERMpIIHLT, ANGO proure HHETHS. O

FH1. L ASHPE pure BWABIE neat BARTHE. TRCOTENBHFCHL T, Z0OR
ABESUENO pure BABILUY L LEEL R, T2TROEIXEREZS 2D,

F8#1. 4. <purifiable [p-purifiable] HAB> WABRALETE O pure (p-pure]
RABRHUAFEETDZ L&, A% GO purifiable [p-purifiable] Mo LW D, IO pure
[p-pure} HHFBHEADGIZH TS pure [p-pure] hulik 3. O

{1) pBEIL2INT

T pBEIZOT, parifiable BAEOBEMTTHAEIE TEOC L TRES L. 22TEY,
EEL2HBITE,

E#EL. 5. <almost-dense WS> ROERALHEETALpHEGO alnost-dense WHEt
Y. ARSTGOREED pure HFHEKIHL T, /K i @kEcRd. 45, MEREER, ¥
RTORHpENLT, pG=CGeRdBEGENVD. O

35, almost-dense fAEI YW T, [B1] TIROLHICTERTEDZLERLTND.

&E1. 6. AMpEGT aslmost-dense THI2 L L, ROTLIZFAETHDS.
FTARTOEBERnICHLT, PG [p] <A+ p™1GHERKE. O

FEL. 7. TXTOIEAEEM n WML T, AD n-th overhang LD L SIITERT 5.
(A+p™IG) Nnp"G [p]
V. (G, A) =
(G. A) (°G [p] AA) 571G [5]1 O
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pEICEITS pure hull OIBBREEROLHCED.

e l. 8. ([HM], [BI)., [BOJ) A¥p#G®D prifiable ¥ THE L &,
#& pure hull HIZRO &5 2B&EC2-TWS.
(1) HEHL4BHmMEELT. n=2nEiASTRTORBEnIIHL T,
Va (G, A) =V, (H, A) =08DIo.
(2) H=M&N, 7L, M, N, 3HOESE.
(3} M{pl =A [p] . NIt bounded TH-oT m HpeN=0 ki dRhDIEABY
LinE. fE-T, p°H [p] <A,
(4) AXH® almost-dense HRETHS.
£%5, G l{pl ={peGipg=0} 7T, 2hEG®D socle EnH. O

&I, 80 (1) OERELEBRETATSEAKR GO eventually vertical BiFEE D . Tk,
a=0 OFE, ARGO vertical MAEEL S . LALBETO (1) HEMN, HEHD TRV
BEETE. 22 TISSESF LR 3HIBIIROEILBETHD.

HEL1. 9. A%DEGO almost-dense ERABEL T2, FZTABGO purifiable WAL
3 EHONEFSREE, APBGO eventuvally vertical APL w2 THS. O

FRONERGAUBELS LRI pEIRO LI CERFTSN:. ZOMIZERE 1 DBEXDH.

E:1. 1 0. <paximal vertical HEE> A% pEGO vertical MAHLTILE, A
5&#4 socle D3A [p) &7z DX vertical MARLGEET . COPIHETAEIU
gaximal vertical FFEEL NS . ZORAIBOFER., Zor nOBBECHRIELTHS. [

£E1. 11. ([BCM]) pBGRHLT, ROI-ORFHARIRTEETHD.
(1} G reduced /S— ~id, quasi-complete PHETH 5.
(2) GOFATO eventually vertical BABEIL, purifisble MAWTHD.
(3) GOTATH maxinal vertical AR, pre HBAHETHZ. U
_ O —~ABGI, G=RODLW/BSE. RELDRIMERAUTHD. CHODR—BHIE
ZEL, BHOETE2. 20LEOR%2GO reduced JN—hENI.

7, pEEGHS quasi-complete TH B i3, G p-adic topology ZANTEE, +NTOG
O pure EFEICH LT, 2D closure MBF = pure WHBERZETHD. —FH, TATD
pure B closure BSEAEF LA S L&, p#GA torsion-complete Liv3. EI0EF
pure 12742 BMT, torsion-complete £HIL quasi-complete 2EREIND.

FR—EOT—~_NLEGIZOWT, TH gquasi-complete [torsion-complete] THD ik, T
& p)t—} ¥ quasi-complete [torsion-complete] pHTHDHLE &V D.

~ﬁ.?&T@%ﬁﬁﬁpuﬁhﬁeatép#Gm,[HM]@*?&@#ﬁE%ﬁNHEnT
na.
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GE1. 12. TATHMSES purifiable L2 5pHGE, BRELMBREORIIL 22 L
ZIZRS. :

(2} -7 —~NE (mixed group} (ZoNT

FCT—ROT—~ILE (mixed group) K OoWTHED T L AFTEL TAKE., £7, almost-
dense DT L% KD & 2 ICHREL .

FHL. 1 3. <alnest-dense HAE> HERPWo#EELZLE, KOEFEHLZTA%
GO p-almost-dense BiSBEL WD, AZSOEBEDGH p-pure BHEKIIHLT, /K
torsion 24— b (T{(G/A) L M<) RpTREIZARS. TLTEEHoINL T, AMBGT p-alnost
~dense LM AL E, ARGT almost-dense THB2 WS, BIE, ARZSDEEROGO pure 3P
BEKHML T, TIGFAN R BREBCEZD L TH2. Lbombpitsd, BEESALRHpIIHLT
pG=GEa3EGGEWS. O

pEROrELARI, ROLIIIRATES.

BE1. 14. AMGT almost-dense [p-almost-dense] THHI Lld, ROZLELEMTH
3. SBENMDp (BEp] ETARTOEAEMNNCHLT, p"G [p] <A+p™!G#EE. O

n-th overhang * n-th p~overhang & L T, (RO L SIZEHRL .
TEl. 15, #+ATOEBEY n 12HLT, AD n-th p-overhang BRDLIIZERTS.

(A+p™1!G) np"G [p]
(p*G [P] NA) +p™'G [p]

Voo (G, A) =

[, HE2FEEBEMmSFEELT, n2me 253 TRTOBEAHLT, Vae (G, A) =0
BEDIFoL %, AIZGT eventually p-vertical ABETHEZ L, m=0DE EHIZ
p-vertical BRFEEL NS . 4, SEBp o LT, ASGT p-vertical THEHLE, AEGT
vertical THI WD,

CNEEFE-T pure [p-pure]l hull OBEBEERD L SCRDHBZ é:.?b“t'.‘é%')

&E1. 16. AXMGO purifiable [p-purifiable] BMAHTHB L X, #0O pure [p-pure)
hull HIRROE S LBEILRZ > TS,

(1) %8 p (E¥p] KXHLT, nkm(pl&flé‘?"\fa)ﬁﬁnﬁuﬁb‘t
Vs (G, A) =V, (H, A) =OBEIIZHEAEY nip) BEETS
(ST pIcHL T, eventuvally p-vertical [EH piodfL T, eventually
p-verticat] T#2) .

(2) AAH® almost-dense [p-almost-dense] AFEETH 5.

(3) H/4 i torsion [p] L3,

{4) p™™H [p] <A.
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maximal vertical [p-vertical] BiABROMERKOLIIIHIET S, 2% ES LR TOBRIE
35,

Eﬁf 1. 17T. <maximal vertical [p-vertical] BEAFEE> A %GO vertical [p-vertical]
BalLsdLE, AR&T vertical [p-vertical) MABECT, ¢/& ¥ torsion [p] HE%5
HAoBOBARLOXFEETS. COMSGEL, A4EL naximal vertical [p-vertical] Z{R5E:
End. TOBTEHEOTEED, ZornDHEBETRIESRTWS. O

AELl. 168. & (1) 5, AMGT pritiable [p-purifiable] TH2 FHOVEREIIR ST
Wi, pEEDEE LERIZ, A almost-dense [p-almost-dense] DL 2iE, ZORERIELH
EHichs.

FEL. 18. AG® almost-dense [p-almost-dense] BiREELTA. FCTANGOH
purifiable [p~purifiable] BiGEE L L HODNE+HELET, SFEYp [Efp] THLT. A
MG T eventually p-vertical AL L2Z322THS.

BEL. 19, TXTOHBHWA purifiable [p-purifiable] L4 56, EEMp [EMp)
WHLT, GeAVERABLIRE (pNBRE] BENCL2 L ERD.

pPHOLEEFEFZ, FTRXLELBESENABTSEGL R IECRRETIMEASEEEZNS.
[BCM] s, TOLS5LEGOHTIL, quasi-complete T3 2 BITEWE. Ll F Oiidink
B2 rBTRHTES. ZTLILLGORFEBLT, TH torsion-complete D& &
EHRY T2 LPHATED. 55X L 5LBAREE/E.

FE1. 20, TG [G.] 2% torsion-complete O X &, BEMp [(FP¥p] CHL T,
eventually p-vertical &7 3 GOAREL, purifiable [p-purifiable] HAEEL23. O

%3, purifiable B3 8F & p-purifiable B BTV T, TREOL3LEESHS.

EEL. 21, GOMIEEAN, purifiable AR L L LE, ERBpICHLT, AN
p-purifiable SR LA I HIXBETHS. O

THE1. 22, H% purifiable BRGEAD pure hull £330 &, HIZAZKELT, AD
p-pure hull OERZA S, O :

pEMIBE, pure ull BHATLLABCAS RN LR, L<ASNTWS. £2T, pure
[p-pure] hull DOEEEIZDNTROL FIZFEREZBR.

=M1, 23, A£GO purifiable [p-purifiable] SAE LT L &, AN torsion-free
-2 vertical [p-verticall %S, $XRTOAD pure [p-pure] hull BEENILS. O

EZOE%IC, torsion-free 7D purifiable MTEOMAXEETF D, ORI BSRETHR~SE
ADEHOMTHO, ADEBOERAOEMID LI,

-5 -
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fl. pe (k=1, 2, - .) 2BR28#HL L, <2 >%U¥oOREFLTS.
T=@< ag>
rdny, TR X=I<ax>0@KD torsion G ELE. TIT
beo= (a1, a2, = = -, ax, * **)
L, B EDOLICERT 5.
J (k) 5% prx=a, £BEFL, KRSE0ELTS.
zThb &
pxbg=bo—ax
v s> MRABEY 2. 2
G=<T, bx: k=1, 2, »+ >

BB COBRBSABLANIER, E<HBNTNS. SO KO EHBRD LD,

(1) G=<be: k=0, 1, 2, + ++ +>LEITH.

(2) Be=<by>kEL{ E#E, Buld T-high MHBLLS.

(3} BoldG¢ almost-dense SGEEELAL 2. LaL, BdENp, (k=i 8L T,

ps-zlmost-dense §R4Y#EE 25 4%, pe-almost-dense LIZm 5w,

(4) G Bo pure hull 7% dD.
WilCr=<bo, b2 B EXDI EMEDILD.

{5) CultAD pe-pure hull 2D, G/ Bo=BCr./ BoaelPZ (0?2 2125,

(8) G=C:DB<a > E¥33. 2L, G iBx @ pure hull TH S,

{7) BxldGrT T(Ge)-high WHEF LA D, Geld puBe® pure hull THH 5.
RiCA=<p:r*botar>dBlE, RO EHED I,

18) Awld GT T-high subgroup 272 5.

{8) GiZA.® pure hull 425,

(LO) G/An=®; %2 (p,2) BZ (pr™*?) 423, 0O

2, Torsion-freefiont

ADEBIZABDEIZ, £ L torsion-free BEOERINLBFSEEBNTS.

X % torsion-free FEE L, pZMMLTD, xEXDxLTdLE,
pky=x
ERETyBAOTLE L THFETSERER k2 x® p-hight £, he (x) <. BAEH
BEELIZVWEE L, (x) =0 ERTE. 227, pll), p(2), =+ +, pin), + + + 2TART
OXEHORPLTELE, xDE pln)-hight DAZRKRDOEIIZHL.
% (x) = (hpcp Gthibpeny (2}, - ¢ b (®),s o 0 ),

2hx {x) £x® characteristic i, height-seguence &1,

Floh, FaBEL 0PSB ordered sequence THB.

220 characteristic BPFEL N LEMNETIRIHEFNFNELWLEERT S,
7z (kil), k(2), « « 3 & (a{l), m{2), « « +) 222D characteristic ¥ +B & &, T~
TONKMLT, kinyzmin) Ok & (k{1), k{2), + + +) = {mll), m(2), « « ). &5z
(i), k), « « <) U (n(l), m(2), » + =) = (mexi{k(l).m(L)),max{k{2),m{2)}, « « =)
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(k{), k@, «« <) n (m1), m(2), » « -) = (minlk(D .ol .pin k(@) a{2)). - « )
LEHT DL, characteristic OBANE, Hizh3.

FEEAQEMERL Y>WTAOT—UELRD. 2CCQORDELIUTAIEREZLS.

' R=<p( ™™ :niniSk). n=1, 2, -+ >.
ZOEERAOPAOT N1 (k(), k2), » + ) £1v) characteristic #30. £-TXiok
WT, XOxxd x (=) = (k{1), k(2), ~ )} LS, XOPTxhoEBINh2eoE
% Rua=<x>:t%¥<.

2 2 90 characteristic MEEHE TR 5.
(k(1), K2}, «» +} & {m{1), m{2), = + ) % 2-20) characteristic T AL &, HRHES
LAHMBEORD REBENT, HIETARGHFLINESE, TO22REETHAEESETS. Ik
k (n) <o, m (n) €0, k (n) #m (n) £A25nxERETHS.
iz Zalk (n) —m(n) | <0 f##L, o—w=0LEHTS.
characteristic OFEEE* 54 7L A, Y1 7ORELFTIIRS.

A7 1k, = (k). k(2},« v ») LE(IEHBTES, 22T, x (x) B 1T KADE

£, 7 (x) =TL®{. £, 4T v, u ORICENFN (k{1 k(2), =+ ¢ ),
(m{i),m(2}, - « «} L4 D characteristic #H - T,

(kil).x{2}, « « -y = (mL} D), - - ) ZWFTLE, TEu EEBEBTS. TLINLE
F47 T, M OFNFRLOFBMSERIC characieristic {(t{l),t(2),- - -],

(2{1).s(2), « r +) &HofzkE&, FTLLTATODIHLT. tinhzsin) &ldEoizn.,
ID% x, ¥y 20T, mx=ny&e&RdksE, 1v{x) =1 (y) £2bd. BKZY710
torsion-free B3 TATARXHBRAL S TELD. o THFAS T TEFOHEXRE TSI ELEMNTES.
—HSA{T7DRAL S5 1D torsion-free BIAFRTH S, TH=T 2 1 & torsion-Iree B,

QORI LAETHITER, I{AShTHS.

Hy4 16 torsion-free BEOEMY 2 SB S L TIHEE (conpletely decomposable group BEL
TCDE) LS. ZOBEIZERMELRBRNTHRE—BENTHS.

HIES 2D CDEOEREARELACDE (almost completely decomposable group) £ 5.
ACDEOHIAVRERANEIR TEL OMRBENTHD.

ACDBGICOWNWT, HAS N o8% regulating subgroup £\ by, ALBES L, ADE DL
LT G/A DEBED>TLBZENDS.

NI REOT—V—Fid, 6/A BKEpPHERBLEIZH>NT, BEEH - FEER « #HEE
AEX.
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3. ADEBL W

FHE4. 1. <ADEBEE> A% torsion-free Br¥ 2L %, KD22OEBFEZH LT ADLE
*EEGEAD almost-dense HATE (BBLUTADER) i,
(1) AtZGT almost-dense AR TH D.
(2) AMGO® T-high BROBELZD.
CHEEAAGO woho BRGBECHEE, O

FEEOEIIENT, GiZBo% moho BRABLrTAHADEHTHAE. (2) & (3} ot LY
T ATO T-high subgroup 45 moho ERAEEL IR ORI eMbeD . £, Gud, Budo
PeBe® pure ull 8 ->T03. 2% D moho MAHOBHFHES alnost-dense Slff}aﬂ‘_ﬁté >
ELHD. T torsion MABHED DR (2) ORESVLELLS.

72, GIZBWTBo%k moho AL oz XL, An® moho GBI E 2L ETIE,
G/A DEBED TS5 Z&Bbid.

WE4L. 2. G,D3 2L (6/h) DIV 2EELL. O

FIT—ERRTADERAE LS. GO noho MAFHADI X IH 1L, GAKApHE T
AH.Z0DEAUES (1, 1) BADEBEERILICTS. ZOLE /A DpA—bREEpE
LirdHh, SU21ONEBRE (V27 —B) 22d. ZLT G, TR

G/A = &, G/, , T=$P LY
ENSTBIC B D,

AnF+4 7RO L 5, FABKLoORTEITD. ShE GO whoe EBELFE, NG &
T, ARITSE, EEHpionT, TOEOENEL L, FABEDITHETCENTED.
Zh#% torsion BERXHY, TG TS, 1 6/ 2o Th, EXHpic2WT, 208D
A2 LD, HELT Y 20 »—HeRdaidoolkds, TNE2REIERLFY, CGLEL.
EL2NOCNERELEKLT, CTMYRAFALMESR,

R TLOROBIIRDEICREATE D.

B o mcho subgroup (O & & Ared? molo subgroup D E=

2. 2.cco 2."'.2.r+2,2."' mﬂ@%ﬁ‘
1.1.---] L= »+, 1, 1,1+ = torsion EFE
0, 0, = - D« «+,0 0,0 -] «— moho BE
t
k R4}

IR, BEEOpEAETNEN. MG (p). TG (0).CA ) 2B<.

60



i ey
ﬁﬁﬁﬁ G (1, 1) RMADEBErTALE, GHROEKERBATCTMYAFLE L,
G, =0 R AREMpICHL T, TG [p)=C{G) (p)=6. e (1}
Ge# 0L BEHpIcHL T, MG 2o TG (PIKCG ). -+« (2)
EEc, Kok dicER 3.
T=@<ye> EEL <y >oufidpT @@
(G/A) »=GiD}/A LS LE,
G (p) =<g,., Ai.Yp=’ap+pc“”"’"T“}H”g‘p, At A
EFFIZ G (p) =<ge,. A ¥;:=22:+DErwwrm, BrE A, PEBri1=Zx, k=0.1,2, + « >
La25.0

]
ﬁﬁmﬁ C, M, 2IE§88-comEi3 characteristic MFAE L, TEZIEARH OIS
%3 characteristic P& TS, ZThOoMMEEED (1), (2) 2A#FEE, 2hok
CTMYAFLELTE {1, 1) BMADERMXEETS. O

ﬁﬁ%ﬁ (1, 1) MADEHGrHMSEAETHELODOLETFRFERIROI2OEHL2E
BioBETATLTHS.

(1) M6} & M(H) REETSHS. (nocho BAFIIFHR)

{2) T(6)=TE). (BK torsion MAHFHIFE)

(3)cle) & ¢y HRAETHD. O

PO S@ELAVY, THRBHOLERABTZCLHELASHTWS. . 22 THBE2
WTRD &S LEERESE.

ﬁﬁ%ﬂ (1, 1) MADEBGCHEAEYT RLOLESFEFR
WG = TG. O
(i) oo & E2FhMGRIE, TRATOERPWHLT, ¥ D st@ b s e Tiaisl,
F4F7ORNIGRERT. S, KO&RT%HEET a8 A PEETEILTSHS.
x (a) ZT(G).

THEEEEAZ2 (1, 1) MADEHRRD LS CHNT—RERE2 bW,

.62, - ¢ - .Cin).Ci{ntl),cintd). - - -
T(1), T2, - - -.Tl), O, g, v
KDM@, - T, T{p+l) , T(nt2) .+ = -

ZOLEAICE, mho E¥EA characteristic ¥ TALXMEETS. TIT
n
m= I | W{i)-T{i) |

i=1

LEE, azmxbT3EE, % (a) 2TRA L5
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L—VT v A VOA OB MERE

EFXEE
HERFHEF

BOAEEZAE (BLTV0A ) BR—Fr—FL7Vb 7V, VEIR$F—, 312
Ty (LT, FLM) PERAOCELAEENFEECHELVLDIC, S OFICHERL
bOFEEELRLTWE T, ER. BE{EAZERBILI 2 ALOXERBRENIOTH .,
S rER L YT LERLOESAT., TRTOELSEBEABLR I HEICG
INLOEHRFERTALENSH Y I T, LALa¥s, HaeBEMBOMREIIHET -
PP THY, BLEASDOERPARBOLS P OELLE, TNTORAERE
KBTI, ShoAROLOEBRL—HROBEAERAZFREEMETAZLLEE
BEFEEPEATHLEEBAVET, dobk, MIM~<BL6, #HiC, TDL) 2, ARKE
BorEAEAZERAEOFY, BEOERYETERYRCL > TERTERORTT
+, B IRH S RRATEEEREARG., =¥ MR ERLIRARND L AL E
LT 4w 2 eRIEIFNALOTHONTVALDRITILALEATEY, boL HEKRDY .,
BEhh—Yv 4 YHOEHEMRL ZOMETY, 22 TR BB EUBIEARE
KT AV FER Y RENS L CHbNRHBEBOT v Y VEKEFSATE) COR
st EEEEEREONREEIBICL o0, BAEAZRREORB L EE T ER
LIS eV OMRIOBENENO—DTT, BTV AFEROIERICEL TiX. [Mi),
[M2], [M3] ZBR LTSV,

ErRIRE DI E T,

(1) B#

(2) Intertwining operator & Fusion rule DEBR
(8) BT

(4) Hamming code VOA £ £DEH

(5) AR D FLRE

1 B89

BT T b OEORBLAIEERSRTEES L ), BBRYR, 4—V I (VT
o Ve BB DHER O, FLM OFEE L 720 T, FREMEICL LI v ) O
BOBHTT, M 547 YF 1 EOACHBOMBE—MEEDHERT, 74> v 7HRE
ALARICERINDOTHE L L EFEHLE L, B EA— 2 ¥ v 4 YTHSMEAR
REBTN D DOEROD LBRTT, ZOTHRTSLENERTLUNO BN EILIDELLL
BYOTTH, CORBRAVWSATR2VREEEZTI{NTVET,

_anit VOA AERTABE. ZHOERIIFRZLEL QEdH D EEA, TIUIER
ARy VERTT, FERETINT AEARREE LN L) CERT 55 TTHo FLM

63



DL—Y x4 Y VOA OB, 57 A ADoBRINLBIETHYLT (ERLT
WETH, FNLAO twisted WoiE. BICRZ B LI RBTESEZLONRTEY T4 A,
IhARSENTAFEERDCHASDERRBELFNICHIET 2 H2BOTESE
HEfKRLFOMBOLTIZEI AL, 220N ENATEAEAZEREDY., 58
BET—EIIREsTLTSTWAE LD RERELOTY, 717, FLM OFEOH
TRENEPERLTNITH, #OEHTLIEKRD . EXHOMAFTL COWEELE AR
E—EHITHESTVWENET, FOEERTY 4 P VICBEABREEVWTHD T3,

*EDERPEHBHBRLE VIR, Y4 PRI LA— Y Y 4Y VOA DERELE
WTHH ETH, BHIOEREITL— Vv A0 VOARRBIST TR, FLDBAC
BRHTEADOTHERVWHALEIBTT, A=Y Y AV VOA ORI, T2 4T,
V=V, &V 2RBAFEZEMICHBT A L. character

Y dim V,g*~!
WEV 25— B
. j(z) =q'l+C+196884q+-.., q=821rt':

EnBbONA—TY YA VvBEAEREZ SO C I BEAHLTFHERTEY, £
characters 3T RTHEEITEY I+, BEVPL A, T 1 APLBHRLIbOL,
FOVAANLERQLBEEBEDT 4 0BRVSMNONTVR AT, 3 VAR E
{FhaTuEtdhi, Shblh 2 BEEZ2SENS BICREBRE EHENLT VR
F—av 777 ATRRELLEY, CORDOREEARAROELALKHLTLE
DOEBEIFER 5O TR R b Tuite % Mason AR TE N 4,

2 Ja1—Y3 K8

HEEREBOERIY 1 7V eRBOWRLELN TN, V417V ofiBORRT
B OBATEAERAERBE TRV I 2P I D, SlILET vV VREERTELDED
P ERLRERIAF—PEFORHNOMREEICL o THREATVET,
BEEOELFRELLPEEIE, T4 7 7u{{OERET SO O EEE
HAREAHBLEELTVEY, b, LR A X B0 ESEEEREONGICmEEy
%;;Igﬁ,Eﬁﬁm#ﬁﬁfitm%mﬁﬁ)@W%?%$%%i%ﬁﬁ§ﬁﬁtw_
:J o] *(‘ o '
N b]ﬁéi{’ﬁmi%ﬁﬁﬂbﬂﬁ PR T A E SICEE 2 b DI Fusion rule EFRITh A S O
CHIETHSEAEMAEETRABZ EEZ L5V Rt b olii b £, Ldd
BEEEREFEBTI L TCHERT/Y 20T, PLEBLI T, ZhdhoBRRDEHFI
TIAARBOH o EONFELITRAEAZERBONE 2 DHCRAM B AILEST
HEVH—MRECROFLOPTHO THS/A2HDTT,

T, EROKn AR CHLT, 2 RN (’f) £
(n) _nn—1)--{n-i+1)

i il

64



tEEL, 2HEBR (-2 %
_$n=m n n—-:’_zi
@-ar =1 (7))

ELTE#LE7, EETAZLE n FERETERWED., (I-!- y)n & (y + l.)n._ R
hET, KiC. BED End(V) THA L) % 2 DOFRMNFEE of2) = a2 &
W)= Tb, " i L CnEBOEREE

a(2)nb(2) = Res {(z — 2)"e(2)b(z) — (=2 + £)"¥(2)alz)}
TEHLITe 22T, Res,(Tdor)=d ) ELET, ThiEHEBEHEhAETH

TEEXINTWAEHBERTIIEEL AL »>T0ET, 22 TR, B E

Ba(z) =Ta2" BEEBD v eV ISHLT, +HRERZN 2WAE n> N KH LTI
v =0 2B EEIREEZBRTELOLTERENT T, JOEEFEEFHIH T
ARARNANFFHOBMLEBETRICLTI(RET,

2, BEEEEABORELHEICHE T2 L, YHOKEESKERT T4y I 5
B EMREN D EREY 27 XMV, ERAT TS 2 RN & OERRTLONS b V2E
MV =2,Va?%0. &veV KHLT, HSfEARLEIINL RED V OREE
oy, ThE)EERIHRNIRE Y (v,2) = o2 BRIGLT,
(D #F  ([L(-1),Y{v,2)] = %Y(v,z) .
(2) B 22D vu LT, Tak2HERE NS -T,

(ZI - 22)N [Y(v: Zl)Y('tx:, 32) - Y(u: 32)}/(”1 zl)} =0

(3) FEE:

Y (upy, 2) = Y(4, 2)aY (v, 2)
PEYUESETT, 2T, L) RTF4FY O & IR AL w OIERE wo
EELEF, FRUNIC, EET 1 OFER. T4 FVOTOERFHY ET0°, &
T ET Y, B, EAFRRRBICRTAXBESRL TS,

B TRBADORTERES TR TE . AT, (2) OBFTTHE R
HERODOEAERE (BEE) 2ERLTWLLOTT, BIb, HEIU RN
B EWIZBHIIER vk w Frbkichb, 2ATOBRMREFCERZ(RES,
B, 2 S ToOBNATHR (BEFTR) 25w iIb0TY,

FEEEAERRICRV TR, BHTRELRSOURPSESESR T 2SS
T T, D OME R Intertwining operator & DHBRERLDICMATEE LT,

EEEREAROMBE LW D XPFEOXNY PNVEBM =T M, TveV
AN TES AR L I B AR M OBRBITR oM THD L) LRREANFHRE

YMy,z) =3 ozt

FHEBLTBY.
(1) # 5

. d
(L{-1),Y ‘I'I’r(v, D))= EYM(y‘ z)

3
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(2) BT
wv €V IZHLT

(z1 - 2V Y (v, 1)) Y M (u, 22) — Y M{u, )Y M(v,2)} =0

(3) e
Y™ (v, 2) = Y™ (v, 2), Y ¥ (n, 2)
FEDIE2H DT,
it ESEEERBOBESERZEOREN End(V) 226 End(M) IZELLIbOEE
AehId,

FLT. 3208 (MY M), (M2 YM), (M3, Y ") {24 LT, Intertwining oper-
ator it u e MY O LT M2 Db MP ~OBBER u, € Hom(M>, M®) * 7
ETBHRMARTI [(4,2) = Tacc 2™ Tho T,

(1) #5m

[£(-1), I, 2)] = T 3)
(2) BERTHR
veViue M ICHLT, T4KER NPBdHoT,
(21 — 22)V {I(u, 2 )Y M (v, 29) — Y™ (v, 2} (s, 21)} = 0
@) BEEveV,ue M IHLT,

I{(vie,2) = Y(v,2)al{u, 2) .
= Res.{(z = 2)"Y™ (v, 2)I (%, 2) — (—2z + a)* [ (u, 2)Y ¥ (v, 2)}

FBETLOTHE, STYM (v, =Sulat ELET,

I BREVOE, EAEEEREOESEE, MBOEAEAE. Intertwin-
ing operator I21EEAEMLEFLEWIBTY, FRTVENS, ThdbBE<D LK,
Intertwining operator X ZUIEE{ &\, BlH, EEFARRBRLTEL L 2w 3B
T¥o

MY M2 MR FEET A E. Intertwining operators ZHIENZ P A EREL D F I,

chE I(Myb) TRL., FOTLEFAT (M{ﬂ;{g) @ Intertwining operator &I

UETe 3. CORBEMORTE NI . TELEF. 2 OOBUMEE M2 M3 1
HLT, ZORTERTIRT S I, |

M x M= NY W
w
EFRLET, ST, WRSTOEAmEE#H<ELET,

4
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—EFHITCNCHWVICLTBETL £,

IHDIEHEHEBELTEZELLY),. (W,Y) 2 RECEAERHEREEL. V 2ES
TERZEHIMBLLETovu eV EFHE, Vv, 2) € End(W)([z,27]] T, WRtELH
FZLTWADT, WitV OMBELN T, Bl oo, ERNZEEELE
To bL, WoORIZV OEFmEE LT, MLMA M3 EEoTEEY, COkE, M
B W OBGEEMTTL 6, ue M IS LTHEAERE Vv, 2) € End(W)([z, 7Y)) 55
BOTEN, INE M2 OTEGICERSE, Ly BE M3 ICHIBLIZER Iy, 2)
Hom(M?, M3)|[#,z7Y)] X FT, NI LD intertwining operator L% 52
L% —REEEEEE L ¥ L7z [M1] .

Z @ intertwining operator £ 1) MiFF NI EH A DT TEH Y A, —RERT
i1 intertwining operator OXRTCHHHTOIRE (R OTIHF, RFEIRH (KT ¥
DT RoTT,

@I S o NS NEAEREREO—2E LT, ZRTTERTFRED—DTH
BAVYYEE L(L,0) LIHZNA bOVEHY T¥, Ik HOER § QBT 4TV
ORBOFRFEL TV E T, S NITERMEER 3D £(0),L(3), L{55) Lkl &T
OMBIEEFNLOEMELBIEPHORTWE T, F/2, O fusion rule R (HL
hTih,

LO) % L(0) = L), L) x L) = L), L(0) % L(F) = L3y
L)  L(§) = L), 1) x L) = L)
L&) x L) = 0) + L)

?To
INHETRTREN 0 T4, 1 TY L BCLD22BTTLAEAL 1 2T,
&V A RELTHAERSRARE L. LG, 0) 7 PARCH2ELILE o £5T3 L,

VIR L)k L(z) & L{) FRFND homogeneous 22/ W, W2, W oEMICTRBL

. W=0U ¥ L3, 0)-BEAMBOEN L LI 0 TAV: intertwining operator x

—oJOoBEELTE>TREEY, ‘

I;Fk(*a z)

ve We 1B L. Res:Y(v, Z)IU} 13 intertwining operator £ 2 5® T, R fusion

rule DEHHS 1 TFR D, (v, 2) DAB T~ Ay &£ LTETBRTL ResweY (v, 2w

(8 (/\,“j)®fg(v,z) @ﬁ%ﬁlb i'g-o I . l
odt . v OTESVEEIEIL 8 51T intertwining operator # BE L THFIE. & v

LT B BATE Q) ASIB LT A 2w A THIRRAOREILEDL Y ¥,
Tt % intertwining operators AIEDZEICHET AHREAFITHRTE I p LW

MDD 2V,

3 BE

FLM O&E—f LT 5 2 L 2HBLEII ETabITTos, FLELIE b ETo

A—v e VTAAMERRYE VY 2 @oTHBLI T, COLIBEEZROLOT
RTEHLTEUERZ EMEILEE T, '

5
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Vi {2 central charge (rank) 52 4 T¥Hs. SOwiC, HALEM { DEWIER LA
48 fl D conformal vectors el, ..., e¥ HH Y, e+ ..+ e HFVIOT4TFU/OTERLT
W, RLEN 1 7)) conforma.l vector e DB L, Fhr SO BRADOHTHAEBE
LB L(3,0) PEEICE)ET, BBRAL. VI OBRIC4 SO L{3.0) DF Y20
W= ®L(1 0) Ao TWwET, BEORBORKIC, ABOT ¥ /;vﬁ W D EE# uEE
Tt % L(},0) DEAMBEDT >V LK DT,

L = ®5~_-'|. L(h“‘)

DHERELET, SSTh 30,3, 42 DERPTE, ZORENEZEHT (b, . hes) 3 W
@ highest weight row & Bi]:-$§$# LEL 3 0

—REFICREL AL 3T, PLER L O conformal vector e FET 5 &, L(0), L(L)
L EELBAERO LT BIIER L. L(L) LRBARAEMNLT 1 ik LTI
AT28E 5%, *E8THL. :m&ﬂﬁé{’ﬁmiﬁﬁwaaﬂﬂa 2hET,

S0BE. EVWIZER L7 48 D conformal vectors BH B 01T T, ZhPLEWI
MREEE 2 CHCFAE 7, K TTEF T, TROVERTIECHEH % P=<r,;:
i=1,.,48> LBEFL 29, 2— VI v A VBAEHERKOBE, PRI o
elementary Abelian 2-group &% o T E T,

—fEi: HEEAERR VATRLBCFARER P 2R L, ROLBEFER~OF
BarbY £,

lall-

V = Dyeen V™

I IC. ch(P) ik P OBMIER (—RER) DEET VY ={veV:g(v) =x{ghv} TZ
CEEZMERLT T, Hit, Vr=V ¥ P ogitl-TEESAEREETH D,
V OBESEBERSREL 2-oTBY., VX iITRTVF OBR#IMIFL 225 I L5 Dong,
Mason (2t o TR ENTWET [DM].-_.

¥, ZovF @ﬁﬁ&if&? L9, ¥% W = oL(},0) RETATWI b
T, 1, DERD L( ) OLT -1 % DOT, VP id highest weight fTiz & ATTT
T, ﬁ]]‘E Rt = 0,3 7"‘_5‘1'0){) Do TWwES, 2OE4E fusion rule TEWVH
LTa658, B12H E 2O LA LEAFETY L. intertwining operator b B
u,v € L(3) DH{AITI FRFELH shew commutativity

Y(n,2)Y(v,2) = -1Y (v, 2)Y (2, 2)

ERDARTRER 5TV ROT, RERRLAL I, d5 HAERRBRE M =
L 0oLl ho2d @oy v VEOBHMUEE LTERTE I+, L. 5 even
linear binary code D #& - T

Mp = @4=u,...aw)en ® L(di/2)

ELTERLTL 20TT M2,
A& D ORMERDLEE XY TTARIITIR, GOTBE ET, FE (M2

CBRLTHEEN,
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L=y A yTEAEAERBOBEEE LT T, T7. Miracle Octad Generator %
FEoTHEL:T—bAd—FEMoT, V=-FFF4RAEFRL. ChHds, 4 880
conformal vectors € TREL T, LTBRRLEDHIKE. Tho b ECRE 1. A%5E#H
SN, TNHEEVERTHIECHEEREE PLLET, coLE, (VHP B E0Lw
binary even linear code D #F& R T, (VNP =2 Mp &N ET, CDI—F DD LR
Moonshine Generator Code % U, MGC T&HL ¥,

3.1 MGC DBk

V. DESRXELE Y. ChicEY, RRERARRE My PBETEE T,

Lemma 3.1 MGC % 41 KT even linear code T minimal weight 13 4 TH 5D, MGC &
EXHERE reflections DEEW 4 2L 32D cofored block LIEFNT 16 HES 4x4
blocks, Bl, Gr, Rd 5% %,

R,
MGCJ- =< (116032)‘ (016115016)‘ (032116)‘ (1308)31 (1404)3' (1.202)12, (10)24 ~
RN 3

3.2 M#O highest weight rows

K2 VX OBFEEEZTEHET, ®L(2,0) i1k s Lfﬁ}% LT highest weight row h =
(', . h®) BRI L, VX OEEDPSL

1
16

THDL I EAhRY ET, BB, h=(h, .., k%) i3 LT, binary codeword h = (h%) %

()= -1 e hi=

PR T T SN ST S
h —E—eh =1h —0,2-—*h =0
LEHETA L. AL, § OBEFTE binary codeword TRRT B E, VX OFO highest
weight row 12[8] U binary codewords # & » TB Y o, = (a;) Tx{ra) = (-1)* EfoT
WE$,
X € ch{P) % { &, binary code B = {ay : x € cA{P)} #*TTK B3OTTA
intertwining operator DEE L .

Theorem 3.1 B ¥ MGC HERLTYD, EBCiE, B = MGCH Th b2 L7
hEd,

Remark 1 MGC OEXRBLEMD codeword ¢ VI 12813 5 T-EROMED NEE*
513,
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70

4 2@ reflections {27 H L. —2® colored block MGC(1) 7ZFWEE T A&, Vvig
16BOLTFOF AT IIoPNET,

* %k * * EE
LI * *
* * LA *
* £ Kk & * ¥ * * | % *
* % * * L
¥ F F ok LA ] * * | % *
* *
* * *
x % * * *
E I * * * *
* % * * * ok
L * * ¥ &
*  * #* * * ok
* & * * * ¥

4x4 m7 0y 2R EOBELE ROMRED » OUBIZE £H2, L0 16 BOR

Bt BEESOy 7 EREBICLET,

MGC DEXBZEFMD 1200 codeword 12 % ¥ RoLEMIE—KILTF 1A Za:
{e,a)=1%f>T Z(a/?) PLERL:

11
2’2 2’ 16)®L{2 16 2’18 7 16)

@ﬁﬁ#bhhm&J%EﬁﬁﬁﬁﬁtLT\<m+@ﬁﬁmJ>TEBﬂ6?f%x
POER SN ITASERAEERBRONRCERTE T+,

(L(50) + (3, 30 @ (£(3.0) + L5, 3)) + (5 DI+ LB I

4 NILF—F VOA

I-FVOADRT, =¥+ 4Y VOA ¥ BRI AL TRIEEL DT 84,41
IS aI—-F Hg roHEEsNbD Mys T¥, Cﬂiiﬂliﬁ'ﬁighb‘&ﬁﬁ ERF-TE
N.fFi, 72—V 3 YHADEE T,

Theorem 4.1 Mgy DEHME W OBBRTZ A FIFLZ OPIZAZ LT b TDE
&, WEHUTO ggfioLnd iz,

() H(be)  « ey,

(%) H(x,0) ocZ8/H,

‘El:beorem 4.2 M ZEEH Mpg-MBEETHE, 72—V 3 /& H(x, o) x M 3EHME
%,



COEREEBICEETHY, Hix,o) TABKEL LT 2L, EAEAZRAESM
BOFEAHESGAAST-—BERVT—ENCRIHALVIBETT, $I2. Mp 250
feH» 5z bh-Heicik, HEECAA T Bt v T, EaEAEARE LT
DEERZ V= Mp EF0ONB VX EDo—BAICRTI->TLEICLEERLTVIT,

TN, EEERAENEOEROMEE, B0z —F D L +OEXHER D 04k
CBF (o ie I} LT, ME% Mp-hiBE (Ve iig I} 2ROV AMBEICEDY T T,

5 MGC oBacrRE

LEEOELT. MGC T 400 reflections & 3 colored blocks DEBBRTARETH B, =
T, 1 colored block {ZHllBR L THER A, Tk MGC(1) £ e

Lemma 5.1 2 2@ reflections ¢, ¢; KX LT, ¢ OLFFEMEKHLTOE ¢; 2179
THE ¢y LB TNEE, ¢ 1 MGC 2XEKRT 5,

OB AXTEMLOBEERES A, 2RIRBRREMS GL(4,2) 2F13E
¥,

Thit 4 §EKAED 4x4 LITHLTY, & OfrEICE¥ 5 16 blocks 123 L TH
B EREFIZEBI L T2,

W % B8 Mycc-TIRT, L OMBICET23—F giEMGC KERLTWwAEY
Bo OB, KAWY LD,

Lemma 5.2 7—F o {28 LT,

5 - w— —ul fori€a
“ Nl —wforiga

LERT AL 6 1 Myge PHCRE LSS,

B12 . block DHELEM o iITHT B &, i Myge PECERE LTRABLACHE Y
E1L507T,

Theorem 5.1 J:%E’.O') ¢,-j t {5& %ﬁf\ Aﬂi(MMC.c(l)) = 26GL(4,2) %iﬁ‘z?éo

51 S5 ATBREARLEEOMT

NIVFI~F VOA 2o TOBBEO—ENRS, BEHIZ. VIOL65FNIL, 8
RS RsEWHH ) —F FF7 1 ARSHAZEREOTH B L2, 4EPL i
BEANY —F T F 4 AL ANBEOTT 4 AQEBHFOEAEARRBORST AL Z
BrE. 2EPLLEAMATIESITOBAMEKTSH Y, LERELREFARTHLZ
ERGh EF, FhE. SEYEETIEN2ECAROET YT, MGC(1) KRR
Lf\?GM&%ﬁﬂéﬁw%ﬁ&TéC&ﬁféifoﬁ%ﬂ\k®?Gﬂ&%%%
t GL(4,2) LB Z Aut(Mucco) PRAIEH G HHDZEERT,

9
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72

5.2 EBCRA%{E> TOIBK

LOHCRABE G 2T, V—FF7 4% VOA OWHEE LTHBEEN §E
D Myge PHEFECFD—2 V! 2EZEL. E0KRSEOMFL (VI :igeGilLoT
BRTtT2, LOBEDLD, gh~l € 2°GL(3,2) 2 6IE. (VI = (VO L 22 0OT, £B
B, {(VY)Y:ge Gl REBTLE6E/ALRD, FEL TWIE Mygeny @1 6 BDOEES
Myccoy MEEE SR ET,

5.3 [ER{FAFAIATH S Z DA

REFFREOERES A LI,
16EREFOy 225 270y up 3kb, FOHCABNTL g2 k-TIMH2T
W WFETFTD2X2 T T ZIA-TWEE LTIV, 22 el HDS 7 1 AHSIBK
ENZEAERAFERBOBSRB Wi b LTS TINE I EFDPDEDT, vy DOF
#E (WY &L LTEETS, IO WiekH 48 D conformal vectors IZB 3 2 EDR
CRBECIL, 20ax2 70y 22 FERT200% BCHEL LTE BN MHE
RbPDEOT, 1R upv PEEN g DY FREEL LI Lhd D,

R TTROFER
16@NEB7Ry 23S 370y youw W5, LOBCRABORT g itk -T
W, W A2 7Yy P A9 TWAELTRY, SClENESEREOERICL
‘T Leech lattice 25 THENLZTHREARINED untwisted part & —HTHEHMDbP 2,
Fhnl, BFTEREAE I T2 Twde IS, uf & 29 O w ~OERI BT THREE
F’oTwadDTy & v @ w ~OEHLEFRTHRTH 5, EFARDLDY

54 L—229AA2>VOATHBZ DI

LTHELATHEAREARRE VIGER LY, VL 0850 THIZ Lo 4, &
72, character 1ZHEREA L A2 2 L 312, MEICSETE, 2—-V P /1 VBEEAERE
&ML, character TH>FFBP D 5, TOESERAERBRARICY —F5 71 AR
SEREREOBS A (untwisted 34) ¥ EFATVZOT, £RD conformal vectors
PERTHECAR TV RFoTED £, Ld, Mugen KBRS 2 & GL(4,2) &
LZL2ECHE TR0 T, S0 U EoACAR K2 LS+ 5, +h
#. Hamming code VOA 22 2 FBA— KT 2BVRATE 20T, BEAZEO—F
HED, A=Y vV VOA LRILYDTHAZENEHTEE T,

6 F&H

REERERBCRRERIALFTOSIC, LOBRICEL T, @R LABRANEL
HENZOT, Bwo TIRBVTAHATT,

(1) Ising mode! EA#}¢> minimal series unitary Virasoro VOA © ARRE L »EEo %
b2THEHY, 0 fusion rule bHASLNTWET, ThHICBLTIRL L S % HEE
FEoTHLY VOA THEHERZVTLEI»?

(2) 72, SORE T, 71 %V BT central charge 1/2 @ conformal vectors @l &
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BoTWwESH, 2LEOWEERLTY, ZRPFERZVTLEIA?

(3) A=/t— VOA AL THREPHERNETLZ LR IOTHTY, Z0®/E, mero-

morphic TH 22 & (character #* TV 23 —~FFE) TH2 I L &, WEOHFLTRET
E2TLLEID?

(4) LoFiEic sy, $E(OERECRAEHLF - REERAEREI MR TEE I, &
NOOBETHABHEEZHRE LTSy, i, SERAREANLECRRERL LT

EafEREAHETBRL TS,

(5) VA FALUT S OBBTHL LI 2BEI-F S TRELTI LY,

(6) Lo —F ORI L0, B Mo -MBEHEEE: LREGRRERENE

RKTELON, T2 THERBELTLEEY,

(M) —20a—F SIHLT, Eo0EMEHRARIBRERObrREL TR
Vi,

(8) I—FOREWF LTEAREREARL PRI LAZRARS S 52 2RLT{ TN,

fLL@ﬁEf%ﬁéhtﬁﬁﬁﬁ%ﬁﬁﬁﬁﬂ?&éﬁ&%#%ﬂﬁ?éﬁﬁ%%LT
A1

References

(CS] I. H. Conway and N. J. A. Sloane: ” Sphere Packings, Lattices and Groups”, Springer-
Verlag, 1988 .

[DM] C. Dong and G. Mason, On quantum Galois theory, preprint. .

[DMZ] C. Dong, G. Mason and Y. Zhu, Discrete series of the Virasoro algebra and the
moonshine module, Proc. Symp. Pure. Math., American Math. Soc. 56 II (1994},
295-316.

(FLM] I. B. Frenkel, I. Lepowsky, and A. Meurman, Verter Operator Algebras and the
Monster, Pure and Applied Math., Vol. 134, Academic Press, 1988.

[M1] M, Miyamoto, Griess algebras and conformal vectors in vertex operator algebras, J.
Algebra 179, (1996) 523-548

[M2] M. Miyamoto, Binary codes and vertex operator {super)algebras, J. algebra 181,
(1996) 207-222

[M3] M. Miyamoto, Representation theory of Code VOA and construction of VOAs,
preprint.

11

73



Hadamard Matrices D{EY F &
Dihedral groups

AT v
B E L

Hadamard F7FII-BE R B0 2 ROEIHN LB L S, 1213 Hadamard 4751
OIS L 2HE, 1Y 12 desgin DHIEFL L2 0DTH, ROBRSBEZFD L
ATHbB,

Desgin DRIRILBVT, FEXBEL FETENITROONIOREITATH b,
(v.k,)) % symmetric 2-design /37 A ¥ —, 3B, n=k-A LES, KD v, n DR
TR MLhTHE,

dn-l<v<ni+n+1

22T, R UDILIORNESHE Y T OO design TR TAHIERTCBRTH B,
S0 2204 % 51T, Hadamard design, projective design & FE&R, Hadamard design
OFFFE & Hadamard fTHIOFERIEFTH b,

|
|
| Symmetric 2-Design l
! |
| 1

ﬁ'Iadamard Design | | Projectiv Design |
v=4da—1 v=ol+a+1l
k=2a—-1 k=a+l
Az=a-—1 A=1

| Hadamard Design | <= [Hadamard Matrix |
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n ROTE H = (&) 2 H. . H' =nl (I: identy matriz) 27z T L2 H & 0 RO
Hadamard 751 Ev 9, EH LY H OITOBERLIT-TH ., —1 2P TH | Hadamard
FRITH 2. (COIIZLTRBIEL 200TFF2EETHALEETE) n(> 2) kO
Hadamard I7FI0FETNIE n 2 A OB TH LI LETHIIHELI DL Z L ASHE S,

Hadamard F48 4 OEETHATRTO n (28 LT n K@ Hadamard HEET 3,

BE. BECHOLATWERVWRAD n i 428(=53 -8 +4) TH %o
NERE R < B DEITETNA, :

n|il 2 4 8 12 16 20 -24 27
#elasses |1 1 1 1 1 & 3 60 487

n=280k EOFATHODOHAKEVEEN b oz, BCRABEFEAZ LN
{RIUETES 5o Dihedral group of order 6 LB ENT VB EFX BENTE BTHIN
Hr, BHEE—KLLBREFBOETETSH S,

LLF ik (8] othkTd %,

1 Observation of Hadamard matrices of order 28

A Hadamard matrix H of order n is an n X n matrix of £1's with HH' = nl. It
is well known that n is necessarily 1, 2 or a multiple of four. We say that two matrices
M, and M, of same size are equivalent if there exists a signed permutation g of rows and
columns of M, with M{ = M. A matrix which is equivalent to a Hadamard matrix is
also 2 Hadamard matrix. We say that a set of four rows of & is a Hall set if the submatrix
consisting of the four rows is equivalent to the following matrix:

+ + + Jn T Im Im

+ = = Jn Jn =Im =Jm

— 4 = Jn =T S T |
-+ =Jn I Im —Jm

(1}

++ +

where J,, is the all 1's row vector of dimension (n — 4)/4.

Let J be the square matrix of all I’s. In this paper we say that (H+J)/2isa
Hadamard matrix and identify this with H. That is, a Hadamard matrix H of order »
is an n % n matrix of 0,1's such that the mumber of 1 contained in the sum of every two
rows of H equals n/2.

The equivalence classes of Hadamard matrices of order < 28 have been determined
by Hall, Tto-Leon-Longyear and the author({2], 3], [4], [5], 6] and {7]). There are exactly
486 inequivalent Hadamard matrices of order 28 with Hall sets.

Let Doy =<,y : j¢] = p.ly| = 2,yzy = -1 > be a dihedral group of order 2p, where
p is an odd integer. Let ZDy, be the group ring of Da, over the ring Z of integers. It
is clear that ZDj, is isomorphic to the factor ring of the non-commutative ring of two

2
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variable X, and Y over Z by the ideal generated by X7 — 1,¥? — 1 and Y XY — X771,
We identify the natural images of X and Y in the factor ring with = and y, respectively.
Furthermore we identify elements of Z 15, with the corresponding matrices in the regular
representation of ZDz,. If ¢ = Tgeg 6gg 15 an element of the group ring and A is its

matrix representation, then A7 is the matrix that represents ¥ c5 ggg ™"

The Hadamard matrix Hiso of order 28 in [?] is equivalent to the following matrix

1111
( 1100
1010
1001

1110
1110
1116
1110
1110
1110

1101
1101
1101
1101
1101
110t

1011
1011
1011
1011
101k
1011

1000
1000
1000
1000
1000
\ 1000

This Hadamard matrix contains the following submatrix of size 24:

111
111
111
000

110
011
101
000
aeo
000

010
001
100
101
110
o011

010
o0l
100
110
011
101

1
110
o011
100
010
001

111
111
111
000

0oo
000
000
101
110
011

110
011
101
00
100
010

11
110
o
001
100
0

100
010
001
110
1
101

111
111
000
111

101
110
011
010
a0l
100

110
011
101
000
000
000

010
Q01
100
011
101
110

010
001
100
110
011
101

(Wi ey %
e RS

111
111
000
111

001
100
010
110
011
101

000
000
000
101
110
011

011
101
L0
001
100
010

101
110
011
B0l
100
010

&
D
A
- B

111
G0o
111
111

101
110
011
0ol
100
010

101
110
011
100
010
001

110
011
101
000
000
000

101
110
011
010
0901
100

e O O

111
000
112
111

010
001
100
110
011
101

100
010
001
110
011
101

000
000
Q00
101
110
o1l

001
100
010
110
011
101

111
000
0G0
000

101
1190
011
100
010
oo

010
Q0L
100
110
011
10

10L
110
011
010
01
100

001
100
010
111
111
i

111
poo
000
000

100
010
0031
110
011
101

101
110
M1
001
100
o1

001
100
010
110
011
101

111
111
111
{HH
o
160

\

(3)

where A, B, C and D are submatrices of size 6, A=J — A4, BE=J-B,C=J—(C and
T = J - D. Furthermore A, B,C and D can be considered as elements of ZD+,, with

p=23.

Thus the following problem arises.
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Problem 1 Find elements A,B.C and D of ZDy, such thot

(1 1 1 1 gy
1 1 0 0 J
1 0 1 0 Jy
1 0 0 1 0
S oJ T 0 A
JioJ, 0 J, B
B0 B J, T

\ % 0 0 0 D

is ¢ Hodamard matriz.

Jop Jop Jop
Iy O
0 Jop
Jop Jap

Ol e
e OO
wHQbe oo

In {4) A is a sum of p—1 elements, B, C, and D are sums of p clements of Dy, respectively,
since the fifth row is orthogonal to the first four rows. It is trivial that the matrix in

Problem 1 is a Hadamard matrix if and only if the following conditions are satisfied:

Condition 2

A4'+ BB 4+ CC'+ DD = (2p + 1)I + (2p— 2),

AB' + BA' + CDF + DT = (2p - 1)J,

AC' +BD' + CA'+ DBt =(2p - 1)J

and

AD'+BC' + CB'+ DA =%J,

where J = Tyep, gand A= J ~ A.

For p = 3 the following elements:

A= 14z,

B= l1+z’+z%,
C= 1+2*+xy,
D= 1+z+y,

and

= l+rz,

B= 1+y+z%,

= 14 zy+ 2y,

D= l14y+zy,

satisfy Condition 2 1

(10)
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2 Conditions for A, B,C and D

Let ¢ : ZDy; — Z{Da,/ < x >) be the canonical homomdrphism given by g — 7 and

tet ¢(A) = 1T + ¥, $(B) = bil + b7, o(C) = c11 + ¢oF and ¢(D) = d11 + dy5. Then
since y~! = y the image of equation (5) under ¢ is
(0T +a:3)2+ (B T+5:7) + (e T+ 0gp)’ HAT+d7)" = (2p+1)T+(2p— 2ol +(2p— 2)p7.
Simplifying this expression and equating coefficients of T and 7 yields the following propo-
sition.

Proposition 3 The equations :

must be satisfied.

g+ o =p—1,
61—!—52=Cl+02=d1+d-3 =p,
A+ +B++d+a+d+d=2p"+1,
a1az + bby + €109 + didy = p(p - 1)

For p < 27, we have the following parameters.

B 1: a;, b, ¢, di for p <27

plar ez b e ald &l pla eibh hlag ld 4

3 2 0 1 2 1 2 L 21919712 6 9 10 9 10| 9 10

5 2 2 1 4] 3 2 3 2 10 8 7 127111 g8l ¢ 10

Tl 4 2 i} 24 3 4 3 442112 8|13 8§31 10|11 10

9 6 2 5 4 § [ 5 4 12 8 9 12 9 12! 9 12

4 4 3 6 3 6 5 4 1w 1013 8 9 12 9 12

11 6 4 T 4 7 4 k] 6 23] 14 8113 10|11 12|11 12
13 8 4 b 8 7 G 7 51 12 10 9 14113 10|13 10
6 [ 9 4 7 6 T glio5(14 10115 10|11 14|13 12

6 6 5 81 3 8 B 8 12 12|15 10|13 1) 13 12

151 8 6] 9 6| 9 6 9 6 12 12 9 164{13 12|13 12
8 8 5 10| 7T 8 T 8|6 1H|15 12:15 12113 14

17 | 10 [ T 10 T 10 g9 8 14 12117 10113 1413 14
8 8|11 6 T 10 g B8 4 12|11 16| 1. 1613 14

We consider several cases. For example, suppose p = 5 and n = 44,

In this case the following matrix is a submatrix of Hadamard matrix of order 44 which is
the first row in (3):
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(A4,B,C,D)=

( 00110
00011
10001
11000
01100
01001
10100
01010

00101
10010

01001
10100
01010
00101
10010
00110
00011
10001
11000
1100

10000
01000
00100
00010
00601
01111
10111
11611
11101
11110

01111
10111
11011
11101
11110
10000
01900
00100
00010
00901

11001
11100
01110

00111

10011

01001
13100
01010
o101
10018

(1001
10100
¢1010
10101
10010
11001
11100
01110
00111
10011

11001
11100
1110
00111
10011
{1001
10100
010106
00101
10010

01001
10100
01010
00101
10010
11001
11100
01110
06111
10011

(11)
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A, B, C and D express the following elements of ZD g, respectively.

A= +1? 41t +zy dxty,
BE=1 +ry 4y +2dy 4xly,
C= 1 4z '-I-..".'4 +zy -}-_.'l_:“y1 (13)
D=1 +z +zt +ry +aty.

In this case the following assumption is also satisfied.

Assumption 4

Ay, Ay, By, By, C1,Cy, D1 and Dy are central elements in ZDy,. (14)

In the general case we consider Problem 1 under this assumption. If seems that this
assumption is not so strong.

Theorem 5 If 4, 43, By, Bs,Cy,Cy, Dy and D, are centrol elements in Z Dy, then Con-
dition 17 simplifies to the following:

Av A+ B+ B+ I+ P4+ DI+ DI =(2p+ 1) +(2p - 2) 1, (13)
A1ds + B1Bo+ C1Ca + Dy Dy = (p— 1)1, {16)
where J1 = 3 ccou 0.

Proof Since A5 = A;, A, = A, and so on, it is easy o show that equation (5)
is obtained from equations (15) and (16). Since AB' = A(J — BY = A(J - B) =
(a1 + as)J — AB, we have '

AB' 4 BA' = (ay +a3)J = (p=1)J,
CD'+ DT = (dy + dy)J = pJ.

This implies equation {6). Equations (7} and (8) are similarly obtained. 0

3 Examples of Hadamard matrices

In this section we give some examples of Hadamard matrices for some p. Unfortunately
we can not find a general solution of Problem 1. However the following examples show the
success of this technique. For each example we write coefficients of elements in ZD,. For
example, for p=7 (A;: 0011) represents 4; =z°+ 2 +x 34272 and (B;: 110 1)
represents By = 1 +z! + 28+t + 271

Exampiel. p=7 and n =8-7+4 =60.
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Ay 2 0 011 A, : 0 100
B, 1 101 B, : 0 100
) 1010 & : 0 110
Dy 1 100 Dy @ 0 110
Example 2. p=9and n=8-9+4 =78,
Ay 0 0111 As : 0 0100
By 1 1001 B, : 0 (101
Ch 1 0101 Cp : 0 1100
D1 1010 Dy + 0 1300
Fxample 3. p=13and n =813 4+ 4 = 108.
A ¢ 0 10011 1 A, ¢ 01100 O
By .1 00010 1 B, ¢ 11101 0O
C, 1 01008 1 C, : @ 01001 1
Dy : 1 10110 0 Dy : O 10110 0
Example 4. p=17and n =817 4+ 4 = 140.
Ay ¢ 0 11010 001 A, : C 11010 001
By . 1 11101 001 By : O 10000 110
Cy + 1 01000 110 Cs : 0 11111 OGO
Dy 1 01101 001 Dy : 0 10111 000

Example 5. p=41l andn =8 - 41 44 = 332,

Ay : 0 10000 10111 01101 10001
Ay : 0 01111 01000 10010 01110
By : 1 01000 11101 10100 11111
) By : 0 10111 00010 01011 00000
C,-: 1 10010 10001 00011 11110
Ce : 0 10010 10001 00011 11110
Dy oo 1 10110 01001 11100 10100
D, : 0 10110 01001 11100 10100

p=357911.17.19.21.25.293741.47.6]1 Ok &, T I TOHET Hadamard F7FIH3
%ﬁ-@.g T:lc“%o

£
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The determinant of a hypergeometric period matrix

ANTOINE DOUVAI
Unité associde aw CNRS 168, Université de Nice, Parc Valrose, F-06108 Nice Ceder 2 FRANCE
HirOAKI TERAO *
Department of Mathematics, Hokkaido University, Sapporo, 060 JAPAN

1 Introduction

Let fi,. .., f, be polynomials with real coefficients of degree one which define an arrangement
A of hyperplanes in R” or C*. Let ¢y,...,q, complex numbers. Let U, = f" e for.
Varchenko ([V1, Thecrem 1.1], [V2]) calculated, for arrangements of hyperplanes in general
position, the determinant of a {period) matrix PM{.4, &) whose entries are {hypergeometric)
integrals f, U, where A runs over the set Ch(.A) of bounded connected components of
R® — | JL;{f: = 0} and the n-form ¢ runs over the set $2(A) = {oy, --- e dfi, [ fiy A+ A
dfi [fi, | 1 <4 <+ <4, < p}. Since [Ch(A)| = |3P(A)| = (*7"), the period matrix
PM(A, ) is of size (°7') x (7'}, The formula by Varchenko expresses the determinant of
PM(A, @) by the product of critical values and a certain function, called the Beta function
B(A,a) of the arrangement. The Beta function B{.A, ¢) is explicitly given as an alternating
product of Gamma functions whose arguments are appropriate linear combinations of the
parameters ¢;. In the general case, Varchenko conjectured an analogous explicit formula [V2,
6.3 Fundamental conjecture] and proved it for normal-crossing arrangements [V1, Theorem
1.4] and arrangements in general position at infinity [V2, Theorem 6.1). Note that this
determinant can also regarded as “Wronskian” of a certain system of partial differential
equations {cf. for example [Ki]).

More recently, F. Loeser and C. Sabbah {{LS]), gave a general formula for such a determi-
nant. In this formula enters the characteristic polynomial of some monodromies associated
with the family fi,--- , f; of polynomials. Since the bases of cycles and forms are net spec-
ified, there are some unknowns in their result and our purpose is to remove them. In order
to do that, we use the nbc-bases of the cohomology defined in [FT, Theorem 3.9 using
Ziegler's Snbc-bases [Z, 1.3]. The calculation of the determinant of the period matrix in a
fnbc-basis can be done by using recurrence {deletion-restriction) and by studying zeros and
poles of the determinant in terms of the non-resonance set. In the end, we show that the
conjecture announced by Varchenko is true for any arrangement for an arbitrary gnbe-basis.

*second author partizlly supported by NSF Grant DMS9504457
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2 Arrangements

In this section we review results from [FT].

2.1

Let fi,... , f, belinear polynomials defined on the n-dimensional complex affine space V. Let

I denote {1,...,p} and A be the arrangement {H;}cr where H; = ker f; is the hyperplane
deﬁ]led by fg.

Definition 2.1.1 An edge of A is a nonempty intersection of some of its hyperplenes.

Let L{A) denote the set of all these edges. L(.A)} is partially ordered by reverse inclusion.
The maximal elements of £(.4) all have the same codimension, which we denote by r. Agree
that V € L({.4) which is the unique minimum element.

Definition 2.1.2 (1) A is said to be essential if r = n {in particular | I |[> n). (it} A is
said to be real if the polynomials f; all have real coefficients.

Definition 2.1.3 An arrangement A is said to be in general position if, for oll subar-

rangement {H;, ,-++ , Hz, } of A codim (H;, 0=+ -NH ) =k ifl £k < nand H;,N-- nH;, =0
if k > n. An arrangement A is said to be in general position at infinity i, for all sub-
arrangement {Hi -+, Hy} of A, Hi N NHy # B fork <n. It is said to be normal if

UH is a normal crossing divisor in V.

Notation 2.1.4 (¢) Let
M{A) =V ~ Uer H;

and, if A is real,
Mp(A) = M(A)N Ve

where Vg denote the real part of V.
(i) If A is real, let Ch{A) denote the set of all n-dimensional bounded components of Mg{.A)
and P( A} its cardinality.

Until the end of this paper we suppose A real and essential.

2.2 Linear orders

Let iy € I. We define a linear order <, in A putting H; <;, H; ifi<j,t,jF 4, and
H; g H, foralliel— {tu}

Remark 2.2.1 (i) <, is the standard order defined in [OT, page 67].
(i) If B C A is o subarrangement which do not contains Hi, it inherits the standard order.
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2.3 Non-resonant weights
Let F € L{A) — {V} be an edge. Define
{Fy={icI|FCH}
Definition 2.3.1 The edge F is calied dense if the arrangement
(H | i€ I(F)}
is not decornposable [STV, Section 2|, that is, the arrangement is not a product of two
nonemply arrangements.

Let IP™ be complex projective space, which is a compactification of ¥V = C*. Define the
arrangement A, of projective hyperplanes by

Aoo = {Elaﬁgv ... )FP'FOO}!

where H; is the projective closure of H; (1 <i<p)and Hy,, = P* -~ C" Let L{A,,) be
the collection of nonempty intersections of projective hyperplanes in .4.,. Define L_(A)
(resp. L;(Ax)) to be the set of edges of L{A,,) contained (resp. not contained) in H,.
Then L{A.) = L_(AL)U Li(Ay) (disjoint). Cover P" by the standard affine opens
Vo, Uy, ... Uy, each of which is isomorphic to C*. Let A; (0 < i < n) be the arrangement
in U; o C* obtamned by restricting each projective byperplane in Ay to U;. Let F ¢
I{Ax) — {P"}). We say that F is dense if FNU; is dense in A; for 0 < ¢ < n with
FNU; #0. (cf [STV, Section 3.}
Let T ={1,...,p,00}. For F € L(A,) define

I(Fy={ieT|FCH}

To each polynomial f; (and therefore to each hyperplane H;), one associates a complex
number ;. These numbers are called weights. Define oo = — 3.7 oy, For F € L(A,.) —

=1

{ P"}, let a{F) be the sum of a; with ¢ € (). In other words, for F € L, (A,,),
o F) = Z o,
i€I(F)
and, for F € L_{A,),
ol F)=aw + Z 05;=—ECE,'+ Z ay = — Z ;.
. jeinl{F) 1&f JEInT P J€I=-T(F)
Define the resonance set of A by
Rsn(A) = {a = (a1,... ,ap} € C° | o F) € Z for some dense edge F € L(A,,)}.
It is the union of a locally finite infinite family of hyperplanes.

Definition 2.3.2 We say that the weights o« = (o, - ,ap) ore non-resonant if a €
Rsn{A). -In other words, the weighis o are non-resonant if o(F )} € Z for each dense edge
Fe L{A,).
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2.4 fnbc-bases

Let 15 € I. We define the linear order <;, in 4.

A subset {H;}icy of A is dependent if N;¢s H; # @ and codim(NiesH;) < |J]. A subset of
A which has nonempty intersection and is not dependent is called independant. Maximal
independent sets are called bases. Every base has cardinality n.

A ktuple § = (H,--- Hg) is & cirﬂlit if (Hy,---,H,) is dependent and if, for each I,
1 €1 <k, the (k — 1)-tuple (Hy, -+, Hi,--- , Hy) is independent. A k-tuple S is a broken
circuit if there exists H <, min{3) such that {H} U S is a circuit, where min(S) denotes
the minimal element of § for <,.

The collection of subsets of A having nonempty intersection and containing no broken
circuits is denoted by BC. BC consists of independent sets. Maximal (with respect to
inclusion) elements of BC are bases of 4 called nbc-bases.

A nbc-basis B = (H;,,-+ , H;,) is ordered if H;, <;, Hy, <s -+ <, Hio
We denote by nbc;,(A) the set of all ordered nbe-bases of .A. We introduce a linear order
in nbe;,(,A) using the lexicographic order on the hyperplanes read from right to lefi.

Definition 2.4.1 A basis B is called Snbc-basis if B is a nbe-basis and if, for every H € B,
there exists H' <, H such that (B — {H})U {H'} is a base.

Notation 2.4.2 Denote by fnbe; {A) the set of all fube-bases, ordered by <.

Remark 2.4.3 (¢) fnbc;,(A) inkerits the order defined on nbe;, (A).
(i1} In what follows, we omit the index iy when the linear order on A is the standard order.

The definition and basic properties of the fnbe-bases are due to Ziegler [Z].
Definition 2.4.4 [f B = (H;, -+, H;,) € fnbc,;,(A), let
Fi= ) H
k=il
for0<j<n—1and F, =V, Define
EBy=(RhcCcFhc <k

which is a flag of effine subspaces of V with dimF; =7 (0< 7 < n). This flag £(B) is called
the fnbc-flag associated with B.

Notation 2.4.5 For (it, - ik} C I, wipwiy = d&fi /o Ao Adfiffiy. T F € I(A) = {v},

define
IFY={iel|FCHY},
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and ’
wolF, A) = Z i
{EI(F)
For B = (H;,, - H;} € Bube,(A), let §(B) = {(Fg C F\ C --- C F,) be the associated

flag. Define
E(B,A) = w,(Fg, AYa--- A wu(F,,_l,A),

Definition 2.4.6 .If Anbei (A) = {B1,-++ , By} and 6 = ¢°(A) = Z(B,, A), define
LAY = (e B
Define
I:n =TI - {4}
and
A, = {Hg}iergowith H{=H,.

Let

AL = (HiNHy, |i€,

o‘

H; ﬂH,‘a ?—L- @}

Then .A?; is an arrangement of hyperplanes in H;,. The linear order on .4} is inherited from
A. If H” € A7, let v{H") be the smallest hyperplane of A; containing H”. We order A7
setting H” « K" if and only if v{H") <, v{K").

Remark 2.4.7 A} and A}, are equipped with standard orders.

Let
Io={ie Il | H;=v(H") for some H" € A]}.

To each ¢ € I {or ¢ € I]), we associate the weights of := oy (resp. of 1= } o) where the
sum runs over all the H; € A such that H} C H}).
There is an inductive definition {deletion-restriction} of Snbe; (A):

Proposition 2.4.8 (Ziegler[Z, Theorem 1.5] {FT, Theorem 2.4|) Let (A, A, AL) be the
triple defined above. Suppose that A|, is essential. Then

fnbcy,(A) = fnbe( A4 ) U {(1(B"), H,,) | B” € fnbe(AL)}

where V(B”) = (V(H;I)v T V(H}t‘)) ifB” = ( f:"' ng)

Remark 2.4.9 Write fnbc(AL) = {(#(B"), Hy,) | BY € fubc(AL)}. Elements of
fnbe{ A} ) are ahways less than elements of fnbc(AL).

Lemma 2.4.10 If B € fnbc(A;), then Z(B, AMay=0 = Z'(B, AL, ).
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Proof. Let F € L{A). If iy & I{F), then wo(F, A) = wo{F, A} ) and if iy € I(F}, then
wa(F, A) = wa(F, A,) + Ya,wi, for some form 3. O

Lemma 2.4.11 Let B” € gubc(A%) and B = (v(B"), Hi,) € fnbc(A]). Then the residue
of (B, A) along Hy, s equal to Z{B", A% ). .

Proof. The last factor of (B, A) is oy w;,. Since the product is the exterior one, 1t follows
that ay,w;, may be removed as a summand from all the other factors of the product without
changing its value. Taking residue of this rewritten product removes the factor oy w;, and
restricts the remaining terms to Hy,. The residue is now just Z(B", A7 ). O

Example 2.4.12 Let A be an arrgngement in general position. IConsider the standard order

<, Then B(A) = (F2'}.
pabe,(A) = {(Hi,... Hi) |1 < <o <in Sp},

and
QP(A) = {Ct,‘, T O W iy I 1< < - < in Sp}

Example 2.4.13 Let A = {Hitcigs with
fi@y) =z -y hisy)=1-2 h(z,g) =y flny) =1 -4 filz,y) = 2.
() Consider the order <y:
H, <, Hy <y Hy <4 Hy <y Hy.

o The circuits are (Ha, Hy, Hy) and (Hs, Hs, H)) and the broken circuits are {(Hy, Hy) and
(Hs, Hl) Thus

nbe,(A) = {(Hs, B), (Hs, Kn), (Ho, Hs), (Ha, Ha), (Hs, Hs),(Ha, Hs)}
and
Snbey(A) = {(Hy, Hs), (23, H)}-

o We have
A"l = {Hz < Hy < Hy < HS}-:

A = (HoN Hy, Ha N Hy},

ﬁnbc(,A"l) = {(Hah H&)}: ﬁan(AT) = {Hgs]]- (H351 = HyN H;= HyN Hs;nN HL;V(H%I) =
min{ Hy, H;, H)) = Hs) and

Gnbey(A) = fnbe{A]) U Bnbe(A)).
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B! = {quoswus, aaagwa + esenwsi ).

(i) In the same way, ,
9% = {ouopwis, azaaws}

®* = {auopuns, aaogwan}
o1 % {aaﬂawza.ﬂsﬂuwﬂ}

8% = {opogwas, ayistias }-

3 Hypergeometric period matrix

3.1 The fnbc-ordered homologj;r basis

Recall that Ch{.A} is the set of real bounded chambers of A. Let § = §(A) = |Ch{4)|. In
order to define the period matrix, we label Ch(A) by Snbe;, (A).

Definition 8.1.1 Let £ = (Fy C F; C -~ C F,) be a flag of affine subspaces F; € L(A)
withdimFy =1 (1 =0,...,n). Let & € Ch(A) and A be its closure in R®. We say that £ is
adjacent to A if dim(FyNA)=1i fori=90,...,n.

For B = (H;,,. .., Hi,) € fnbe;(A), recall the associated fnbe-flag §(B) = (Fy C F; C
-+» C F,) from Definition 2.4.4. '

Proposition 3.1.2 There exists a unique bijection
C : fuabe;,(A) — Ch(A)

with the property that £( B) is adjacent to the bounded chamber C(B) for any B € finbc;,(A).

Proof. If finbe,{A) = 0, then Ch(A4) = §. Suppose fnbe, (A) # 0. We will prove by
~ induction on |4|. Assume that the maps ¢' and C" already exist for A} and Aj. There
are the following four kinds of bounded chambers of A:

(1) & € Ch{A} is called undivided if A € Ch{.A} )}, i.e., A does not intersect H;,.

(i} & € Ch{A) is called newborn if there exists an unbounded chamber of 4] which
contains A,

(iii) Suppose that a bounded chamber &’ of A7, is divided in two by H;,. (In this case, a
bounded chamber A’ of A} is called divided.) Let B’ € fnbe(A;] ) with A’ = C'(B'). Then
& = £(B’) is adjacent to A’. The two new chambers of A inside A’ are denoted by A%
and A~. We can easily observe that £ is adjacent to exactly one of the two chambers At
and A”, say; At. The chamber At & Ch(4) is called the heir of A’. The other chamber
A~ € Ch{A) is called the cutoff of A"

Define C : Snbe; (A) —— Ch{.4) as follows:
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(a) If B € fnbe(A] ) and C'(B) € Ch(A), then let C(B) = C'(B}.

(b) If B € Snbc(A} ) and C'(B) is divided in two by H;,, then define C(B) = AY, where
AT is the heir of C'{B).

{¢}If B = (vB", H,,) with B" € fnbc(Ay) and C"(B") is inside an unbounded chamber
of A; , then C(B") is a wall of a unique newborn chamber A. Define C(B) = A.

(d) If B = (vB", H,) with B” € Snbc( A} ) and C”(B") is inside a bounded chamber A’
of A;, , then C"(B") is a wall of a unique cutoff chamber A~ of &', Define C(B) = &A™,

By construction, C is bijective and satisfies the condition. The uniqueness is obvious
from the construction. O

Let Anbe;,(A) = {B),...,Bs} be linearly ordered as in section 2.4. Define A; :=
C(B;)& Ch(A) for i =1,...,5 Wecall &y,...,Ap the fnbc;,-ordered chambers of A.
If A, is either undivided or an heir and A; is either newborn or a cutoff, then ¢ < 7. '

We give an orientation to each A € Ch(.A) as follows: Let A = C{B) with B € fnbe,,{A).
Let £(B) = (Fy C Fy C - -- C F,) be the associated Snbe-flag. Choose the intrinsic orienta-
tion [V2, 6.2] of A obtained from {{B). In other words, an orthonormal frame {ey,... ,€,}
is chosen so that each ¢; is a wnit vector originating from the point Fy in the direction of
F. N A. This orientation is called the fubc-orientation of A.

Example 3.1.3 Recall Example 2.4.13 with the order <,:
H; < Hy < Hy <) Hs <4 H.
Let By = {H,, Hs) and By = (Ha, Hy). Then fabci{A) = {B1, B>}

H5 HZ H
1
=4, Hq
e &,
1 e,lA
2 H3
A

The bijection map
C : fnbc; (A) — Ch{A}

described in Proposition 3.1.2 is given by C(B;) = & fori=1,2. The fnbc-flags are
§B)=(HiNHsCHs CV)

and
f(Bg) = (H3 NH,CHC V}
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The Snbc-oerientations of &y and K are given by orthonormal frames {1, ez} and {e},¢}}
Tespectively.

Let £, be the rank one local system on M = M{A) (cf. 2.1.4) defined by the kernel of
an integral connection
Vu : OM’ —_— Q}h’

where Va(f) = df + f Yoies @wi. Then its monodromy around Hy is e dma,

Proposition 3.1.4 (cf. [Ko|, [AK, 4.1.1}) Suppose that the weights a = (ay,--- ,a,) are
non-resonant (cf. Definition 2.3.2). We have

(1) Hi{ M(A), £o) = H;I(M(A)‘ﬁa) = 0 pour j # n. Here HY stands for the locally
finite homology.

(i) The naturel map

Ho(M(A), L) — H (M(A),Ls)

is an isormorphism.

(iid) {{A;5] | Aj € Ch(A)} forms a basis for HY (M(A), La).

Proof. The following proof is similar to Kohno's proof {Ko| in the case that the arrangement
is generic to infinity.

For (i) and (ii), we use the exactly same argument as [Ko, Theorem 1] except that we
blow up P™ along all the dense edges of codimension of codimension > 1.

(iii): Write M = M(A) and A = U;L,_ 4;. In order to apply the argument in [Ko], it is
enough to show HI(M — A,£L,) = 0 for zll . Let W be a small tubular neighberhood in

P" of the hyperplane at infinity Ho... Note that the inclusion map WNM — M - A s
homotopy equivalent.

Let j: WNM — W. Letz € W. If » € WNM, since there is no hyperplane in A going
through x we have (R%j.L.), = 0 for g # 0 and (R%.L.). ~C. If £ € W — M, then W - M
is locally a central arrangement near z. In this case, since the (local} Euler characteristic of
M (intersected with a smalt open ball centered at z) is zero, we have (R95.L,), = 0 for ll
g by (). Therefore we have HY(W (O M, L) =~ HI(W, j.L,). For each = € H,, there exists
a small neighborhood Wy of z in W such that

H(W, n---NW,_,5.L,)=0

aglong as W, - -NW,, 3 B. Since H,~ P*lis compact, we may choose W, ,... , W.

Tm

which cover H.,. Let Wy, = W, U...UW, . By applying the Mayer-Vietoris theorem
repeatedly, we have H9(Wy, j.L,) = 0 for all ¢. By the Poincaré duality, we have

HUM = A, Lo) ~ HY{Wo (Y M, Lo} = HU{(Wp,5.L,) = 0.0
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3.2 The fnbc-ordered cohomology basis

Proposition 3.2.1 Suppose that the weights ¢« = (a1, -+ ,0p) ore non-resonant. We have

(1) HI(M(A),L,) = Hi(M(A),L,) = 0 pour j # n. Here H, stands for the compact
support cohornology.
(it) The natural map

HJ(M(A), Lo} — H(M{A), Lo}

15 an 150morphism.
(ii) The set $(.A) (cf. Definition 2.4.6) forms @ basis for H*(M(A}, Lo).

Proof. Let LY be the dual local system of L. (i} and (ii) are obtained from the Poincaré
dualities

HS(M(A), La) & Hyl_ (M(A),LY), HIAM(A), Lo} & Han o M{A}, L),
and Proposition 3.1.4. (iif) is [FT, Theorem 3.7]. O

Tf jo & I such that jp 3 o, it may happens that & 2 &% (of Example 2.4.13). However
we have the following

Proposition 3.2.2 [FT, Proposition 3.10] For all jo € I the transition matriz between the
bases B and B is an integral unimodular matriz independent of .

3.3 The definition of hypergeometric period matrix

Definition 3.3.1 Let 8 = §(A). Assume that Ch(A) = {A;,. .. A} is the fnbce-ordered
chambers in §.1.4 (i) and ©°(A) = {¢F,... ,¢7} is the fnbc-ordered basis of H*(M, Lo)
in 3.2.1 (i), Choose a branch of f;? on each chamber 4. Let

U, = fl‘" .. .f;"‘

Also choose the fnbe-orientation of each chamber A;. Define the hypergeometric period
matriz PM;, (A,c) by
viacr=| [ ]
Aj

If Ra; > 0, Vj € I, then each entry of PM;, (A, @) can be regarded as an holomorphic
function of @ = {ay, -+ ,@p) and it can be anslytically continued toc be a meromorphic
function on the entire CP. In order to precise this peint, first introduce the following

10
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Definition 3.3.2 Let A} be o twisted cycle representing the homology class in H(M{A), Eg)
which is sent to the homology class of A; in HY{(M{A), LY} via the isomorphism in Propo-
sition 3.1.4 (%) Define

PM;, (4, @) = [ R

T
E

Remark 3.8.3 [t is known (e.g., see (LS, 4.2]) that cach eniry of PM} (A, «) can be regarded
as a meromorphic function on CF whose poles lie on some hypersurfaces defined by equations
eZ~Lle) _ X = 0, where L is a linear form of ay, -+~ , oy and A 15 6 nonzero complez number.
Since the twisted de Rham pairing

H(M{A), LYY x HMM(A), L) — C,
which is given by the hypergeometric integrals (A*, ) v [, . Usd, is 6 nondegencrate pairing
(e.g., see [Ki, 1.4]), we may write L{a) = a(F) for a dense edge F and A = 1 by Propos:-

tions 3.1.4 (i) and 3.2.1 (4i). In other words, det PMJ, (A, a) takes e finite nonzero value
at each a € Rsn(.4). Moreover, if Ra; >0, V§ € I, then

/ Uy =/ Uad®.
as L

In particular, if Re; >0 forall je 1,
PM’;“ (Ai 0'.) = PM‘JD(AI Ct)

and the analytic continuation of the determinant of PM; (A, o) is equal to the determinant
of PM; {A,a).

Remark 3.3.4 We formally define det PM; (A, a) =1 if B{A4) =0.

Proposition 3.3.5 The determinant of PM;, (A, a) is independent (up to sign} of the choice
Of !io.

Proof. Obvious from Proposition 3.2.2. O

4 Beta function of an arrangement

We keep the notations of Section 2.

11
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4.1

Let A be an affine arrangement and A, the arrangement of projective hyperplanes defined

in 2.3. Recall T = TU {00} = {1,... ,p,00} and aee = ~{& + -+ + ;). We note that
L_{Ay) (or Li{Ag)) is the set of edges of L{A,,) contained (resp. not contained) in H,.
For F € L{Aw), let

I{Fy={iel|FCHi,
IFY={iel|FcH},
AL ={H|i e I(F}},

¢={H:nF|FZH}

a(F) = Z = {Z:‘ef(r) O if F e Li{Aw),
i€T(F) - EieI—T(F) o; fFel_ (Ag)

Following Varchenko [V1, 1.5}, we associate to each edge F' of codimension r a projective
arrangement PAZ in the r — 1 dimensional projective space. If A is a projective arrange-
ment, let x(A,) denote the Euler characteristic of P" — U,.7H;. If F is an edge of A..
defined above, we put

p(F, A) =| x(AFIX( PAL) | -

Proposition 4.1.1 If an edge F € L{A.) is not dense, then u(F, A,) = 0.

Proof. Recall that F is dense if and only if x{ PAL) # 0 [STV, Proposition 7. O

Definition 4.1.2 Letj € I and i € {1,...,B(A)}. Choose & branch of f;’ on each A,
Define '

R(f; A0 = {f2(2) | |f@)] 2 |F°0)]. v € B,

p B
R4y =[] [ R 80

j=li=1

and
BAe)= [] T(e(F)+1sPa=) ] D{-afF)+1)7804
Felhy(duw) FeL_(Ac)

Remark 4.1.83 Define B{A,a) =1 and R{A)* =1 if B(A) = 0.

Remark 4.1.4 By Proposition {.1.1 B(A, &) tnvolves only with &(F) for dense edges F.

12
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4.2 Recursion formulas for B(A4,a) and R{A)"
Let i € I. Define the order <;, in A, and orders in A, and AY asin 2.4.7. Define

in= [36 1-0|H¢OH,-0=EI}.

Theoram 4.2.1 We have

B{A,a) = B(Al,,o)B(A;
* H [T{a(F) + 1}/T{a{F) — a;, + 1)JFAee)
PEL4(AL)FCH;,

X 11 [M{—a(F) — i, + 1)/T{—a{F) + 1A=
FEL_{Aw) FTH:,

g5 &

and

7
R{A)* = R(.A .A" o' HR f:“&i)a;o[l—‘[ Fo |Hio]ﬁ(.ﬁ1.-o)
i=1

i€y,
Proof. Analogous to the proof of Proposition 6.3 of L] &
Corollary 4.2.2 Assume the arrangement A normal. Then

B(A,@) = B(A,,a)B(AL 0" e, +1)" 4

x II  [C(—alF) = a; + 1)/T(—a(F) + 1)HF4=),
Fel_(deo) . FEH:,

This result was proved first by Varchenko ([V1, Theorem 2.5]).
Corollary 4.2.3 We have -

B(A, O:) |m°=0= B('A:‘a’ a})B(A;L! Q’”)

and

B(A) |asy=0= R{A* RIAD [ T] 57 14 ]ﬁui:,

JEI‘

Example 4.2.4 1. If A is in general position

B(A,0) = [[] Tles+ 1)/T(3 o + 1)),

=1 =]

13
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2. If A is the arrangement defined in Evample 2.4.13,

B{A o) = H Mo+ 1)Moy +as+as + D{e) + a2+ g+ 1)

3
hd [F(Z oy + I)P(Gl + a3+ ay + 1)F(O:1 + ay + a5 4 1)]-1.

5 'The main theorem and its proof

5.1 The main theorem

The main result of this paper is the following

Theorem 5.1.1 Suppose Ra; > 0 for alli € I. Then, for all iq € I, we have
det PMy, (A4, a) = R(A)"B(A, o),

A being equipped with the order <;, {cf. 2.2.1).

Remark 5.1.2 R{A)*B(A, a) is independent of ig. Thus so is the determinant.

Let B = (H;,...,H:) € fnbc;,(A). Recall the associated Snbe-flag
EBY=(FRhbcFiC---CF,).

Let fnbe;,(A) = {B1,Bs,...,Bg}. It is shown [BV] that the seb {&(Bn),... ,&(Bg)} of
the fnbc-flags gives a Z-basis for the flag complex cohomology H®(F) which is studied by
Schechtman and Varchenko in [SV, sections 2, 3] [V3, 10.1]. (It is also known that H™(F)
is naturally isomorphic to the reduced cohomology H“‘I{K (L), Z) where L = L(A4) - {V}
and K (L) is the order complex of L [FT, Remark 3.8].) For an arbitrary flag § = (Fo C
Fc F.), F: € I{A), dim F; =i ({ = 0,... ,n), associate a differential n-form

3(€) = WC!{FO:'A) A Awa(Fn—!;A)
(cf. Notation 2.4.5). Consider the homomorphism
7ot H}FY®C — H'(M(A), La)

such that m([£) ® 1) = [E(£)]. Then n.({{(B)]|®1) = [po(A)] for 1 < i < 5. The map 7a
is an isomorphism when « is non-resonant.

Corollary 5.1.3 Suppose Ra; > 0 foralli € I. Choose a branch of f ™7 on each A; € Ch{A).
Let &1, ... & be flags of length n + 1 such that their cohomology classes in the flag compler
cohomology H™(F) form o Z-basis. Leti(e) = (&) for 1 £1 < 8. Then we have

det [ f.; _o'qu.-(a)] e +R(APB(A, ).

14
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Proof. Since {&(B1)....,£(Bg)} and {£1,... ,{s} are connected by a unimodular integral
constant matrix in H™(F), so are °(A) and {¢i(«),... ,¥a{@)} in H*{M(A), Lo}, Apply
Theorem &.1.1. O

Remark 5.1.4 Theorem 5.1.1 shows that the conjecture by Varchenko ([V2, 6.3 Fundamen-
tal conjecture]) is true for the Onbc-bases and the ffnbc-orientations. If Varchenko’s flags
Fa, (1 €5 < 8) in[V2, 62| form a Z-basis for HMF), then the affirmative answer (up to
sign} to the original congecture follows from Corollary 5.1.3, (In general, the original con-
jecture by Varchenko is always true up to a constant integral multiple by Theorem 5.1.1. Es-
pecially, for 2-dimensional arrangements, M. Neergaard and the second author have verified
the original conjecture by studying the relationship between the Gnbc-flags and Varchenko’s
flags.) Note that the basis ®F coincides (up to sign} with Varchenko's basis {Z{Fa,)} when
A is normal or in general position at infinity.

5.2 A theorem by Loeser-Sabbah
Recall, at first, one of the main results of {LS].
Theorem 5.2.1 We have
det PM;, (4,0) = ¢t ... &7 B(A, @)hyy (@),

where ¢y, -+ ,¢, are nonzero constants and i, € Clan, ++ ,ap)".
Proof. By [LS, 4.2.10], we have

det PM;, (A, @) = @i, (65701, e¥%)eit .. B(A, a)hs, (0),
1l'vhere i, is a periodic function of a = (e, - ,ap), 1, ,€, are nonzero constants and
hi, € C(ovg,- -+, 0,)". Since the polynomials f; take real values on each A; and det PM} (A, @)

is holomorphic if Re; > 0 for all i € I by Remark 3.3.3, p;,(€¥™™,- -+, €*"*) is constant by
[LS, final remark| (see also Remark 5.4.3). Denote ¢;,h; (@) by hi(a). O

Remark 5.2.2 The constants c; are defined as critical values (counted with multiplicities)
of the polynomials f.

Recall that det PM; (4, a) = det PM;, (A4, o) if Ro; > 0 for all ¢ € I. We shall show that

hig equals +1 and ¢f* = [0, R{fu, 55)™.
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5.3 A recursion formula for hypergeometric period determinants

Let 3y € I. Give A the linear order <;,. Recall 4], A7, I}, and Ij from 2.4. Toeachi € I}
(or i € I?), we associate the weights o} := q; (resp. af := ¥ o where the sum runs over
all the H € A} such that HY C H}). Let o’ = (a;)"efio and o = (0f Jiezr . Denote the

restriction of f; to H;, by ?3—. Define

vo= 1] £5.ve =TI 77

et iett,

Recall If = {1 € I}, | #; N H;, = #}. Fix a branch of ij;.o(f;"}mo and call it ¢
Then ¢;, is a constant number. Choose a branch of U, and a branch of U7 on each bounded
chamber of Ch{.Aj,) and on each bounded chamber of Ch{Aj) respectively. Also choose
a branch of f::"" on each bounded chamber A & Ch{.4). Define a branch /s of U, on
A € Ch(A) as follows (we use the terminology from the proof of Proposition 3.1.2):

(i) if A is undivided, then A € Ch{A} ). Define Uy = (fof on AYUZL om A).

(ii) if A is the heir of A’ € Ch(AL,), then define Ua = (f;,* on A)(U; on A')a.

(iii) if A is either a cutoff or newborn, then let A" € Ch{ A} ) be the wall of &. Choose a
unique branch U4 of U, on A such that Uy . = cip(U7 on AY). Let Ua = ()":::"u on A)Uj.

Recall that we are using the Snbc-otientation for every chamber of Ch(A4} ), Ch{Aj ) and
Ch{.4}. Then

(i) if & € Ch(A) is the heir of &" € Ch(A},}, then the corresponding Snbe-flags are equal.
So the orientation of A is the induced one from the orientation of A', and

(iii) if A € Ch(A) is either a cutoff or_newborn, then the orthonormal frame for A is
given by the orthonormal frame for A" := AN H;, € Ch{4]) together with the unit vector
in the direction of A as the last vector of the frame.

Define PM;, (A, ), PM( A ,&') and PM{A7, o) using these branches and orientations.

We analytically continue the determinant det PM;, (A, a) onto the hyperplane oy, = 0.

Proposition 5.3.1 Suppose that the real part of o is positive for all ¢ =1,...,p, ¢ # 4.
Then st
det PM;, (A, & )ja, =0 = det PM{ A, o) det PM( A7, 0") ¢, ™
Proof. Let &’ € Ch(Aj} be a divided chamber. Let At and A” be its heir and cutoff
respectively, Let U+ and U~ be the branches of Uy on A* and A~. Choose a constant number
car such that Ut = ca U~ on A'N Hi;. Let M be the matrix obtained from PM,,(A4,c) by
adding for each divided chamber A € Ch{A;,) the column corresponding to the cutoff A~ of
A’ multiplied by car to the column corresponding to the heir AT of A" and setting &, = 0.

Then detM = det PM;, (A, @)jg;, =0- Note that the column of M corresponding to At is

[4
[[ Lﬁfﬁ“éh-“xf Uif§*@4
&J‘ ai

bagy =o

16
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Write P 0

i-[ % 5
where P is a square matrix of size S(.4] ) and S is a square matrix of size (A} ). Since
the fizst B(AL ) columns of M are labelled by Ch{A} ), it follows from Lemma 2.4.10 that
P =PM({A;, &').

When computing R and S we may take ¢ = Z(B) where B = (vB", H,,) &€ fnbc(A})
with B" € fnbc({AL). Write ¢ = ¥(aynw;, ). Let A € Ch{AL). Set &, = A'n{f;, =t} and
F(t)= fa.' Uly. Define real numbers ¢ < b such that Aj # ¢ if and only if e <t <b Using
the vanable t = f;,, Fubini’s theorem and integration by parts gwe

Taking the llmlt as ag, — 0, §Ra,n > 0, we get

b 0 0 ¢ {a,b}
lim [{t“'nF |t~ ] z“-‘oF’(t)dt] ={ F() O0=a<b
a ~F(0) a<b=0.

If A" is divided, then we apply the first part to get zero. If Hj, intersects R in a face of
codimension > 1, then F{0) = 0. If H;, does not intersect A, then the integral is again zero.
Thus M(A', ¢) = 0. This shows that R = 0.
It remains to compute the entries of S. Let A € Ch{A) be either a cutoff or newborn.
In this case H;, is a wall of A 50 Ag = CY(B"). Let A" = C"(B"}. It follows from Lemma
2.4.11 that ¢ = Pjar = Z(B", AL). Set A, = An{fi, =t} and G(t) = [, U9, where Uy
is a unique branch of I/, on A such that U ‘f_) av = Cip (U on A"). Define rezl numbers @ < b
such that A, ¢ @ if and only if e <t < b. Then 0 € {a,b}. Recall the choice of branch of
U, on A and orientation of A. By the same caleulation as above, using the variable ¢ = f,
Fubini’s theorem and integration by parts, we get

M(A, ) = lim] Usp = G(0) = ¢ / Ul¢" = e, M(A", 8")
a an
as a;, = 0, Ra;, > 0. So §=¢;,,PM(A], &”). Thus we have

det PMi (A, @)y, 0 = det M = (det P)(det 5) = det PM(AL, o) det PM(A”,, o) ' O
Corollary $.3.2

BlAL )

det PM} (A, @)ja,,=0 = det PM™(A}, o) det PM*( A7, a") ¢

ig?

Proof. When the real part of o; is positiveforalli = 1,... , p, ¢ # 1y, this functional equality
has been proved in Proposition 5.3.1. Therefore this equality holds true everywhere. O

Remark 5.3.3 The recursion formuls 5.3.1, in the case of arrangements in general position,

is found in [V1, p.546).
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5.4 Proof of the main theorem

We prove the theorem by induction on (r, p) (equipped with lexicographical order). If n =1
the theorem is well-known. If (A) = 0, then the theorem asserts 1 = 1. Note that §(A) = 0
whenever p < n. Let 45 € I. From the induction hypothesis we have

det PM"( 4}, ") = R(A} ) B(A] ,c)
and
det PM"(AY ") = R(A7 )™ B(AL, o).

First step : we determine the product of critical values.
The induction hypothesis gives, together with Corollary 5.3.2 and Corollary 4.2.3,

et o g7 [ay=0= R{A)* |as,=0 -

Thus we have ¢p* = Hfﬂ R(fe, Aj)* for k # #. By considering another linear order <
(k # 1p), we have

et .. 2 Jau=0= R(A)* |ar=0

s0 ¢ = [ R(fur )%
Second step : we determine the rational function.

We have
det PM; (A, ) = R{AY*B(A, a)hiy(e).

First sunumarize what we know about the rational function h;,. Let
L ={a(F)+m|F is a dense edge in L(A),m € Z}.

Lemma 5.4.1 (i) hy, is independant (up to sign)} of 1.

(#) The numerator and the denominator of h are (up to sign) products of linear forms
belonging to L.

(it8) For allig € I, R{e1, -+ ,0p) la;, =0 is equal to either1 or ~1.

Proof. (i) follows from Proposition 3.3.5 and the fact that both B(A, o) and R{A)® are
independent of 4.

As for (i), recall that the determinant of PM;, (A, &) takes a finite nonzero value at each
« & Rsn(.A) by Remark 3.3.3. Neither of B(.4, &) or R(A)* has a zero or pole at a ¢ Rsn(A)
(cf. Remark 4.1.4). Therefore h is a rational function which takes a finite nonzero value at
every a ¢ Rsn. Since Rsn(A)} is the union of a locally finite infinite family of hyperplanes,
we have (ii).

Lastly, (iii) is a consequence of the induction assumption, Corellary §.3.2 and Corol-
lary 4.2.3. O

18
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Lemma 5.4.2 % s equal to @ constant function which 1s either 1 or —1 .

Proof. Suppose that k is not constant. By Lemma 5.4.1(ii), we may write 2 as a fraction
whose denominator and numerator are both products of finitely many elements of

L={a{F)+m|Fis adense edge in L{A,),m € Z}.

Suppose o F) + m appears in the expression. By Lemma 5.4.1 (iil), a{F) — o; + m also
appears in the expression for each j such that a; appears in of F'). Also, o F) + a; + m
also appears in the expression for each j such that o; does not appear in o(F). Therefore,
by repeately using these observations, we finally can conclude that 37, ; &; + m appears
for every subset J of I. In particular, &) + --- 4+ @p—1 + m appears in the expression,
This implies either (i) F := HyN--- N H,_; is dense and I{(F) = {1,2,... ,p — 1}, or (it)
Fo := HyN He is dense and [{Fy) = {p,o0}. Since (ii} is a contradiction, (i) always
occurs. In particular, Hy,. .., Hy-1 are dependent and there exisis jo € {1,...,p — 1} such
that F = HyN---NHj_y N Hj3a N+ N H,.1. If A is central, there is nothing to prove. So
we may assume § = Hy N .-+ N H,. Thus

@=H;[.l°'°an=FﬂHp=Hln"'ﬂHjG_lnHjo+1n'"an‘
This implies that o 4+ -+ + @1 + @jo41 + - -+ + & + m does not appear in the expression
of h, which is a contradiction. This shows that % is a constant. By Lemma 5.4.1 (iii}, the
constant is equal to either 1 or —1. O
It follows from Lemma 5.4.2 that
det PM; (4, o) = +R(A)*B{A,a).

Let us determine the sign. It is known that the sign is plus when n = 1 or #(A) = 0. By
Corollaries 5.3.2 and 4.2.3, we can inductively show that the sign is always plus:

det PM;, (A, o) = R(A)*B(A, &).
This, together with Remark 3.3.3, proves the main theorem.

Remark 5.4.3 We could show in the same way that the periodic function p;, appearing in
the proof of theorem 5.2.1 is constant.

Remark $.4.4 It should be interesting to study the connection between the roots of a Bern-
stein polynomial of f = (f1, -+, f;) ([3]) and the poles of det PM (A, ).

Acknowledgements. The first author thanks F. Loeser who incited him to solve the problem
in this way, C. Sabbah and F. Maaref for fruitful discussions. The second author also thanks
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ON 3-DIMENSIONAL SCHUR. RINGS
OBTAINED FROM PARTIAL SPREADS

YyTaKA HIRAMINE

Depariment of Mathematics
Faculty of Education
Kumamoto University
Kurokami, Kumamoto, Japan

1. INTRODUCTION

Let G = 8y U Sy U S, be a partition of a finite group G of order n? such that
So = {1}, §1 = S, S2 = §;'. We say that the subring < '§5,'§;,§; > of
Z[G] generated by {:5'—5, §;, §;} is a Schur ring of (n,r)-type over a group G if
|Si) =r(n—1), and < 50, 5,,5; >= 25,+2%,+ Z5; {1 £r £n). We note that
< 3’3, §;, 3’: > is a Schur ring of {n,r)-type if and only if §, is a partial difference
set with parameters (n?,7(n — 1), %, ++) for some suitable * and ** (see [7)).

Clearly < .’9}.‘, 3’?, §; > is a Schur ring of (n,r)-type over a group G if and only if
< 3;;, g’;,:ﬁ'? > is a Schur ring of (n,n — r + 1)-type over a group G. Schur rings of
{(n, r)-type are fairly common in finite geometries and examples are easily obtained
from any partial spread {Hy, Hs, .- ,H.} (1 € r < n) of G of degree = in such a
way that Sp = {1}, S = HHUHU---UH, - {1}, 8» = G— S U 5. Such Schur

rings ate said to be of partial spread type and satisfy an equation
g ——— — _—
$1 =r(n=-DSg+{n+r? =38 +r(r-1)5,. (1.1)

A Schur ring of (r, r)-type is said to be of Latin square type([7]) if it satisfies
(1.1). All Schur rings of (n, 7)}-type known to the anthor are of Latin square type.
However, Schur rings of {n,r)-type are not always those of partial spread type (see
examples below). Any Schur ring of (n,1)-type over a group G is of partial spread
type. We note that Schur rings of (n, r)-type are primitive unless r € {1, n}{[8]).
Under an additional condition that the group is abelian, any Schur ring of (n,r)-

type for r € {2,3} and n > 22 is of partial spread type {Theorem 4.10).

Typeset by ApS-TeX



2 YUTAKA HIRAMINE

Example 1.1. (Bridges-Mena [3]) Set n = p® with p an odd prime. Then there
ezists a partition & = S US1U Sy of a grouwp G = 2, X Zp, such that the Schur
ring R =< 55,81, 5z > is of (n,vn)-type. But, R is not of partial spread type,

Example 1.2. {Ito-Munemasa-Yamada [5]) Let G = (Z/4Z}*. Then there exists
a partition G = SpU 81U Sz of G such that the Schur ring R =< :5"8, §I,§; > 15 of

afrl
-

(28,27 )-type and R is not of pertial spread type.

" The above examples show that Schur rings of (n,r)-type are not necessarily

obtained from partial spreads. In this article, however, we show the following.

Theorem 4.7. Set f(r) = 4r® —8r* —2r° + 1072 = 3r — 1 and let < 5p,8;, 52 >
be @ Schur ring of (n,7)-type over an abelian group G. If n > f(r), then the Schur
ring is of partial spread type.

To prove this we show that

Theorem 4.1, Let < 3;,3:, S, > be a Schur ring ﬁf {n,7)-type over an abelian
2 — - —
group G. If n> f{r), then 81 =r{n-1)S +(n+ 72 —3r)8; +r(r - 1),

Throughoeut the article all sets and groups are assumed to be finite. Most defi-

nitions and notations are standard and taken from [4] and [6].

2. PRELIMINARIES

Let (3 be a finite group. For each non-empty subset 5 of G we set .S L=zt
z € S} and §= Yeex © (€C[G]). Let G = SoUS1 U Sz be a partition of G.
Assume that '

{B) S = {1},

(i) 871 = S for each ¢ (0 < ¢ £ 2), and

(i) 88 = genca pfj?;;, where pf,’s are nonnegative integers (0 <4,5£2).
Then the subring 5‘1'_=< §E,:§I:§; > of Z[G] is called a 3-dimensional Schur ring
over G. Tt is well known that the concept of a 3-dimensional Schur ring is equivalent
to that of a strongly regular Cayley graph (cf.[3]}. R is called primative if §;
generates G for any ¢ # 0. Moreover, R is said to be of (n,7)-type if |§1] = r(n - 1)
for some {1 < r < n). By definition, R is a Schur ring of (=, r)-type if and only
if it is of (n,n — 7 + L)-type. We say that R is rational if the eigenvalues of the
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corresponding strongly regular Cayley graph are rational. Otherwise it is called

irrational. By [8] we have

Lemma 2.1. Let =< Sg, 51, 52 > be a Schur ring of (n,r)-type over a group G
for some r(l <1 <n). Then,
(i) R is primitive unless v € {1,n} (see also Ezample 1 in Section 1), and

(i) R 1s rational.
By Lemma 2.1(ii) , we have

Lemma 2.2. Let R =< §3,.§1~, §£ > be a Schur ring of (n; r}-type over an abelian
group G for some v{L < r < n). Then,
(i) Each Sylow subgroup of G &5 noncyclic unless v € {1,n}.
(i) Letz,y € G. [f <z >=<y> and x € §; for somei€ (1,2}, theny € Si.
(1) If n is a prime, then the Schur ring is of partial spread type.

Proof. Deny (i). Then, by [2], the Schur ring is not primitive, contrary to Lemma
2.1. For (ii), see Corollary 2.5 of [3]. (iii) follows from (i) and {ii}.

3. THE casE 7 € {1,2,3}

In this section we study Schur rings of (n, r)-type for small r’s and prove that

Theorem 3.1, Let < §E,§;,§; > be a Schur ring of (n,7)-type over an abelian
group G of order n?® for some r € {1,2,3}. Then < S0, 51,87 > is of Latin square
type.

In the rest of this section we set § = 5, T = §,, and EE is always identified
with 1. Assume that < 1,8,7 > is a Schur ring of {n, 7)-type over an abelian group

G of order nZ.

By Lemma 2.1{ii} we have

Lemma 3.2. Set §% = a+bS+cT', where a, b and ¢ are some nonnegative integers.
Then,

(i) a=r{n—~1) and(c—r"in+ri+{b—c+1l)r+c=10.

(i) If r < {n+1)/2, then ¢ is even.
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(iii) Set m = /(b — c)? +-4(rn — 7 — ¢). Then m is an integer.

Proof. Since S7! = 5, a =8| =r(n —1). Hence r¥(n — 1) = r(n — 1} + br{n —
1)+ ¢(n — 1){(n — v 4+ 1). From this (c — r¥)n+r? + (b — ¢+ 1)r + ¢ = 0. Thus (i)
holds.

Let ¢t be any element of T and set Ay = {{v,2) | w,0 € S, ,t = wv ,u #
v}, Te = {w | we 8, t =w?}. Clearly (u,v) € A; implies (v,u) € A,. Hence
|A¢] = 0 (mod 2). Deny {ii). Then T'; 3 ¢ for any t € T. In particular, || > |T|
and so r{n—1) = (n—1){n—r+1). Thusr > (n+1}/2, a contradiction. Therefore
(i1) holds.

Since G = 1+-5+T and §? = a+b5+ i we have .§2-(b-c).§'-(rn-r-c) = ¢@.

Hence (iii) follows from Lemma 2.1(ii).

Lemma 3.3. Let notations be as in Lemma 3.2,
(i) If r < 2, then Theorem 3.1 holds.
(ii) If r =3, then c € {2,4,6,8}.

Proof. We first argue that ¢ is even when r < 3. Suppose cis odd. Then, by Lemma
Lemma 3.2(ii}, 7 > (n+1)/2. Hence (n,r} € {(2,2),(3,2),(3,3),(4,3},(5,3)}. By
Lemma 2.2(iii), we may assume that {n,7) = (4,3). Then |T| = 6 and G is a group
of order 16 and so G contains at least six non-identity square elements by a similar
argument as in the proof of Lemma 3.2(ii). Hence G =~Zys, contrary to Lemma

2.2(i). Thus ¢ is even when r < 3.

Assume that 7 = 1. Then (¢ —1)n-+(641) = 0 by Lemma 3.2(i). As band c are

nonnegative integers, ¢ = 0 and & = n — 1. Hence Theorem 3.1 holds in this case.

Assume now that 7 = 2. Then (n — 1){c — 4) = ~(26+ 2) < —2 by Lemma 3.2(i).
Hence ¢ € {0, 1,2,3}. By the first paragraph, we have c # 1,3 and by Lemma 2.1(i)
¢# 0. Hence =2, b=n —2. Thus Theorem 3.1 also holds in this case.

Assume r = 3. By Lemma 2.1{i), ¢ # 0. By the first paragraph, it suffices to
show that ¢ < 9. Assume ¢ > 10. Since n = 2 + (6 — 3b)/(c — 9) < 8 by Lemma
3.2(i), one can show that (b, c,n,d} = (0,10,8, 144}, (6,12,4,132}, (1,10,5,89) or

(1,12,3,97). By Lemma 3.2(iii) , we have {b,c,n,d) = (0,10,8,144) and |G| =
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64, |5] = 21, |T| = 42. Moreover
$? =21+ 107 (3.3.1)

As |8| is odd by Lemma 2.2(ii), S contains at least one involution, say z. Set
8 = {z,51,--+ 820}, X = § — {2} and consider a factor group G=G/<z>
of order 32. By (3.3.1), all elements of S are distinct modulo < z >. Set V =
(2,8, ,%0h U={5, T}, sed W= G—V. By (3.31), wehave Xz C T
and clearly Xz =U. Set Y =7 — Xz Then{ ¢ Vioranyt €Y andsof € W,
Moreover, |{t |t € Y, i = fg}] < 2 for any ¢p € Y. Since [V| = 22 = 2|W|.
it follows that ¥ = 2. Thus we have (I + &) = 21-1+10(0 + 2W). From
this, U2 = 20 -1+ 80 + 20W. Hence G is a disjoint union of {1}, U and W,
and < I,U7, W > is a 3-dimensional Schur ring over G. Since 5 =i+0+ w, we
have W2 = 11.1+4 10%. This implies that {1} U W is a subgroup of G. Hence
|{1} U W|(= 12) divides |G| = 32, a contradiction. Therefore (it) holds.

Lemma 3.4. Suppeser =3 and ¢ # 6. Then n= 3L+ 2 for some positive integer
{ and
dcf{c — 6)° = ({c — 9)*4 +¢* — 11c +36)° — (m(c - 9))?

Procf. By Lemmas 2.1(ii) and 3.2(i}, 3|{(n —2). Hence n = 3£ 4- 2 for some integer
£> 0. Thus b = 9 ~ £c +2. The lemma follows immediately from Lemma 3.2(iii) .

Lemma 3.5. Supposer = 3.
(1) c # 2,4.
(i) If c =8, then one of the following helds.
(o) |G| =12%5% n=20, |5]=5T7, |T| =342, b=38
(b) |G| =5%13%, n =65, || =192, |T| =4032, b=23

Proof. Assume ¢ = 2. Then, by Lemma 3.4, 27 = {49 + Tm + 18)(49¢ — Tm + 18)
Hence we have (£, m,n) = (0,2, 2), a contradiction. Similarly we have a contradic-

tion when ¢ = 4. By a similar argument , we also have (ii).
Lemma 3.6. Supposer = 3. Then c # 8.

Proof. Assume (a) of Lemma 3.5(ii). Since b = ¢ = 8, § is a (400,57,8)-difference

set in G with a multiplier -1. By Theorem 4.25 of [6] we have a contradiction.
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Assume (b} of Lemma 3.5{(ii). Let P and @ be Sylow 5- and 13-subgroups of
G, respectively. By Lemma 2.2(i) , P and @ are noncyclic. Clearly § # P* U Q*.
Hence S contains at least one element of arder 63, say 2. For w € {1,5,13,65}
set W, = {z €< 2z > |o{z) = u}. Then Wg C S1 by Lemma 2.2(ii). By direct
caleulation, I:ff;:,z = 4851?; +36ﬁ’; +36T7V?3 -1—33["-17(;, Hence b > 33, a contradiction.

Proof of Theorem 3.1

By Lemmas 3.3(ii), 3.5 and 3.6 we have ¢ = 6. Thus the lemma follows from
Lemma 3.2(1).

4. PROOF OF THEOREMS 4.1 AND 4.7
In this section we study Schur rings of (n, #)-type. First we prove that

Theorem 4.1. If n > f(r), then any Schur ring of (n,r)-type over an abelian
group G of order n? is of Latin square type.

Remark 4.2. (i) Since G = 55 + 51 + 82, one can check that the Schur ring in
Theorem 4.1 satisfies the following equations:

@) 6 = r(n = 1) + (n+72 305 +r(r - )5,

(i) 515 = (r — {n—r+ 181 +r(n—r)$;, and

(i) 35 = (n-r+1)(n—1)Go+(n—r+1)(a=")S1+(n? =2+ {r —1)(r +2))52.

To prove Theorem 4.1 we may assume that r > 4 by Theorem 3.1. Similarly,
as < 3;,?;,?; > is a Schur ring of (n,n - + 1)-type, we may also assume that
n—7+ 1> 4, Moreover, if ¢ =r% —r, then b=n+r? - 3r by Lemma 3.2(i} and

so the theorem holds. Therefore, in the rest of this section we assume that

4<r<n-3, 2 —re (4.2.1)

Lemma 4.3. ¢ # 7%,

Proof, Assume ¢ = r*. Then, by Lemma 32(1), b = r? —2r — 1. Hence m =
JFmT1 by Lemma 3.2(iit). However, mjn® by Theorem 3.2 of [3]. This is &

contradiction.
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2.7 E 2_
Lemma 4.4, n < fe{r=r=c _(E‘:n"f:)(f_rur)-(r ar

Proof. By Lemma 3.2(i),

3 2
o == (bt hr
c=r"+ T (4.4.1)

andb={n—-1}r+ec—-1- 5‘—%}"—!—] Substituting this into the equation of Lemma

3.2(iii) gives
(P — PP oAt + ) ec—rP+rint (e )P =(rm)® (4.4.2)

From this we have

(P2 —cn+ P+ o)(c— P +7))? = ((r2 -~ yrm)? = 4ar?(r? —r — )% Thus

(r! =)n+ (P2 +e)c=rP+ ) + (7 = O)rm | 4er*(r? — 1 —¢)? (4.4.3)

If ¢ = 0, then the Schur ring is imprimitive, which is contrary to Lemma 2.1{i)

and (4.2.1), Hence ¢ > 0 and so 4er®(r® — r — ¢)? > 0 by (4.2.1). Therefore

(r?—)n+ (PP + Me =72 £y + (7% —c)rm < der(r? —r — o). {4.4.4)

As m > 1, the lemma follows from (4.4.4).
Lemma 4.5. Ifn > f(r), then2<c<r?—r—1.

Proof. By assumption r < (f(r) +1}/2 < {n 4+ 1)/2. Hence ¢ is even by Lemma
32(11) In particular, ¢ > 2.
By (441}, c<r®+ %E—:f’-—::—ﬁ < 2 +1. Hence ¢ < 72 —1 by Lemma 4.3. Assume
c=rt—g, where 1 £ g £ r— 1. Then, by Lemma 3.2(i), we have
b=r?—g—1-2r 2280 By [emma 3.2(ii),

m? = (=1 —2r + 5’(?1_:.1_).)2 +4(rn—r -+ +¢). (4.5.1)

Set d = @ Then d is a positive integer and gn = rd — g. Multiplying both
sides of (4.5.1) by g> and substituting rd — g for gn, we have
- (gm)? = (gd +2r% = 2rg — g)* — 4(r — g)*(r* — ).
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From this (gd+2r* —2rg—g+gm)(gd+2r2 = 2rg—g—mg) = 4r—g)P(r’=g) > 0.
Hence gd + 2r* — 2rg — g + gm divides 4(r ~ g)%(r? — g) (> 0). It follows that
gd+2rt = 2rg =g < d(r - 9)3(r* —g). Since d = ﬂf;tl—), we have

n<plg)=—drg+ 43 +2r") — (8r* + 4rd —2r2 = g™t + (4% —2r%)g72 - 1.
Asg<r—1, p(g) = —4r — g8t —4r® — g(8r* 4 4r® — 2r% = 1)) < —dr < 0.

Thus n < @(g) < ¢(1) = f{r), a contradiction. Therefore the lemma holds.

Proof of Theorem 4.1: Set x = r? — ¢. By Lemma 4.4, we have,

8r% +drt — 292 496 _ 250

= ()

n < hz) 1= —4riz 4 4rt 4+ 80° = 1
T T

By Lemma 45,2 < c <7 —r—-landsor+1 <2z < r? -2 Clearly (r +

- - . s 492 6o 2
1)1 2 2 2 (#? - 2)7L. Since p(x) 1= —SIA=B 4 dr=Br o (4,6 93 )(L
art42rt—r2y2 (478 r2rt—rt)? -1 driedrt—r® _ arf4zriol

) — g and (r + 1)70 < AHIRSE = SRS, we have

n<hz) <-4+ +Ert + 83 - D+ u((r? - 2)"1) = 4rt —4r® —4r? — 167 —

_ 34r®402¢% 64588
23 it =0p24d

< f{r), a contradiction. Thus we have the theorem.

Remark 4.6. We note that f(1) =0, f(2) = 17 and f(3) = 350. However, the
equations in Rémark 4.2 are true for every v < 3 as we have shown in Theorem 3.1,
The author knows no example of a Schur ring of (n,r)-type that does not saiisfy
the equations. 1t is conceivable that every Schur ring of (n, r)-type over an abelian

group may be of Latin square type though it is not necessarily of partial spread

type.
As a corollary of Theorem 4.1 we prove

Theorem 4.7. Let < g;, 3’;,3; > be a Schur ring of {n,r)-type over an abelian

group G. Supposen > f(r}. Then the Schur ring is of partial spread type.

To show this we need Bruck’s result on nets (cf. Theorem 7.15 of [1]). A net
M = MN(P,L) (see [4]) is an incidence structure with a set of points P and a set of
lines L satisfying

(i) [Py, P2] £ 1 for any two distinet points Py, Py €P,

{Here [Py, P,| denotes the number of lines of L through P, and P;.)
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(ii) for any non-flag (P, £}, there exists a unique line g €L such that P € g and
£Ng=4¢,and

(iii) there exist 3 mutually non-parallel lines of L.

If M(P,L) is a net, then it is well known that there exist positive integers n and
r {3 <r £ n+ 1) such that |

|P| =n?, |Li =nr, and || =n, [P]=nr

for any line £ €L and a point P €P. Therefore, the net is called an (n,r)-net.

Theorem 4.8 (R. H. Bruck ([1] Theorem 10.7.15)). Let (P,]) be a strongly regular

graph with parameters (v, k2, @) = (R, r(n — 1), n+ 7 = 3r,r(r — 1)},

If n> (rt =2r° +2r% 7 =2)/2, there exists an (n,7)-net WP L) on P such that
E={[P,P} | P,PcP, P, £P, [P, P] =1}

Remark 4.9, In the above theorem, L is the set of maximal complete subgraphs
of (P,E) , and each line of L has exactly n vertices. (see the proof of Theorem
10.7.15 of [1]).

Lemma 4.10. Let 9P L) be an (n,r)-net admitting o poini-regular abelian au-
tomorphism group G. Ifr £ n,n+1, then

(i) G¢, NGy, =1 for any non-parallel lines £1, £; €L, and

(i3} G stabilizes each parallel class €, and G, is a subgroup of ordern for L € €.

Proof. (1} is obvious. Let L; be a G-orbit on L and let £; €Ly, Set H = G4, If
Ge, =1, then [Li| = |G| = n® and so r = n o1 n + 1, contrary to the assumption.
Hence Gy, # 1. If Ly contains a line 3 non-parallel to 45, then Gy =Gy, as G is
abelian, This implies that G, (= G,) fixes £; N {g, contrary to the regularity of G
on P. Thus L C € for some parallel class € of the net. If Ly # €, then |Gy, | > n
as |€| = n. Hence, as [{1] = n, Ge, fixes a point on ¢;, a contradiction. Therefore
L, = € and |Gy, | = n. Thus (ii) holds.

Proof of Theorem 4.7 : We consider strongly regular Cayley graph I =Tg¢s,
and apply Theorem 4.8 to I Let L be the set of lines of the resuliing net. Lek
£ €L. Clearly £ is a subset of ¢ and is a maximal complete subgraph of F by
Remark 4.9. By definition of edges of T', £z is also a maximal complete subgraph of
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T’ for any = € ¢ and so is a line of I by Remark 4.9. Thus G is an automorphism
group of the net. Let £1,---,{. be the set of lines through 1. Set f = {; and
Ge={reG | fr={£} LetxeGe. Thenz=1-c€f-z=~Landso Gy C£ On
the other hand |G : G| = n by Lemma 4.10(ii) and hence |Gs| =n%/n =n. Thus
Gg = £ and so £ ie a subgroup of G of order n. Moreover y = 171y € §; for each

y € £ ~ {1} and hence £ — {1} C ;. By Lemma 4.10(i}, Theorem 4.7 holds.

By Theorems 3.1 and 4.8 and by Lemma 2.2(iii), similarly we have

Theorem 4.11, Letr € {1,2,3} and let < 55,51,5; > be a Schur ring of {n,7)-
type over an abelian group G. Then the Schur ring is of partial spread fype except
in the following cases: (i) {n,r) =(4,2) (i) r = 3 and n < 22.

Acknowledgment
The author thanks A. Munemasa for many valuable comments on pseudo net-

graphs.

REFERENCES

1. Th. Beth, D. Jungnickel anh H. Lenz, Design Theory, Cambridge University Press, 1968.

2. W. G. Bridges and R. A. Mena, Rational circulanis with rational spectra and cyclic strongly
regular grophs, ARS Combinatoria 8 (1979), 143-161.

3. W. G. Bridges and R. A. Mena, Rational G-matrices with rational eigenvalues, Journal of
Clombin. Ser. A 32 (1982), 264-280.

4. P. Dembowski, Finite Geometries, Springer-Verlag, Berlin/Heidelberg/New York, 1968.

5. T.Ito, A. Munemasa and M. Yamada, Amorphous association schemes over the Galois rings
of characleristic 4, Europ. J. Combinatorics 12 {1991), 513-526.

6. E.S. Lander, Symmetric Designs : An algebraic approach , Lect. Notes Series 74, Cambridge
University Press, 1983,

7. 5. L. Ma, A survey of partial difference sets, Designs Codes and Cryptography 4 (1994),
221-961.

8. 1. J. Seidel, Strongly regular graphs with (-1,1,0) edjocency mairiz having eigenvalue 3, Lin,
Alg. and Appl. 1 (1968), 335-298.

111



112

KA+, A=0,p=20BIER/ T 7iconT

AERFETES Bk

Distance regular graphs I "85 b(T) = 1 2iBATE 2, WAWSHNLRTHT
TR (FE1L,ER2,EE3) 2L I 2BVHEESBELR TV LY., E24HHICRE-
Twiigvi, EEN4OHELNAT A—F—d =0, =2 DWBIERY 7 7@ antipodal
double cover DR L 2 0, EEN 3 DBETES 7 7 7 antipodal r-cover DI
EMBE L TRELTVAE, J2TH. EOBAICOWTHAS LY, OXTAL
Ve (HE1 E8e)

EE 1T #EHFRS 5715, (D) = 1,d(T) 2 3 2 BT 1 ordinary 2-gon X
1L Dodecohedron TH B, (cf.[2],Cord.3.12)

EE I REEFHY S 7L T8, 6p(T) = 1,dT) = 4,kT) > 2 26iE. Tixsis
A= F = (k,a,,00) = (nf + 1,0,2) DIRIERIS 5 7 O antipodal dovble cover TH %,
ZIT, a4 THYONRLEQEMTH B, (cL[L])

T 3 T EMEMEERY 77 £ D, by(T) = Ld(T) = 3,5(T) > 2 % bIf, TitEes
5 7 @ antipodal cover TH 5, (ch[1])

{Example 1} n = 2{Wells graph)
0 11435
=100 3 0 0
5 4110

V(D)= {(i,i) |1 #4 1 4,5 <SJU{iF |1 £i <5}U {0}
H(55), (k) =3 e i = k,and j £ Lor f = f,and § £ K,

it (4,78~ (1), (LS VLG <88 4 ),

oot ~ i (W), 00" ~ i~ (¥i)

[z(00*) i3 Dodecahedron.

w33 PENES LT Vi,
KEH 2+ LA=0,p = 20REHY S 70BIX3 MO NTVA, n= 18T
boupHALXLOTHL,

{Example 2) n» = 2 {Wells graph @ folded graph)



V(T = {4 1 €47 €5 i #7}U{1,2,3,4,5,}
{fat~ (bt e Gin{k =0, i~{kf} »i=kori={ oo ~i{W)
(Example 3) n =3 (Gewirtz graph)

2
L(fz) ) |: 8 ]
0

(Q,B) % (22,6,3)-steiner system £33, QD 1T e FEAET S,
V{T2)={BeB|agB), |V(Ea)|=77-21=56

Bl NBQQBlnBz=Q

(T2 @ aatipodal doble cover HFET A, ThOEER 5 T, EE 4  antipodal
doble cover RFHE LAV EIFDSE LTV S, (cf2l, ppdT2))

progiy —
W oo

a5 DEE, k=nt+L,3=0,u=2%3HEMSF7 T EAGAT R, I
DTG A—F—F L oWFBIF 57O 2008sry 37 OEFEE F0ERET T
Hiz,

HE L VIO O~ Ea L. T ORFY 7 I7T2(e) Rfe ~ 22 V(D) O
Ho, B8 L. T DEF7 77 Ta(a)nTao(f) DEEEL TORBERRDEL K% %,

(1) V(D) =& o L. T OWFY 77 Tofa) OEAEEZOBEE

¢ nt-1 n-1 -2 -n—1
7 ? s - J—
(@) 1 {n +l}(ﬂ:+n—2) 2 (n H)(r: " —2)
(2o ~fRBVI) O o8 KL, T O#BFY 77 Tyle)nTe(f) 2BA
i k EDEEERE
8 la?-3 n-1L =1 -3 -n-1

(n=1)(n° +2n° - 3n—2) 21|t o1 fn+ 1)(n¥ — 20" — 3n + 2)
4 4

m@ | 1L

((5) T B4 OBEFEE TOEMERSHITHETE D, [y{a) RU Tp{a)nl:2(8)
(a~p) CEHEEFDOEHERFALFETEBLNIOT, REOSOEFEL £
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DEBEERD L,
Tidk=ni4l,A=0,p=20RERMY T 7500, TORBTFE AL TELE. K
HENBL N LD,

Al =944 (- 1)+ 2J (1)

e, JiEl fHEERbT. :

#5777 Tela)nla(f) £A EBE, I(a) =T(e\{8)} . T{(B) =T(B\{e} &3
Co T™(@) DT wH L |T(@NT) =2 K55 u~vy 22 T(5) DR 4HE—2F
BEtTA, chHIkih, AR LI KNMTAICEFITENE,

At XY 0O
Xt 0 E10
A= YtEOO].
0 1* 0 01
0 ¢ 1*10

(22T, fidLd o FIEFCEIA D) I7(8), o8 THELEMHFTENTHED.
FlSED 6o @i TR A T (e)I"(8), of THRAFHTFLATVWELDOET
Do B Ay 12 A OBEEFIERDY, TAX,Y & (RN 02 G, 75X
AT o) DEERFETRL L. TR YidA L T(0) ORBHRE R T.)

BT 2 = 235 ¢, 8T, A0 (1, 1)AMTFL(L 2) AMTFL(L, 3)MTFI #5120
FRALX IV, AX+YAY + X Ed 05, (YREHRD 300K
B3I,

ATH XX LYY = 24, +(n? - V) + 20 m) (2)
A;X + Y = —QX + 2.}(,“'“3) (3}
AY +X = =2 + 2T (4)

(ORED XXELYY = —A2 - 24; 4 (0% ~ 1) (mod Jymmy)- T72. 3)RED

(A, +2DX = =Y {mod Jpnny)- BT Yinrimy = 2imm) TERLT,

(A +2DNXXHA, +2) =YY (mod Jim,my) 2985, BRUIZLT, (HRLD

(4 + 2DYYHA + 2T) = XX {mod Jimm) PRV E2. ShHEOZROTRA
FMALROXX + YV OHFIE A - 24, + (¥ - DT ERA L. Aidimm) =
(n? = Dy P YD ERELTIORTEET S LROINRONE,

A 3 6A3 4 (-0 1A 4 (A2 L 10)A; — (22— W) =uS (Fue T) (5)

ST AOEEEN—o 6B THEENI P VE a = (61,82, Gm)
Z:’;la.-=& tj—éo ?5t\

{8% +66% + (—n® + 12)8% + {—4n® +10}8 — 3{r? — 1)}a = Bul (6)



AL, TOLE, 3=0% 6@, 0 +6654+({—n? +12)02+(—4n? +10)0 - §(n? -1}
=0 FEHES, COAERORLELT. f=n~-1,-1,-3. F f=-n-1 L%
Bow —H GFOROE 0 mBDdEETOF ML, {8 +662 +(—n* +12)8* +
(—dn? 4 10)¢ =3(n* = Wa;=du bbb, g ZjOMhFCLeT—EHEcE L 5,
TOkE . a=1 LBoaTIw, MU, #=n2-3k23,

AT, 4, 0EEER -3 n-1,-n-1,-1,-3 DEEELENEFNL f0.h kB
LA ORBOHE,FLRAER S,

n?(n? ~ 1)

3 (M)

1+ fdg+h+k=
Trid)=10 kh.
(n‘i_3)+(n_1)f+(—n—1)g+(-—h)+(—3k)=0 (8)

PHEY LD v € AKKHLT, XX wu) s Hz e T (@) v~ 3z} =2 #-7T
Tr(XX") = n*(n? - 1). A Tr(YY"!) =n*(n® - 1). 272, Tr{2J(mm))
= n2fn? — 1), Tr(A;) = 0. #2223 Y Tr(4d) = &0 pnig 2 ROR
153, _

k4 i
(n -3}1 (n®-1) )
(QADEIE A FMF T, A3 = (0% — )4, = 243 + 24,7 — A, XX - A4 Y'Y
u € ARHLT, A XXHu, ) = T ocn Syera) Ay (u, v} X (v, ) Xy, w) = 0. 78
b, Z57 Diduvy PIHEALTLIZARE LT LV,
#iz, Tr{A1 XX = 0. B#IS, Tr(4; YY) =0. T4, Afimm) = (72 =3)J(mm) =
EETRT, SRTHAD =02 ML T EVRRB, 2T, ROFAMR Y L2

(R =32+ (n — 1) f +(n+ o +h+ 9=

M2 =3P +(n=1f - (n+1°¢—h-27k=0 (10)
9,0 B BT BETHER(T), (2),(9), (10) RN T § = oietn’ 9y
g = ElnoIntodntd) o2y f=n? - 1R13, ;ML)

(M) : {e.8,7,6) 2 T OWEBRLT 5,
(g~frymb~a andagy, 48
T O#57 57 Tale)NT2(B)NT{)NT(5) PEHEL LOREEERD L,

Kicp FHEME L, POL(p?) BT 27 57 00D 4HEL T EHER
757 HRHIST I, Go = PSL(2,p%) EB <,
V(I) = {00} U{Syiow,(Go)} U {Involutionsof Go} LT 3o -
V) =14+ (52 + 1) + (L5020 (Tnvolutions of Go} ¥ I(Go) &< V(T)
5% ( BEERIGR % AT intersection atray A°
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0 1 2
M= 0o 0 p-1
P+l p2 0

DTS 5 7 HERETELIPL LASWEE o,

¥4 00 ~ P (VP ¢ Sylowy(Gs)), P~ z & 2 € No{P)} (z € I(Go)) £F B0 % invo-
lution ¢ #¥ normalize T2 Sylow-p-BidTEZ255Z k&, FODZ2 involution i3
Gy CHRETHBE L EET B 2 € I(Gy) 4% : #—2BET 2. [Coe(3) = P21,
I{Gy) © 22D Cg, (2)-HFMNOME - CHETIWELFLT, G- ¥R TIG) =
ERISERREITA L AR P + L OEANS S THTELFEDEV, COLIL
TiHoN3 757 ORI PCGL(2,p") FEATAHENS I 7 HF el Lo, &
EAFLROEETHD LI p=1(modd) DBEERBESILERE L7, (Gewirtz
graph 1213 PGL(2,9) 3HEH LT3 ),

FH 4 p¥»FEHEL . TERED P 4L, A =0 =2 OBTENT 77345,
G = PGL(2,pY) M Aut(D) DEFHET. GH T D—H oo BFEAE L. Tafeo) RIZTHIZ
et A LEETS, cRDEE P ES(mod 4) MR 2,

() PSL(2, %) IR (cf.[3) % PGL(2,pY) VIREBEIKRO LI I2RE S,

le A %1 ¥ o Py
1 1 1 ¢ gq g+1 g—1
¢ 1 1 0 0 1 -1
af(fieven) 1 1 1 1 2 g 20 0
af{£:0dd) 1 -L 1 1 gHI=Um | —NE-Un 0
: 111 2(~-1)" 0
b*(k:even) 1 I -1 -1 0 (B 4 5
b (k:0dd) 1 -1 -1 1 0 ~(§2H=Nm g (TEeliny
i 1 -1 -1 1 i} —-1)m

(ZZT.qu=p b TR, 0,0, b 3FRFNIE pa- Lo+ 1D EOTTH Y, 2Iit
PSL(2, 4} D involusion T, rit PSL(2,q) {ZA 5%\ involusion THE, F iz,
1€n233, 1emg P18 12k THL, B, ¢,613%
WETNL DR ¢ - 1R, Big+ 1 RIRTHZ )

BT, GOHEH g~ 1) DESRIIEWCHETH L0 6, WBRIE(G,I(G) £ ER
B (G, Taloo)) L REEMB & 12 5, BIBE (G, I(Gy)) 7 permutation chatacter % y &



TaE AROHEILD,

X=lg+di+dz+8 4 -+t Xot X+ +xs

SIT R=ER, f =12 T, (o, o) T [Lsm < ),
Xoxiooxrd C{Ah | 1S n & SR THA, Thi # jRbE 6 #0,
HENRBIE xi# Xy THD, I, x i multiplicity free & 232, GOIRE I I8
LT, 0T 9 IHET 3 6OERTELTILICL. EFTH X 2 FoMTRECE
MITAREE, L ORICEEAIERESRMITIF X, X, - X, TH Y, TOMED
ATRIHO0 % 61, X=diag(X,, Xo, -, X,) TRLTILILT S, LokE b, kD
ZEMVRB,

BRIV )—FHIUSHEELT. FEOTge Gt L,

vt XU = dia,g(].:;'(g), ‘V;I(g}v 1;’.2(9): 5‘.1{9): Ty 9},{3), Xolg) Xi(9)s s be(ﬂ'))

—F. AETTT Do) DBEFFLTHE . 2,9 € Dpfoo)iZBnT Ju~v &
ul ~ v8 (Vg € GY] FED EDE., Ax(p) = Xn)A( Vg € G) A B, #oT,
D=U-1AUV L B L, BEOTgeGiiHL. D&

diag(Le(g), ¥1(9), ¥2(g), G (g)s -+, Fnlg): Xola), Xa(g), -1 Xf (9)) RTHRTHZ, S0
k&, (Schur'slemma) & b

D= diag(Dil]’Dsz], Dg?.)rDP]r”' ’D'E‘ﬂ-)‘Dg‘l)’Di‘!}, A ’D}‘#))

ks, cot. DM D =1,2, 070 <i<h), D0 <i< fiRERTRL
K, g=p2) R, (g- DK (g+1) ROFERRXHA T ~TFFITHB, LT, ADME
HEES b4 (n) 1 3BL 2N A, a6 =1,2),dP1gigndP0<ig HE
HLT, KDEIRRERD,

(- 4z = 63z — PV - a0z = D)
(z - df¥)r(z —d¥)HL o (2 —af ) (11)
ey, (ML) &0,

Ba(z) = (@ - g+ D@+ 2 (2~ p+ )T g 4 pp )

(12)

(11, &b,
Case{l):

{ N P22 e e ) m(p 1) ()

(p=‘+1)'f55-p—2

=220 - g - 1)+ e+ 1) i)
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Case(2):
P+ D' -p-2)

(0 + Dot +p=2)
4

=p' et — 1) +m{p® +1)--- {iii)

=#(p* = D)+ mip® +1)--(iv)

DUFRPIIN T2, ST, £ m,m RO XEENER T, (+0 = 221 mtmr
= EF8 2 @Y. 57, Case(1) #BLY LD L &, CHD HERORRETE LT
,fli%»%&faw (n)&(-wl I_1)=2 J:hriif:%il]']fﬂ% fEOET
3k, mmmiumﬁﬁa %ﬁ\uhdﬂ{Q;Liﬁ?% Wiz =0k%kb, fEo
TGy kY, mr= B L 20T, p? —p—2=0(mod )l Bp=3(mod 4) 2
B, KIS, Case(2] DPED 2L & Case(l) EFARICELD L, ((VYiRBVWT, r=02°
VB, LOLE, BRED ooy < £S5 by ShEFETHE,  (HEBRD)

HEW
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AE#EFR TR ¥

1 DWW TS TDFEEIL?

—RIEONTWEEL OESEN IS 7L DEIEDOBW /I T 2EATWS,
# 2+, Hamming greph H(d,n) iZEED s5,¢(s £ d,f < n} 2 L, Hamming graph
His,t) 38R 777 LTEATY S, G#kiZ, Johnson graph if Johnson graph %
doubled Odd graph if doubled 0dd graph % EDERSFZ 57 £ LTHF- T3,

o TE{ESNTWAEETN /5 7 RELWEGF TS 7OFEEATVE] &
E22% [ZELVBH I T7OFESATWEINP AL {HOhTWnD | L#EXLDHR
TEZAANOEBELT, XOLIREHNtHESELLD.

RS ESTHIYST0OASA—F (SHEF0—8) 251 EFREFRL
AN IS Y S T OFEEISREL RS B,

PSSO N L0 BEOBRICL > THIEOERIIRE(EZa 23 LO2w
REZTES WL CEVWEEIZETHA. MIFDLF I “BRWORIED D
SLBHETHETIILIZLT, MBEOEKRZ LI D LB TIFTHRE).

BEE TR 5 7 RS EREEIcoWT|, (B),[BCNL[BY @ 3 2oFizE,rLT
MBDT, ©oTIHERTS.

I FRIZ S 7OFAMM 2 RTEER/T A — ¥ IEEE d & intersection numbers
0, 50<i<d) THY, ThETOLIKER &7~ % D% intersection array & L&,

* cl cz PR cj r - cd-l cd
(T)=1< a a @ - @& -~ dg=y Gg (.
bo b b - '5;' s o bgap
ROZENERLKELHATHLEZEILNE,

ME EEO amray FEH LB, TONZ Ay EPEOEMTEMNSS TREETS
R EELEBEFOT I 7IE—ENR?

=R FEEFTETERWIER "5 Bopo T2\ intersection numbers OF DS
W& I IEELTS, TRARTRW 220 EQS 5 7HF L mtersection array 4
o2l b oPFEL TS, .

(RS A—FOFE) - - m—— > ¥ OHEEIETE?
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L ZichHEAT A—F Dl (T F0—8F) EHEALLTE. ENLETRS, £
DIRFX—FE b2 T TOFE, FEE (FHRFEOLDOEH) /LD
—FICHBLWESIBY., FCT. b L7 7TORE, FEERDALLVWELTY
Fiehba&F2 7 (THRF0AT A—F2EEEN) PBOMLLTILHEED
BE»PSL DT T 7ICMTAERFBLNEZ D> LIV,

intersection array | FE? FEFE?
i FEERET 3. T
graph T T DINT R —F =23 B &H
i FEFSTEETS. T
subgraph A b | ADNRF A= —IHT B M

2T LLEAYST7 A 0BTy AHESLEFESRSE» LR EDYZT T KR

T RER (FECHTIRVWER) FEONIEERRFSI VA EELRGS
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S7LIEZEETA, F5THEHARCHECEETZ L ZAWP LIZHRICR o7
L3 kBbhd,

Z2O—FTAEIL [Buflg] REPED LS IR0V BEEETh S
d Litzy, FRICALTEBCAEANHL EBDNAP STV LE

[IEEEDTHES & 3 25l
T

[ 585% PPN TEREEIRE S L) il
rERTAILICLES.



EEE, TEBRULCOREBILI-THRONIBLRUATOLDOTH 2,
ri=max{i|{e,a,b) = (1,81,b1) }
LBV
[(HBEHTTHRIA—F r #ERTBILBIEDOTEL L WHWEIG] .

THIDr EEHTBERBSLILFARERID2D7EA9 57
intersection numbers [Z34T 5B k:= by X valency ¥ ETh— S0 REDHET LT
WA IR L TROBLL2FA-FERERFEDD 3,

- tﬁ 3<kTEEL/ALE, valency k TROBESETHI VT 71184 HRE LIE
Lizvs, -

SHIEROTE ERETH . |

(k23 e LTSRS 7OEEd 3 k OBETHBRTES .|
SDEZDTOTFRIZRFRTHDY, ThICH L TROZRFTEALAT 3,
I (A.Alvanov) EZEJdEr &k CHTIHETHRTES, le. , d < f{r k).

Z I THRORN-FRTFERERBRT 2 0ORDERI r ¢ k O, Ttk iC
BEDZVWEMTHETAZ ETHAS.

CHE EORBHFERN-FEFREORFHLERELEATED, FHOBEADXE
DEEESZTWELELORSE, FZRHAFROSEHLMBNFMNE L REETHB.

2 EEHREZOF |

BHSHDART: “on” 8577 7OoFECBALTIRITRONERERNT 5.

- 7EI2 [LII] Let T be a distance-regular graph with r > 2. Suppose czry = 1. Toke
any  and v in T at distance r + 1. Then there exists A{u,v) a collinearity graph of a

Moore geometry of the diameter r + 1 and the valency a,41. Moreover if ay = 0, A(u, v)
is 2 Moore graph.

ENEEIE cpop =1 &5 FEZ P OERIER S Z 7AIZ a collinearity graph of
Moore geometry (a Moore graph) MG 75 7L LTHFELTWL I LAREE I e ®
BIRL TV, SORFFF7IEHLTROI LFLCAMONT VS,

T A collinearity graph of a Moore geometry of £ > 3 has the diameter at most 2.
CDBEL FOERIPLADRVEERLN TS,

% EACREYHR/-TEHENS S 728V g =1 DHEERVWTr=17T
&5,

2FD, g =1 EOSEREANERCTIEH r 2ERTBERIOND, 2905
SHRTLOBF 7 TREDTI “OWEBGF T 7 kD THD,
3
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B LI SEXROBERI LN,

T [IV] Let T' be 2 distance-regular graph with ay = s —1> 0, r 2 2 and
¢rp1 =t+1. Suppose a; =aic; forall 1 <i<2r. Takeany v and v in [ at distance
r 4+ 1. Then there exists a A(u,v) collinearity graph of a generalized 2(r + 1)-gon of
order (s,t) comtaining u and v as a subgraph in T.

c L ESTEEI 2 5 7 AT a collinearity graph of generalized polygon 2FFHET 57:
BT EESE LTS, EBE regular near polygon LFHINZ|AOEHIERIS 5 7
BB ERELTYS, E5RIOHG T 71 LTCROFEFTON T S,

%3 [FH] A collinearity graph of a generalized 2{r -+ 1)-gon has r € {1,2,3,5},
unless it is an ordinary polygon.

Yo TROZBEES,
% EROEER-TESTIY T 708V T re {1,2,3,5) TH2.

FoRb r 3 EHRTESAZLVS BB ES L TR, TITRIBERA
By 7h WV BF ST I THoT !

HIRCORER, F-22BRBIS 57 RO 2O0DBRIZVTNLEE+1 D
subgraph OEEERL TV EF—ROBEI [EHE r+1 DEH strongly closed B4
757] PEETIHOOLETAEBEBRI LR LA V], BERER7Z7H
DIER strongly closed #5327 712 EAEMERITH Y, NS A—FILE-TEIRE
AHFEDELIE W EBFTIFIT7THLD,

SORRICEoTRAE YW HFF 77 EMY M EWTE D,
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On the centralizer algebra of the unitary
reflection group G(m,p,n)
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BT, V. F. R. Jones 134551 775D Potts model OFFFEIZEIE L THFREE 5,0
AL EACEL

Ends, (®*C") = {f € Endc(@*C") | %D g € 5, KHLT fo=gf],

D5, C-HREE LTHIREE S o X A7 ¥ VIVHEORSOBRE ZOM2 BOTTE
BEnbILERLI. 2750, S, % nxn OBBRTHIOSELFA—-HT L5, &
TR FORBELEERRE Glm,p,n) OB EFIIERILT 5o

1 HEfgE

LF mpn ¥EQOBEREL p 3 m OBBETE, #FEKc,...,allHL
diag(er, .- cn) TED (3,8)-BHI ¢ EHOMAFTHERT 6D ET Do d:=m/p
LBE, (R 1 OFEmBERET B,

T3 1.1 (. [2, 4]} Glm,p,n) & A(m,p,n) L BIBETHOEETERIND
GL(n,C) DERFHTEL TH, 22T

ils---ain < N,

A(m,Paﬂ):{diag(fél"“’fin) i+ Ain=0 (modp)-}'

THb,

i23
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Gim,p,n) DIST A= 5 4 BBILT B &

G(l,1,n) =~ S :
G(2,1,n) =~ W(B,); BRDT LIV,
G(2,2,n) = W(D,); DEOT A NE,
G(m,m,2) = (¥ 2m @2 HHEE).

EhAd, BEOHDIINRIFPNER O VTEBLZLILTD, FL 6,2 FDF

oBHN L, FTORDEGNFETONVIRLET S, (1 <a<n) Glmypn

) id

VICERIERT 5O TEOER I LT VIEG(m,p,n)- M TH S, EE
(Ve @ - ®vg | 1 < apyeenyae < n} 28T % X € End(®FV) OTTFIHG 2
XKoo rRog T I b, s MBS OF YV VEORFTOERICL HER

ET B, ThRPbac Sl u,.. . u e VIZTLT
()t @+ Rup) 1= Upm1gy B+ D Upmi{iyy Uy -2Uk € V and @ € Sy,
Thde n(Se) 1EBAS DI Endgiman)(@FV) CETND, /-
| Endgmin(@V) C Endoimam(®°V) C Ends, (@*V).

Thbo F7 Endgpmpm(QFV) DEEEFD b, EOZHENITH LTIy T(L,2,..., N}
OJ|AEEG~OFHOEREETLOLTZ, Ty LICkOHRSETE BT
Bo BCEMNuiZAMLTCABLENRWHEITHAF. CL<BEHF Ty EICE

JEREEE#ET 5o Pl2IL
1'13:{ ?1},{2},{3}}, ?1.2},{3}},{{1,3},{2}}, }
(144231 {{1,2,33}
T, MpllHnT

{£1,2,8,7,8},{4,6,9,10}, {5} } < {{3,3,7}, {4.6}, {5} {2, 8}, {9}, {10}},
TH2, X € Bnd(@ V) Lo St LT,
TTXG (Ve @+ @ vy
= Y Xl 6. g,
Bl ] por @i =1

L% B B X €Bndg, (V) &% 5 O OLEHFEIEIEED € S, & (o,
{1,...,nPRInf LT,
FYRPRU PYSE 7.1 [ YRS BV [T ¥N |
Xol,t.,a;, "= Xa(a:‘]-l:,.o(ak)

2

N P =



PRELTHILETHD, NI LI Ends, (@) DEEN. 707 7D¥ 4 X9

Ban DMyDILTELONAZ E¥BHLTVD, SLIZELLVIE Belly,,

1238 LT Ty €Bnds, (9FV) %
L, i {{la=i | i=1....n\{g} =B,

Tg)Pettoze

(T8 )" { 0, otherwise,

TEHETHE. {Ta | B={B),....,B.} € My and s < n } |3 Endg (V) D&
"E&&éo ‘if: B = {Bla"'ng} = Hgkl:j’d.]./-t\ N(B‘) = #(B,ﬂ {1,...,1\)’})\
M(B) = #(B:i{k+1,...,2k}, (1 i <s) EBL RDE2D KA EE
'ﬂ_éo )

Mae{m)

= {B={By,...,B,) €Ty | s > 1 and N(B;) = M(B;) (mod m) (1 <i<s)},

A%(m:ps 1'1)
N(B)=M(B) (modd),
N(B) & M(B;) (modm),
= B = {B],...,Bn} c Il and
N(B:) — M(B;) = N(B;) — M(B;) (mod m),
(1<€4,7<5n). _

H?k(mfpan) : {B = {Bla-”:Bs} € sz(m) 1 l<s< n} U Azk(m,p,‘n)-

ﬁicﬂzk(mﬁaﬂ) = {B = {5'1,-— . )Bs} € sz(m) E 1€s= ﬂ}, My = sz(l) TH
%o Alm,p,n) DBFOEREEZL D LRODBENGH D,

WE 1.1 {Ts | B € Moy(m,p,n) } 1 Endgimpn) (V) DEETH S,
B € My 23t L T L €Bndgmpm{(®*V) %

LB = Z TG-
Cellyy : C£B

(1<1<n),

TEET L, FIE
o B={{ii+k}|i= Ly, kjOBS Ltk BAA75).

e B={{1}{k+ 1 u{{iith} | i=2,...,k} OFF,

i
Lﬁ(t’al@’"‘@'va;‘):Zt'j®'vug®"'®va.gl ]-S al:—--sakgn!
i=1

3
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. B={{1.?,k+1,k+2}}u{{i,i+k} [ i=3,..l.,k} a;a#\

LB(?-'al ®"'®vuk)=6€tl,ag Ua, ®"'®Uﬂk1 15319"‘10'& Sn‘

Thbo A—EYADRIELAREACTRAEY L2,
5 1.2 (cf. [3)) B € Tlae(m) 3 LT, Lp €Endgpmun(©FV) TH I E72

>, Clg= Endgm i (@*V)-
Bellag(m)

1.1 “Planar ” form

EJ. FOi 2 h PR eEOBHI R TV AMAHE B L 5, EEAOWEIC
XE#FRETRE L KX NAR,» ARV EAEVIZES S WRTHE
2, EOTHT O N ERORAS L EAOBEEAARII L2 LICREaTE
W2, 20Xy =ERIE{L,... . 2%) 0bE58 525, DL I RFE % planar
EWRTEITT B, ¥/ planar ZAEOEEE Pl tEL LT 5. PR =
50 & 2 ROEBHIET B planar 580E{(1,2},{3,6,9},(4,5,10}, {7}, {8} }

<H b, |
¢ 7 g g W
Wy W
i 2 5 ¥ §

PI]-;k(m) i’ PHZk(m) = Hgk(m)ﬂPHm'ﬁ"E%?Bo B = {Bl,... P Bs} S sz, ey, O (=

@By, = {ef'{d) i€ Beand 1<i <k}
U{k+asi(j~k)ljeB,and k+1<5<2%}, 1Zu<s

ayBoy = {aeBiey, ... ,eBe} EB o 2F NoBayldieild > T BOTAD L
BOAEZEBEL, il TBOEADO AN S eBHRTAZLIZL-THESLR
EHEITHL, Ty, o € ST LT B € hiu(m) (resp. Aw{m,p,n)) &5
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Ty Ba; € Myu(m) {resp. Ag(m,p,n})) THY . Toypa, = (o) Tpr(an) DL
T AN
ROFEIZBHEL P TH B,

#&E 1.3 ({3, Lemma 2.} f£E D B = {B),...,B,} € Il BE %o, 0 € Sl
foTC, EACLTAEEZ7 oy 7T Y, FRCLTHEESLZ 7oy 70°
$£7% 5T 5 planar 253 #o, Bo, T 5T EHTES,

Bl 2 iE

{{1,3,5,7,10,12,17,19}, {2,8}, {4}, {6}, {9, 11,18, 16,20}, {14,18}, {15} } € Mo

(1 m)

“= (1 5 )
1

o = (2 9

v CTRD planar 208l By 122 2 b AT E D,

O

9 /0

i

=] I G I
AL ol R L
[ B )

4
1
4
1

—
(=]
o

—

=

%Wm%ﬂ%MWm%M@mmm&ﬁ?iﬁﬁﬁﬁﬁfétEMKLTﬁﬁ
LT Oy 2HEFT D SEICETHAEEERT Oy /KT TVELDERL
T2,

% COBETROVTEET D, PI v EELT B C-~7 P VERSpern,, CBL
IROBEEALT CEH K2k, 0) ¢t EET 3. B,CellntT b

Step 1. BOTHAE COLEDE XFLENERBIHILEGHE S,

Step 2. AHODFRHBENT, W OPDHLLM-TEEUEBEHEDL ML
PN —TOEHEE TR, UL -T 2DV TTE 5% LV planar
RSN AB TS TR b NE BCEEET D,
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EOBEDpepn, CB RICHIHRT 5. K(3,8) DRFIC—20FE5ZTH

y ~ T
B =
™ =

N
L
S
. v "
£ 7N
LN 7y £

!
X

N’ N/
soBC:n‘fz\ \_j
£y [ T

FCEHLLBIIEENTH Y., FLBEUTLH{ {4, i+k} |1 <i<k)} €Plx
LD LITHEIIASTS,
2 CHEFAZ planar G By, ..., Eneoy €Plla TERT D,
3

7
Epi1=
!f—\,
(l£1gk),
J
Ez.‘ =
JaY
(1<i<k—1)

EEORET(E |i=1,...,2k—-1} £ 1 £ T K(2k,8) FERENLIENFH» D,
Gryers 0k €41, ..., n Il LT,

LEzé—l (vdl @ - vﬂk)

12
= Zvﬂl®“'®'va;_1®vj®vui+l®”'®vaks (liigk]v

=1



LE:;‘ (vﬂl ®”'®vak) =5a;,a.+1 Vay & “'@vq,,‘, (J. Stf k-—l),
BN L0
#HRE 1.4 ([3], Lemma 3.) 1§
LLe, ifiisodd
E)i=¢ vnEo ’
wE) { valg, i s even.

id K{2k,+/n) # % Ends, (@*V) ~O C-RE~OERBERICIIETE 5, 2T
ED B ePlyiid LTe(B) 2 LpBRTHRVAH T—ETHB,

2 EHdG(m,p,n)((ng) @iﬁij—t

BZp=1OBEEEL L, K(2k,§)m® Pllu(m) THELNE K(2k,6) O
SEBEYZ, EX KL, 3BTHL TV 20T K(2k,8) oW REEL25,

HWE12, 13 & 1.4 X Do (K(2k,vR)m) E7(Se) & Endegmi.(@*V) £/
T5,

#HWHE 2.1

o= {{i, . Li+m -1}, (k+i,... k+m+i=1}}
U{{j, B4} [1€7<i—1orm+i< )<k} ePlu(m),
l1<i<k—m. '
LB, COLEERBED R FP (1 <i<k-m) B (l£igk-nET
Cftfe LTaksng, HFiC Endg(m’Ln}(@kV) Vil Ey), o(FT) &'.TF(S;:] TC-
REELTERENS, 22 Tm > kDOBIEe(FP):=0 £B<,

Proof. BTOE2#YE LEwhiZhw, 72 f’g’$@‘£§§{iﬂ(sk) MEB
AHUTTLINTTL 20
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T T -
— . — S I
-
[ - 2 11 - 7=
' I_____II_!L,'_I
e 5l

%ﬁi:—ﬁo P b:jﬂrL T Endg(m',_ﬂ)(®kV) @gﬁi %%‘)‘1 '50

Hm,p.n = E TB-
BeM, {mp.n}

rEsthH, EOBM: &Ik L'C (i,) TENLDBEXAHEERTLOLT
Bo bnpn i=ma(l - 1/(p,n))/(p.m). EB <

T 2.1 L Hopn 20 THLILOLETGHEEE (n,p) > 1 B2 L2 by
PHRILTHIETHD,
2. Endgimpn)(®V) Bo(Er), o(FT), Hppn E7(Sy) £T C-REE LTEKS
nNbe

Proof. 1.4% [5) 288, 2. 2FRT. ['%e(E), o(F), Hapn, 7(Sk) TEKS
B Endegm pay(FV) DEETRELE T2 HE 214D Endgman(®*V) CI'T
HAo B = {B1,...,B.} € Aylm,pn) EL.t = #{i | N(B) # 0}, 5 :=
#{i | M(B) # 0}, w:=#{i | N(B)) #0 and M(B)) # 0} &3 (o,

3



BisLTC,De M RDEILEHET B, Z I TEROEHES [L B
LT . IT+a%kIita:={i+alicl} CEET ., 7T

C = {Bin{l,...,k} |1<i<na\{¢)},
D o= {Bin{k+1,..,2%}]1<i<n}\{g)

L&, C={(C,...,C}. D={Dy,...,D.,} £§ 5,
C={CLu(CL+k)...,Cs U(Cs + k)} € [loa{m),
D= {DyU(Dy +k),...,D,U{D + &)} € Ty(m).

LB MARTEONL 32 B LTS, DEEHT 5, |

O X X
b=
VARV VanVVanY
X AR
B =
VaYAY O DD D
& =
L £

T, Ty CEndgimm)(@V) T. TpTsT, = TpH'ERICG b, CL DDER

Xh,
B = C; U Dy, fl<y;gu,
’ Cy or Dy for some { > u, otherwise.

THhhd, B, CE DOT Oy 7 DEHERSATn = u+(s—v) + (£ —u) B
wu=s+i—n%2Bb, LIMNsTHIZ(C, D) €l x HFFXNIHE, LD
B & Ayy(m, pym) % (C, D) 2 BT & Bo IS B' € Aylm,p,m) (B # B)
FLT

¢ # {Bin{l....k|1<i<n}

9

131



T
D # {Bin{k+1,...,2k} |1 <7i<nl.

LR B DD TyToTs =0 21850 43 COERE EHET TyHppnly = To 21
Bo LImAoTHEED Be Ay(m,p,n) KHLTT e ITHY, BE13LEDY
Tl =Endgm pn)(@V) 218 %, O

&% ik
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ON A CONSTRUCTION OF 2-DESIGNS OVER GF(g) ADMITTING GI.(¢)

Tovonary I'TOH

§1. Introduction

In 1987, 8.Thomas [T] constructed the first example of nontrivial 2-designs over a finite field. 4 t-design
over a finite field GF(q) or a #-(v, k, \; g} design for integers 0 £ ¢ £ k £ » and & prime power ¢ is a pair of
a v-dimensional vector space V over GF(g) and 2 nonempty collection B of k-dimensional subspaces of V
with the property that any ¢-dimensional subspace of V is contained in exactly A members of B. If B is a
set of all k-dimensional subspaces of V', then a pair (1, 9) is obviously a f-design over GF(g) for any ¢ £ k.
This f-design is called a trivial design.

In{T), S.Thomas defined the notion of a special triangle and showed that the collection %8 of 3-dimensional
spaces spanned by special triangles forms a 2-{v,3,7;2) design for v = 7 and {¢,6) = 1. This family of 2-
designs over G F(2) is the first example of nontrivial £-designs over o finite field. In 1989, H.Suzuki [Sul,S5u?]

extended Thomas' method to construct montrvial 2-(v, 3, f:_;ll; g} designs admitting a Singer cycle Z, of
GL,(g) for v 27 and (v,6} = 1. In 1995, M.Miyakawa, A Munemasa and 5. Yoshiara [MMY] gave a classifi-
cation of nontrivial 2-(7,3, A; ¢} designs for ¢ = 2, 3 with small X, as well as the non-existence of 2-(6, 3, X; ¢}
designs modulo few exceptional cases, under the assumption of the transitivity of their automorphism groups
on the non gero-vectors of V.

Not much is known about the existence of t-designs over a finite field. For example, no (nontrivial) 3
designs, no 2-designs with A = 1 and no t-designs with large automorphism groups are known to date. In this
paper, we construct a 2-design with a large automorphism group, starting from a 3-design with a relatively
small automorphism group. Namely, given a 2-(!,3,q35:—1_1; ) design for en integer ! = 3 mod 6(g — 1)

which admits the action of a Singer cycle Z; of GLi(g), we construct a 2-{m1,3,q39:—]—1; q) design for an
arbitrary integer m 2 3 which admits the action of GL,,(g"). The construction applied to Suzuki’s designs

actually provides a new family of 2-designs over GF(g)} which admit the GL{¢'} action,

§2. Definitions and notation
Let 0 £¢ £ k Z v be positive integers, and ¢ a prime power. Let V be a v-dimensional vector space over
GF(q). For each non-negative integer ¢, [‘:j denotes the set of all i-dimensional subspaces of V. Hence,

V v = v =1
- -
) k=0
Definition 2.1. Let B be a nonempty subset of [‘:] A pair (V,B) is called a t-(v, k, h;¢) design or a
t-design over GF(g) if for any element a € [}], the number

Mla):=Hb & Bla b}

is a constant A (independent on the particular choice of o € [‘:]) In particular, if B = [::], then {V,B) is
a t-{v, k, A; ¢) design with A = [:'i . which is called the trivial design.

Let TL{V) be a general semi-linear group and & a subgroup of TL(V). For any « € [T], the G-orbit
containing « is denoted by G- a = {g-alg € G}, and [T]/G denotes the sct of all G-orbits of [T] The

Typeset by A5 TEX
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G-incidence matrix is a matrix A = A([¥], [}]; G) whose rows are indexed by [X]/G. whose colwnns are
indexed by [:],"G, where for any O, € [':,]fG and Oy € [1];’G, the { (%, Ok )}-entry of 4 is the number
Hg € Opla & 3} for any fixed a € Oy,

Clearly, the following hoelds: there exists a (v, &, A; q) design admitting G if and only i there exists a
{0,1) columns vector u whose rows are indexed by [1] /G sneh that At = A1, where L is the all one colnnn
vector of length #([7]/G}.

In the next section, we consider the action of GLn(g') on the vector space ¥ = GF{¢)™, recognized

as an ml-dimensional vector space V' over GF{¢), Then we are natuzally required to define a Singer cycle

2, of GLi{¢) and its action on GF(g). Consider GF{q') as an I-dimensional vector space GF(g)! over

GF{q), we define an action of GF(¢')* on GF(¢)' by the multiplication in GF(¢'). (ie, z-v = zv for
T € GF(¢N*,v € GF(¢") = GF{g)') This action is a nonsingular linear transformation on GF(q) over
GF(q). Thus the cyclic group GF (¢)* can be regarded as a subgroup of GLi(¢). We refer to this subgronp
as a Singer cycle, and denote it by the symbol Zy.

§3. On the GL..(¢')-orbit decompositions on [;'] and [g] _

Let 1,7 be positive integers, and ¥ an mi-dimensional vector space over GF(g). Let V" be an m-
dimensional vector space over GF(¢"), and let {¥3,¥3,"++ , ¥} e a basis of V. Naturally, GLn(g') acts on
V. Considering GF(¢"} as an I-dimensional vector space over G F{q), we choose a basis {z =120, 2}
of GF{g') over GF(q). Since 2,V; € V (1 £i £ 1,1 £ j £ m) are linearly independent over GF(g), the
space

i m
V= D GFr:Y; =<2Vl 224155 Sm >6r
=1 j=1
is an mi-dimensional vector space aver GF(q). Now, we definc 2 GF(¢)-linear map o : V' — ¥V by

m m |
oY eV =3 > bijeiY;
=1 J=1 i=1
where a; = E§=1 bi;z; € GF(g') end by; € GF(gifor 1 £¢ 51,157 5 m. Then GL(¢') acts on V by
g-v:=ggo—*(v) for any § € GLm(d) and any v V.
We set

Vi, .
= {Ue [‘_ } |d:mgpiqr)(GF(q')UJ =i}
for1 S S ml1 S5 Sm Cleady {{] = Uygagifti (disjoint union), and 4 is a union of some
GLm(g')-orbits on [¥]. _ )
We denote Sy = {z € Zflr-a=a} fora & [GF,EQ)I], and we set that A, is the set of all representatives

I
of Zi-orhits on {GF ;“" ]. Tn the rest of this paper, we may assume that each element of A, contains 1.

In the rest of this paper, let G = GIn(¢'), V=< zY;{1 i S 1157 X m >gr( and an element of
GLm(g') is denoted by a matrix with respect to the basis {¥],Y2, -+ ,Ym} of V.

Let p be a prime pumber and o =< uy,uz, -+, Up >GF(y) & p-dimensional subspace of GF( q). We define
Ula) =<t it = 1,2, ,p 2ap(= {1 + a2 Y1 + - + apup Y01, 02,0 -, ap € GF(g)).
Since u, Y, uzY], - ,uyY] are linearly independent over GF{q), the subspace U(a) is a p-dimensional sub-

space of V.
Lemma 3.1. Lzt p be 2 prime number with p £ 1, Let o and o' be p-dimensional subspaces of GFq)!, and
Z; a Singer cycle of @L(g). Then:

(1) The G-orbit G - U{«x) contains U(a') if and oaly if the Z;-orbit Z; - & contains o'

(2) p1 = Uaga, G+ Ula) (disjoint union).

(3) QPP=G'< }’]typ‘?o”'vlfp ZER (R a
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Let m.! be positive integers with m,{ Z 3. By Lemma 3.1, the G-orbit decosnposition of [:1 15 the
following:

m = U = (| €-U(@)u6 T,

[ 1-F.¥%

whete U =< 13, Y2 >grp€ [4]. Also, the G-orbit decomposition of [g] is the following:

¥
{3] =0 U Ry Uy = (ﬁg G- U(ﬁ}) U LG-U
g

where I/ =< ¥,,Y2, %, >Er(nE [g]. We consider the union of some G-orbits (1y,.
Let @ =< u,u2 >gpig be 2 2-dimensional subspace of GF(g). Then the elements u, ¥, 4, ¥, and ¥2 € V'
are linearly independent over GF{g). We set

T(a) :=< u, ¥, ua¥, Y2 2omg= {{au, + bu)Y) + cYala,b,c € GF(a)} € [lﬂ
Let =,y be elements of GF(g') such that 1,2,y are linearly independent over GF{g). We set
. v
T(e,3) =< Vi Yasoti 4082 Sergr= (a+eolTa + b+ )¥ala, b€ GF(@) [ .

Lemma 3.2. Let a and o be 2-dimensional subspaces of GF(q)*, and let Z; be a Singer cycle of GLi(yg).
Let ©,y,2',% be elements of GF(¢'} such that < 1,2,y >gre) and < 1.2',¢ >grig are 3-dimensional
subspaces of GF(q). Then:
(1) The G-orbit G + T(w) contains T(a') if and only if the Z-orbit Z; - & contains o'.
(2) The G-orbit G - T(z,y} contains T(z',y’) if and only if the Zi-orbit 2i- < 1,7,y >gr(g) contains
= ltz')y' >GFig .
]

Let B be a 3-dimensional subspace of GF(g)! such that 1 € 7, and z,y,2",y’ be elements of §, where
{1,7,3} and {1,2",5'} are basis of §. By Lemma 3.2(2), the G-orbit G - T(z,p) is equal to G c T o).
Now, we define GT3 := G - T(z,y) for any z,y € § such that 8 =<1, 1,5 >ar(q.

%= (| G- T(a)u (U GT,g)

asis A€,

Lemma 3.3.

(]
By Lemmas 3.1, 3.2 and 3.3, the G-orbit decomposition of [1:] is given as follows:

v .
[3] = {5 U5 U g

—(U G. U(ﬁ) (U G. Ta)) (U GT,;)UG—U'

JEAD aBAg BEAy
- ¥
where U =< ¥1, Y2, 33 >gr(pn€ [3]-

By the above results, we determined the GLn(¢f}-orbit decompesitions on [g] and [7}. This GLm{g')-
- orbits are rows and columns indices of GL o (g')-incidence matrix A([%], [¥]:GLm{g))-
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§4. Ou the GL.(q'J-incidence matrix AL [':;]; GLm{g' )}
Let I.m be integers with {,m 2 3. We set

W, = |J 6 Tla), 0% := |J 6Ty,
agly #EMa

and define that A{92;,Q5;) is an 23; x 0} ;-submatrix of G-incidence matrix A for i = 1,2 ;3 =123, =
a, b, i.e., the row index of A(Q;,12],) is the all G-orbits on {&;; and the column index of A( Qg.-,Q;j) is the
all G-orbita on §3;. Therefore

¥ V] AR 0] A% AR, %) A(0:1,05)
A([z],[a],crm{q‘})—(A(nzl,rz::) O Q) A O AR 033) )

Hence, in the rest, we determine the matrices A(R1i,85;) for i = 1,2, =123, »=a,b
Lemma 4.1. Let Z; be a Singer cycle of GLy(q). Then:
(1) The matrices A(C21,98;), A(f21,%s3) and A(Qz2, Q1) are zero matrices.

@) A%, Q1) = ([P, [0 20).
where a3 = q"?f“—i

3 0
a,
A{Qzl ,ng) = ( te ) L]
0 a;
=1 .

{4) The matrix A{{iy; ,qﬂaa) is & 1 x 1-matrix, and

1)

. {m-21 _ 1
A, ) = (M)

(5) The matrix A(C,0h,) is 2 1 X §As-matrix, and

(03,"' 333"1'3) if3 ] 1’

A(Qg,,08) =
o A(Q9,,80y,) {_(aa,-“,ﬂs) if3t,

where a3 = ¢{g + 1)(¢* — 1), ¢} =g(¢’ — 1}.
{8) The matrix A({}32,128,) is a 1 x fAz-matrix, and

(ag, - ,a2,ah) H2|]

A{sz,ngz)={ (az,--- ya2) i#F24H

where az = (g + 1%, af = ¢+ 1.
u]

Thus, we have GLn(q')-incidence matrix A([}], [§];CLm(g)) for Lm 2 3.

Qn g‘) Qrgg ﬂm
ay
V] [V 2 A 0 0 0
A([Q]' [3];61":"(?‘]) = 0 a ’
ﬂ2 az e flp (2“'} fy -y (3'}{) qu—3 t'”;j):—l
0] e +oaeay (210 ase-ras,ap (3]0
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T GEI [GFP)T, o gl it "
“;htm ‘:)ﬁ RN R I AN T, ae = (g4 1%, ah =g+, an = qlg+10¢>—1), of =
glg” —1).

§5. The construction of 2-(m!, 3, q”%-_sl;l;q} design admitl:iug GLmlg"

Let {,m be positive integers with {,m 2 3 and ¢ a prime power. In this section, we give a conbtruction. of
a new family of 2-{ml, 3, q3 9—-——-—- 14} designs which admits of the action of GLn{q') Fom 2-(1, 3, ¢ v ,q)
designs which admits the actlon of a Singer cycle Zr of GLi{g).

Theorem 5.1.

Suppose that there exists a nontrivial 2-(ml,3, \;q) design which adimits the action of GLn(g'). Then
there exists a pontrivial 21,3, A; ¢) design which admits the action of a Singer cycle Z; of GLi{q) with
A= ag{q +1)(¢* — 1) + bg(g® — 1) for some positive integers a,b (b = 0,1}. In particular, 3 {{ then b =D

Conversely, suppose that there exists a nontrivial 2<{1, 3, A; ¢) design which admits the action of a Singer
cycle Zy of GLi{g) with X = aq(g + 1)(¢> — 1) + bglq® — 1) for some positive integers ¢,b (b= 0,1, if 3} !
then b = 0}. Then there exists 3 nontrivial 2-(ml,3, A;q) design which admiis the action of GL.(g"). O

Example.

In the rest of this paper, we use Theorem 5.1, to construct 2-(ml, 3,4° r= ,q} designs which admits the
action of GLn{¢') for I,m Z3and I =5 mod 6(g — 1).

Lemma 5.2, Let ¢ be a positive integer. Then ¢! — 3 is divisible by (g* - 1){¢> — 1) if and only if { = 0
mod 8{g—~1). O

In [Su?|, H.Suzuki eonstructed nontrivial 2-(1, 3, [":]q; g) designe which admits the action of 2 Singer cycle
Zi of GLi(g) for all # 2 7 with (/,8) = 1. Now, we put that (GF{(g),By) is = Suzuki's 2(1,3,[]] :0)
design, and then, a pair (GF(¢), {GF}‘}] -8B is & 2-(1,3, [;"_22 [3] ; 7) design which admits of & Singer
cycle Z; of GL{g). We set that 8,,8;,---, 8, are the representatwes of Z-otbits on [CF®'] — B, for
r=gq BW:—:}H-'_:,#T” (i ey [GF(‘]] — 8, = Ul_, Z; - B (disjoint union).) Since (!,6) = 1, we have the

mairix A{Q2z,$8,) = (83, - ,a3) where a3 = g{g + 1)}(¢* — 1). We set
T e
= - —— = = .
3-2| 1]/ as g—1 g(g+1)(g-1) (¢*-1)(e*~1)
We assume ! = 5 mod 6(g — 1), and then a is an integer by Lemma 5.2, and {{7% . [ﬂ = q“&-‘- We
choose any a orbits 9,0z, -+ O, from 3, and we put

-1

r
B:=JG - UBIUOLUD V- LD,
i=1
Then, for integers {, m = 3, { =5 mod 6(g — 1}, the pair (V,B) is 2 noatrivial 2-(mf,3,q3ff—;;_{-1-; q) design
which admits the action the GI,.{¢*) by Theorem 5.1.
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