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Mutually Balanced Nested Designs

R. Fusl-HARA AND S. KURIKI

Abstrac't

A mutually balanced nested design of strength ¢ is introduced. It is
shown that such a nested design is equivalent to a balanced array of
strength . Some recurrsive constructions are given for a mutually
balanced nested design of strength 2. Some constructions are also
given for a balanced incomplete array of strength 2 which are based
on a mutually balanced nested design.

1. Introduction

Let S be aset {1,2,...,s} of s symbols and let X be the set of all t-dimensional
vectors with elements from S. A balanced array of strength ¢ with s symbols is a
v x b array A whose elements are from S satisfying the following conditions:

(i) in any t-rowed subarray Ao of A, the number of columns of Ay which are
equal to x is p(x) for any x € X,
(ii) for any permutation matrix P of order ¢ and for any x € X, p(Px) = p(x).
Such an array is denoted by BA,(,s;v). If u(x) = p(y) for every x,y € X, then
the array is called an orthogonal array of strength t with s symbols.

A balanced array was first introduced and studied by Chakravarti [1,2] in
connection with some class of statistical designs. Many authofs (e.g. [4-7]) have
researched such an array. Kuriki and Fuji-Hara [4] defined an (r, \)-design with
mutually balanced nested subdesigns which is equivalent to a balanced array of
strength two. For strength (> 2), we introduce a nested design of strength ¢ satis-

fying some conditions in Section 3 and show that such a nested design is equivalent



to a balanced array of strength t. We give some recurrsive constructions of a nested
design of strength 2. Gill {3] generalized a balanced array to a balanced incomplete
array and gave a construction of a balanced incomplete array of strength 2 there.
As an application of results obtained in Section 3, we give some constructions of

a balanced incomplete array of strength 2 which are based on a nested design in

Section 4.

2. Balanced arrays

Let Wy = {(d1,ds,...,d,);d;i 2 0,Y]_,d; = t}. Ford = (d;,da,...,d,) €
W¢, let Xq be the set of all t-dimensional vectors which contain each symbol
t € S in d; positions. If A is a balanced array of strength ¢ with s symbols, then
p(x) = 1(y) holds for x,y € Xq4. Obviously, if x € Xq, then Xgq = {Px; for
every permutation matrix P}. Therefore, we can rewrite the conditions (i) and
(i) given in Section 1 for a balanced array as follows:

C(t,d): in any t-rowed subarray Ay of A, the number of columns of A,

which are equal to x € X4 is v¢(d).
If C(¢,d) are satisfied for every d € W}, then A is a balanced array of strength
t with s symbols. ' Throughout this paper, we use the conditions C(¢,d) for a
balanced array instead of usual conditions given in Section 1. Note that C(0,0O)

is always satisfied and 1((O) is the number of columns of A.

Lemma 2.1. In an array with elements from S, if s conditions in the s + 1
conditions C(t—1,d),C(t,d+e1),C(t,d+e2),...,C(t,d+e,) are satisfied, then
the remaining condition is also satisfied, where d € W, and e; denotes an s-

dimensional vector with unity in the i th position and zero in all other positions.

Proof. Let A be an array with elements from S. Consider a (t — 1)-rowed
subarray Ag of A and a t-rowed subarray A; of A containing A, as the first ¢ —1

rows. For x € X4, d € W;_,, the number of columns of the subarray A, which



are equal to [x]i] is denoted by a([x]i]) for each ¢ € S, where [a]b] denotes the
jaxtaposition of two vectors a and b. In the subarray Ag, the number of columns
which are equal to x is denoted by f(x). Since the vectors [x|1],[x|2], ..., [x|s] are
all distinct, |

B(x) = a([x[1]) + afxl2]) + - + a(fxls])

holds.

Now we assume that the following s conditions are satisfied:
C(t—-1,d),C(t,d +ey),...,C(t,d + e,_1),

then B(x) = v;_1(d), e([x]1]) = v(d+e1),...,a([x]s —1]) = vy(d +e,_1) and the
numbers are independent of choice of Ag and A;. Hence, a([x]|s]) is determined
uniquely and the number is independent of choice of Ay and A;. Therefore, the
remaining condition C’(t, d + e,) is also satisfied.

For other cases of the aésumption, we can prove the statement of this lemma by

the similar technique. a

As an immediate consequence of Lemma 2.1, we have:

Lemma 2.2. In an array with elements from S, if C(t,f) are satisfied for every
f e Wy, then C(t — 1,d) are also satisfied for everyd € W7_,.

Lemma 2.2 implies that if A is a balanced array of strength ¢ with s symbols,
then A is also a balanced array of strength t — 1 with s symbols. Furthermore, by
the proof of Lemma 2.1, in a balanced array of strength ¢ with s symbols,

v(d) =) vapa(d +e;)

i=1

hold for every d € W}, k < t.

Now we clarify the conditions to be a balanced array which used in succeeding

sections.



Lemma 2.3. In a balanced array A of strength t — 1 with s symbols, if C(t,d)
are satisfied for every d = (dy,ds,. ..yds) € W7 such that d, = 0, then A is also

e balanced array of strength t with s symbols.

Proof. We will show that C(t,g) are satisfied for every g = (91,92,--.,9s) €
W¢ by induction on g,.

Since A is a balanced array of strength ¢ —1 with s symbols, C(¢—1,f) are satisfied
for every f = (f1, fa,. .. yfs) € W_,. Forevery f € W¢_, such that f, = 0, each of
vectors f+ey,...,f+e,_; does not contain the symbol s. Hence, by the conditions
of this lemma, C(t,f + e,),..., C(t,f + e,_1) are satisfied. Therefore, by Lemma
2.1, C(t,f + e,) is also satisfied. This implies that C(t,g) are satisfied for every
g € W¢ such that g, = 1.

The remaining part of induction is straightforward, so omitted here. a

By use of Lemma 2.3, noting that C(0,0) is always satisfied, we have the

following;:

Theorem 2.4. In an array A with elements from S, if C(k,d) are satisfied for
every d = (dy,dy,...,d,) € W} such thatd, =0,1 < k <t, then A is a balanced
array of strength t with s symbols.

3. Mutually Balanced Nested Designs

Let V be a v-set (called points or varieties) and B be a collection of subsets of
V (called blocks). Then the pair (V, B) is called a design. A t-wise balanced design
Sa(t, K;v) is a design (V, B) satisfying the following condition:
for any t-subset T’ of V, the number of blocks containing T'
is A which is independent of the t-subset T' chosen.
If, for any u-subset U (u < t) of V, the number of blocks containing U is constant

(say, A) which is independent of the u-subset U chosen, then the design is called



a regular t-wise balanced design Ry(t, K;v), where K denotes the set of block sizes
of B and A = (A1, Az,..., ). In the case t = 2, the designs are called a pairwise
balanced design and a regular pairwise balanced design (or an (r,))-design, where

r = A; and A = );), respectively.

 Let B = {B1,B,,...,B;} and B' = {B{,Bj},...,B}}. If B; C B; for1<
j < b, then (V,B') is called a subdesign of a design (V, B). Note that Bj can be
the empty set. Suppose that there exist s subdesigns (V, BM), i =1,2,...,s, of
(V,B), such that {J_, B’ = B; and B nB{) = ¢if i #£ ', for 1 < j <,
where B = {Bgi), Bgi), ceny B,E'.)}. For convenience, we may write a block B of B
as B = {BMW;B®; . ; BO} B® ¢ BO). If the subdesigns satisfy the following
conditions:

(i) each subdesign (V, B¥) is an (r;, \;)-design,

(ii) for any distinct points z,y € V, the number of blocks B = {BMW; B®; .. ;

B®} € B which contain z in B® and y in B(® is exactly A,

then we call it an (r, A)-design with mutually balanced nested subdesigns. Kuriki
and Fuji-Hara [4] defined the design and proved that an (r, A)-design with mutually
balanced nested s subdesigns is equivalent to a balanced array of strength 2 with
s + 1 symbols. '

Here we generalize an (r,)-design with mutually balanced nested subde-
signs to strength t. For d = (d1,ds,...,d,) € W}, let 51, S2,...,S, be mutually
disjoint subsets of V' such that |S;] = d;. Then we consider the following condition:

L(k,d): the number of blocks B = {BM;B®;...; B9} € B such that
each S; C B is exactly nx(d) which is independent of choice of
S1,52,...,8s.

If L(k,d) are satisfied for every d € W, 1 < k < t, then (V,B) is called a
mutually balanced nested design (MBND) of strength ¢. Such a design is denoted
by M,(t,s;v), n = {m,n2,-..,7:}, where each n; is an index function from W}
to nonnegative integers and v = |V|. Note that L(0, O) is always satisfied and
70(0) is the number of blocks. If L(2,2e;) is satisfied, then the 7 th subdesign is



a pairwise balanced design. If L(1,e;) and L(2,2e;) are satisfied, then the ¢ th
subdesign is an (r, A)-design such that r = n,(e;) and A = 72(2e;).

The conditions of the definition of a MBND do not mension about the original
big design (V, B).

Lemma 3.1. A mutually balanced nested design M,(t,s;v) (V,B) is also a

regular t-wise balanced design with parameters

k
=D (dl,dz,...,d,)""(d)

dew;

for 1 <k <t, where d = (dy,d,...,d,) and (dl,d:...,d.) denotes the multinomial

coefficient.

Proof. Consider a k-subset U of V for 1 < k < ¢. The number of partition
of U into Uy, Us,...,U, such that |U;| = d; is (dl,d:...,d,)‘ For each partition,
the number of blocks B = {B("); B®); . .; B(*)} € B such that each U; ¢ B® is
7k(d). Therefore, the number of blocks of B containing U is .
k
x(d
dezp;; (dl,dz,...,d,)n (),

which is independent of the k-subset U chosen. Hence (V,B) is a regular t-wise
balanced design. 0

Now we show that a MBND of strength ¢ with s subdesigns is equivalent to
a balanced array of strength ¢ with s +1 symbols.

Theorem 3.2.  There exists ¢ mutually balanced nested design M,y(t,s;v) if and
only if there ezists a balanced array BA,(t,s + 1;v) such that

—t—k 1h(t—k)i:"'zs: (d+ei, +---+ei) (3-1)
p(x) = hz—_;('- ) B : NMk+h i1 in

i1 =1 in=1 »
for a t-dimensional vector x containing each symbol ¢ € S in d; positions and
the symbol s + 1 in the remaining positions, where d = (d,,ds,...,d,) € W,
0<k<t and (t',;k) denotes the binomial coefficient. '



Proof.  Suppose that (V,B) is a M,(t,s;v). Let B = {B1,Ba,...,Bs}, b =
n0(O). Each block is partitioned into s subblocks, i.e., B; = {B;l); B;-z); ceh B;-’)},
for 1 < j < b. From the blocks, we define a v x b array A = [a;] as

{ 1, if a point = of V occurs Bgi),
Qz; = »

s+ 1, otherwise.

For d = (dy,ds,...,d,) € Wi, 1 <k <t let $,,5;,...,5, be mutually disjoint
subsets of V such that |S;| = d;. Since (V,B) is a My(t,s;v), the number of
blocks B = {B1); B®; . .; B} € B such that each S; C B® is ni(d) which is -
independent of choice of Sy, S,...,S,. Hence, in the array A, C(k, d’) is satisfied
for d' = (d},d},...,d"41) € Wit! such that d} = d;,i =1,2,...,s, and djy; = 0.
Therefore, by Theorem 2.4, A is a balanced array of strength ¢ with s+ 1 symbols.

Conversely, suppose that A is a BA,(¢,s+1;v). Correspond points of a v-set V' to
rows of A and blocks of a collection B to columns of A. Each block of B consists
of points of V corresponding to entries 1,2,...,s of A. For each block B; € B,
1 < j < b, we partition B; into s subblocks B;-l),Bgz),...‘, B;f’) such that B;-i)
consists of points with the entry i. For d' = (d},d),...,d\},) € Wgt! such that
d,,; =0,1< k<1 lety bea k-dimensional vector containing each symbol i € §
in d; positions. Since A is a BA,(t,s + 1;v), in any k-rowed subarray Ag of A,
the number of columns of Ay which are equal to y is vx(d’). From the definition
of the design (V,B), L(k,d) is satisfied for d = (d;,d,...,d,) € W such that
d; =d},i=1,2,...,s. Therefore, (V,B) is a My(t, s;v).

Finally, we show (3.1) by induction on k. In the case k = ¢, x does not contain

the symbol s + 1. Hence p(x) = 7,(d) holds.

Assuming that (3.1) holds for ¥ = u+1,u+2,...,t, we will show that (3.1) holds
for k = u. Since p(x) = p(Px) for any permutation matrix P of order t, we may
assume that, without loss of generality, x contains the symbol s 4 1 in the last

t — u positions, i.e., X = [x*|s + 1...s + 1], where x* is a u-dimensional vector



containing each symbol 7 € § in d; positions for d € W?. Then, we have .

p(x) = p([x*|s+1...5 +1])

= nu(d) - E( ) Z---Zu([x*|i1...i,s~{~1...s+1]). (3-2)

p—l ix =1 i,=1

Applying the assumption to (3.2), we have

w0 =mi@ -3 (7 23 3 ()

p=1 i1=1 i,=1 I=0
3 s

z Z Nuipri(d+ e, +---+e;, +--+ei,,, +-+ei,,)

i,+1 =1 i,+|=1

o @-3 ("> I

p=1 h=p

(t_u-)z Zﬂu+h(d+e:1+ -+ei,)

11—1 Ih"'l

— u(d) - g(—l)"(t ',;“) fj(—l)v( ) T3 mun(d e o)

p=1 =1 fa=1

-n..(d)+§( (D SRS SERCERHERRRTY

t1=1 ta=1

S £ Bt se

h=0" f1=1 in=1

Therefore, (3.1) holds for k = u. : a



In the case t = 2, we give two recurrsive constructions of a My(2, s;v). Con-
structions are shown for only ¢ = 2. However, it is not difficult to generalize the

constructions to any integer ¢.

Theorem 3.3.  If there ezists a M,y(2,s;v) with the set of block sizes K and
if there ezist (r',\')-designs with v' varieties for all v' in K, then there ezists a

My (2, s;v) such that
n1(ei) = r'm(es), 1=1,2,...,s,

and
ﬂé(ei +ej) =’\'772(ei+ej)1 t,7=1,2,...,s.

Proof. Let (V,B) be a M,(2,s;v) with block sizes K and let B = {B("); B(%;
...;B®} € B such that |B| = v'. From the assumption, there exists an (r', \')-
design (V',£) with v' € K varieties. Relabeling V' by varieties of B, we construct
a design (B, £g). Then we partition each block of £ by the following way:
E={EW;E®; E®}ec&p ifandonlyif E®C B,
Applying this method for each block B of B, we construct a new design (V, B').
We will show that it is also a MBND. Consider each new subdesign (V, B(i)’),
where B() denotes a collection of i th subblocks of B. For any point z of V, if
B() contains z, then z is contained in 7 blocks of £g). Furthermore, for any pair -
of distinct points z and y of V, if B() contains {z,y}, then the pair is contained
in X' blocks of Eg), where £g) denotes a collection of ¢ th subblocks of £5. Hence
(V,BD") is an (r'ny(e;), A'n2(2e;))-design.
Next consider the condition L(2, e;+e;) about the new design (V, B'). For distinct
points z and y of V such that = € B(*) and y € BV, the number of blocks of
€p such that ¢ € E® and y € ED is X', So nh(e; + e;) = AM'na(e; + e;) holds.
Therefore, (V,B') is a MBND. o

Corollary 3.4.  If there ezists a M,(2,s;v) with the set of block sizes K and
if there ezist (r,1)-designs with v' varieties for some v' in K, then there ezists a

new My (2, s;v) with more blocks and the different set of block sizes.



Proof. By the same way as Theorem 3.3, we can embed small (r',1)-designs
with o’ varieties if v’ € K. It is easy to see that the condition L(é,e,- + e;) about
the new design is satisfied. However L(1,e;) is usually not satisfied. To satisfy the
condition, we add some new blocks such that the i th subblock consists only one
point and the remaining subblocks are empty, {¢;...;d;3;¢;...; 4} for a suitable
point = of V, until L(1, e;) is satisfied. ' o

4. Balanced Incomplete Array

A balanced incomplete array of strength t with s symbols and d blanks is a
v X b array A whose elements are from S satisfying the following conditions:
(i) every row has exactly d blanks,
(i) in any t-rowed subarray A of A, the number of columns of Ay which are
equal to x is p(x) for any x € X,

(iii) for any permutation matrix P of order t and for any x € X, p(Px) = u(x).
Here, the vector x in the conditions (ii) and (iii) does not contain any blank. Such.
an array is denoted by BIA,(t,s,d;v). Note that a BIA,(t,s,d;v) is not always
of strength ¢t — 1. By deleting ¢ symbols of a BA,(t, s;v), a BIA,(t,s —,d;v) is
obtained for a suitable d. Gill [3] defined a balanced incomplete array and he gave

a construction of such an array of strength 2 there.

Using the conditions L(k,d) in Section 3, we characterize a balanced incom--

plete array.

Theorem 4.1. A BIA,(t,s,d;v) is equivalent to a design (V,B) with s subde-
signs satisfying the following conditions:

(i) for any point z € V, z is contained in ezactly b — d blocks of B,

(ii) L(t,d) are satisfied for every d € W7,
where v = |V| and b= |B|. .



Proof. We define the similar correspondence to Theorem 3.2 between a incom-
plete array with s symbols and a design (V,B) with s subdesigns replacing the
symbol s + 1 of a balanced array in Theorem 3.2 to blank. Then, every row of
the incomplete array has exactly d blanks if and only if any point z € V is con-
tained in exactly b — d blocks of B. Futhermore, it is obvious that two conditions
C(t,d) and L(t,d) are equivalent for every d € W;. Then u(x) = n¢(d) holds
for a t-dimensional vector x containing each symbol ¢ € § in d; positions, where

d = (di,ds,...,d,). 0

In the case t = 2, we have W = {e; + ej;1,j = 1,2,...,s}. Hence Theorem

4.1 yields:

Corollary 4.2. A BIA,(2,s,d;v) is equivalent to a design (V,B) with s sub-
designs satisfying the conditions:
(i) for any point x € V, z is contained in ezactly b— d blocks of B,
(ii) each subdesign (V,B(Y) is a pairwise balanced design Sx(2, K;v) such that
A = m2(2e:),
(iii) for any distinct points z,y € V, the number of blocks B = {B(); B®,
B©®} € B such that z € BY and y € BY is my(e; + ¢;),
where b = |B| and B denotes the i th subblock of B € B.

In order to construct a BIA,(2,s,d;v), we apply a pairwise balanced design
instead of an (r, A)-design to the constructions given in Theorems 3.3 and 3.4 and

to satisfy the condition (i) of Corollary 4.2, we add some blocks containing only

one point.

Theorem 4.3. If t.hcre ezists & M,(2, s;v) with the set of block sizes K and if

there exist pairwise balanced designs Sy (2, K';v') for allv' in K, then there ezists

a BIA,(2,s,d;v) such that

,u([‘t_]]) = /\'ﬂz(ei"'ej), 2,] =1,2,...,s,

for a suitable d.



Theorem 4.4 - If there exzists a My(2, s;v) with the set of block sizes K and
if there ezist pairwise balanced designs S1(2,K';v') for some v' in K, then there

ezists a BIA,(2,s,d;v) such that

ﬂ([ij])=772(ei+ej), 1').7 =112:---13a
for a suitable d. |

Note that a BIA,(2,s,d;v) constructed by Gill [3] is always a balanced array of
strength 2 with s + 1 symbols.
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Abstract

A locally hamming graph is an undirected simple graph locally
isomorphic to a hamming scheme. It was known that every locally
hamming graph has a covering which is a hamming scheme. This
paper proves the universality of this covering, through which we ob-
tain 1-to-1 correspondence of Galois type between conjugate classes
of discrete subgroups of the automorphic group of the r-dimensional
hamming scheme and isomorphic classes of r-dimensional locally ham-
ming graphs, analogously to the case of a Riemann surface and its
fundamental group.

1 Locally Hamming Graphs and Coverings

In this paper all graphs are undirected, simple, and connected. For a graph
G, V(G) denotes the vertex set and E(G) denotes the edge set of G. For
a finite set V,, #(V') denotes the cardinality of V. By H(r) we denote the
r-dimensional hamming scheme for r > 1; that is, H(r) is such a graph
that its vertex set is the vector space F} and u,v € F} are adjacent if and
only if the hamming distance d(u,v) = 1; i.e., #{i | u; # v;} = 1 where
u = (u1,...,%) and v = (vq,...,v,).

Let us call H(3) a cubic, and the graph shown in the next figure a tulip
with petals p,q, 7.

pqr



A connected graph G is said to be locally hamming if it satisfies:

1. G has no triangle.

2. For u,v € V(G) satisfying d(u,v) = 2, the span of  and v is a
quadrilateral; in other words, there exist exactly two vertices adjacent
to both u and ».

3. Let T be a subgraph of G isomorphic to a tulip with petals p,q,r.
Then there exists a vertex z € V(G) adjacent to all p,q, and . (The
uniqueness of z follows from the condition 2.)

It ean easily be proved that H(r) with r > 3 is a locally hamming
graph, and that a distance regular graph with parameters a; = 0, a; = 0,
¢z = 2, and c3 = 3 (see [1] for the definition of a distance regular graph
and its parameters) is also a locally hamming graph (see [5][7]). Recently,
a comprehensive book on this material is also published[4].

A mapping f : V(G) — V(H) is a morphism f : G — H if wv € E(G)
implies f(u)f(v) € E(H). A morphism f : G — H is a locally injection
(or locally isomorphism) if for every v € V(G), fln() : N(v) = N(f(v)) is
injective (resp. bijective), where N(v) denotes the set of vertices adjacent
to v. A morphism f is a covering if it is locally isomorphic and surjective
as a mapping V(G) — V(H).

Proposition 1. (Existence of a prolongation and its uniqueness.)

Let G be a locally hamming graph, and « be a vertex of G. Let H(r) be the r-
dimensional hamming scheme, and v be a vertex of H(r). Given an injection
g : N(v) — N(u), there exists a unique locally injection f : H(r) — G such
that f(v) = v and f|n() = 9-

This proposition and even its generalization were already proved in [3][5][7]
somewhat implicitly as for uniqueness. So, this paper provides only a sketch
of proof to lessen the readers’ effort.

Sketch of proof. Put H; := {zx € V(H(r)) | d(z,v) = i} for i =
0,1,--.,7. We construct locally injections

f,‘!<HQUH1U"'UH{>—>G

with fi|n(s) = g by induction on ¢. (Here <> denotes the induced subgraph.)
i = 1. Clearly f|m, = g gives the unique solution.



i = 2. Let z € Hy. Then there exist 2,22 € Hy such that z,z,z2z are
edges. Condition 2 in the definition of locally hamming graphs assures that
there exists a unique y € V(G) such that both fi(z1)y and fi(22)y are edges
in G. Clearly f2(z) must coincide with y, and this provides the unique f;.
Locally injectiveness follows by a straightforward argument using Conditions
1 and 2. )

i > 3. Let z € H;, then there exist exactly ¢ vertices in H;_; adjacent to
z. We denote these vertices by z1,...,z;. There is an 2’ € H;_, adjacent
to both z; and z2. Then Condition 2 assures the existence of a unique
y € V(G), y # ', which is adjacent to both fi_i(z1) and fi_1(x2). The
vertex f;(x) must coincide with y, and the uniqueness follows. For existence,
well-definedness and locally injectiveness of f; must be proved. For well-
definedness, it is enough to prove that even if we choose z2 and z3 in place
of 1 and z,, we obtain the same y above. Clearly a tulip with petals z,
z2, and 23 is contained in < H;_3U H;o2 U H;_1 >. By locally injectiveness
of f;_1, this tulip is isomorphically mapped into G, and Condition 3 asserts
that the existence of unique z which is adjacent to all of fi_1(z1), fi—1(22),
and f;_1(z3). It follows from Condition 2 that the above defined y coincides
with this z independently of the choice of two of z, 2, and z3. Locally
injectiveness straightforwardly follows from Condition 2. m

Corollary 1. If G is a locally hamming graph, G is regular.

Proof. Letr be the maximum degree of G and take u € G with deg(u) = r.
Take the locally injection f of the proposition. The image of f in G is an
r-regular subgraph of G, and the connectedness of G implies that the image
equals G. =

We call this r the dimension of G. It is clear that f in this proof is
a covering. From now on, r is fixed; i.e., we consider only r-dimensional
locally hamming graphs. Accordingly, locally injectiveness implies locally
isomorphism and surjectiveness; that is, coveringness.

Corollary 2. (Universality of f: H(r) — G)

Let f : H(r) — G be the above covering, H be an r-dimensional locally
hamming graph, and kh : H — G be a covering. Let w be a vertex of G, and
take v € f~1(w) C V(H(r)) and v € h~'(w) C V(H), arbitrarily. Then,
there exists a unique covering k : H(r) — H such that f = hk and k(v) = u.



Proof. Set G':= H and ¢’ := (h|n()) "t o (f|n(v)) and apply the propo-
sition for (G',u,H(r),v,g'). Then we get f’' : H(r) — G' = H such that
f'(v) = vand f'|N(v) = ¢'. Let k be f'. Then, (hok)|n(,) = | neuy okl n(w) =
h|N()© 9" = fln(v) implies hok = f by uniqueness. The uniqueness of such
k follows from the fact that k|n(,) must be ¢’. m

Corollary 3. (Uniqueness Theorem)
Letg,h : H — G be two coverings of locally hamming graphs. If g| N@U{u} =
h|N(uyu{uy for some u € H, then g = h.

Proof. Take a covering f : H(r) — H, and take a v € f~!(u). Then
9fIN@ug} = AfIN(w)uiv}s and consequently, we have gf = hf by Proposi-
tion 1, and since f is a surjection, we have g = h. m

Let h: H — G be a covering. For u € G, the set h~1(u) is called the fiber
on u. The Galois group Gal(H/G) of the covering h : H — G is defined to
be {y € Aut(H) | h oy = h}. It is obvious that if v € V(H) is a vertex in
the fiber on , then yv is again in the same fiber for any v € Gal(H/G); i.e.,
Gal(H/G) acts on every fiber. This action is easily proved to be faithful as
follows. Suppose that v € Gal(H/G) satisfies y(v) = v for some v € V(H).
If 7|n(w) # id, then there exists s € N(v) such that y(s) # s, and since
hy(s) = h(s), h is not locally injective. Thus, ¥|x(,) = id holds, and v = id
follows from Corollary 3.

A covering h : H — G is said to be Galois if Gal(H/QG) transitively acts
on every fiber. This is an analogue of the Galois covering in the algebraic
geometry[6].

Corollary 4. The universal covering f : H(r) — G is Galois.

Proof. This is a special case of Corollary 2 where H = H(r). Note that a
covering h : H — K is an isomorphism if #(V(H)) = #(V(K)).
2 Galois Groups

Let H be a locally hamming graph, and let T' be a subgroup of Aut(H). We
define a graph H/T', which contains no multi-edges but may contain loops,
and obtain a canonical projection f : H — H/T. The vertex set of H/T is



{Tu | v € H}, where T'u = {yu | v € T'}, and T'u is adjacent to I'v in H/T
if and only if there exists a v € I' such that yu is adjacent to v in H. The
canonical projection f is defined by f : u — I'u. We define the discreteness
dr of T by

min{d(u,yu) |y € T,y #id,u € V(H)},

where d denotes the usual distance in the graph H. As usual, d;qy is defined
to be oo.

Proposition 2. For a locally hamming graph H and a subgroup I' of
Aut(H), H/T is a locally hamming graph if and only if dr > 5. In this case,
the canonical projection is a covering,.

Proof. First, we prove the sufficiency. H/I' contains a loop if and only if
there exist two adjacent vertices s,t € T'u for some v € V(H). This implies
vs = t for some v € T'; that is, dr < 1. For the check of Conditions 1, 2,
and 3, we use the next lemma.

Lemma 1. Let I'zy,Tzo,...,I'z; be a walk in H/T; ie., I'z; is adjacent
to T'zj4q for j = 1,2,...,¢ — 1. Then, there exist z,...,2; such that
Iz} =Tz; for j = 2,...,i and that z1,23,...,2] is a walk in H. Moreover,
if T'z; = Tzq, dr, and i > 5, then z! = z;.

Proof. Since I'z; is adjacent to I'z,, there exists an z5 € I'zy adjacent to
z1. Thus, the existence of zs is obvious. Suppose that I'z; = I'z;, that
i < 5, and that 2} # z1. Then, since 21,25,...,2} is a path, d(z,2}) <
t—1 < 4. Since z} is in T'z; = Tzy, 2} = vz, for some v € T, and
consequently d(z1,vz1) < 4, which is a contradiction. m

Check of Condition 1. Suppose that H/T contains a triangle; in other
words, that 7 = 3 holds in the latter half of Lemma 1. Then, Lemma 1
asserts that the triangle can be lifted up into H, a contradiction.

Check of Condition 2. Suppose that I'u,T'w,T'v is a path of length 2.
Then, by Lemma 1, we may assume that uwv is also a path, by retaking w
and v. Then, there exists an z such that < u,w, v,z > is a quadrilateral. It is
easy to see that < I'u,I'w,T'v,I'z > is a quadrilateral. Suppose that all dis-
tinct T'u,I'v, Tw, Tz, 'y satisfy the condition that both < I'u,Tw,IT'v,I'z >



and < T'uw,T'w,T'v,T'y > are quadrilaterals in H/T'. Apply Lemma 1 on
the < T'u,I'w,T'v,Tz >, we get w’, v/, and 2’ so that < u,w’,v',2’ > is a
quadrilateral in H. Similarly we have y’ so that < u,w’,v’,y’ > is a quadri-
lateral in H, and since H is a locally hamming graph, &’ = ¢’ holds; that is,
I'z = Tz’ = T'y’ = I'y. This completes the check of Condition 2.

Check of Condition 3. Let T be a tulip in H/T. Using Lemma 1 on the
three quadrilaterals in T', we can lift 7" up into H. Then, the existence of
a vertex adjacent to all petals of T in H assures the existence of the one in
H/T'. This completes the proof of sufficiency.

For the necessity, it is enough to check the following easy statements. If
dr = 0, then there exists a v # id such that 4(u) = u. It follows from the
r-regularity of H/T that 4] N(u) must be the identity function, and 7 = id
follows from the uniqueness theorem. If dr = 1, then H/T contains a loop. If
dr = 2, then H/T is not r-regular. If dr = 3, then H/T contains a triangle.
If dr = 4, then H/T does not satisfy the uniqueness in Condition 2. m

If dr > 5, we call T a discrete subgroup of Aut(H).

Lemma 2. Let I be a discrete subgroup of Aut(H). Then the canonical
projection f: H — H/T is Galois with Gal(H/(H/T)) =T.

Proof. Straightforward.

Lemma 3. Let G and H be locally hamming graphs and let f: H — G
be a covering. Then there exists a unique covering h : H/Gal(H/G) — G
such that H — H/Gal(H/G) — G coincides with f. This covering h is an
isomorphism if and only if f : H — G is Galois.

Proof. The covering h is defined by h : Gal(H/G)u — fu. The uniqueness
follows from the surjectiveness of H — H/Gal(H/G). It is an isomorphism
if and onmly if it is injective on the vertex sets; i.e., f(u) = f(v) implies
Gal(H/G)u = Gal(H/G)v. This is equivalent to saying that Gal(H/G)
transitively acts on every fibers; i.e., that f: H — G is Galois. m



The Galois correspondence between coverings and discrete subgroups is
as usual best described in terms of categorical framework. Let f: H — G
be a Galois covering between two locally hamming graphs. We define a
category Sub(H/G) as follows. Its object set is the set of intermediate
covering between H and Gj that is, {< k,K,¢>|k: H - K,g: K — G :
coverings such that f = gk}. Its arrow | :< k,K,g >—>< kK, K',¢' > is a
covering [ : K — K' satisfying k¥’ = lk (and consequently g = ¢'l). Another
category Gal(H/G) is defined as follows. Its object set is the set of subgroups
of Gal(H/G). For I',I' € Gal(H /| G), there exists at most one arrow I' — I,
and it exists if and only if ' C ¢I'o~! for some o € Gal(H/G). Obviously
T and T are isomorphic in Gal(H /@) if and only if they are conjugate.

Theorem 1. For a Galois covering f : H — G, Sub(H /G) is categorically
equivalent to Gal(H /G) by

Sub(H/G) = Gal(H/G)
<hKk> — Gal(H/K)
HT T.

Moreover, the covering k : H — G is Galois if and only if Gal(H/K) is a
normal subgroup of Gal(H/G), and in this case we have a canonical isomor-
phism Gal(K/G) = Gal(H/G)/Gal(H/ K).

We have another similar correspondence. For a locally hamming graph
H, the category Sub(H) is defined by: (i) the object set is {< ¢,G >| ¢ :
H — G : a Galois covering}, (ii) an arrow h :< ¢,G >—< ¢/,G’' > is a
covering h : G — G’ with ¢’ = gh. Also, the category Daut(H) is defined by
(i) the objects are the discrete subgroups of Aut(H), (ii) there exists exactly
one arrow I' — I if T' is contained in some conjugate of IV in Aut(H), and
none exists otherwise.

Theorem 2. Let H be a locally hamming graph. Then, the categories
Sub(H) and Daut(H) are categorically equivalent by

Sub(H) = Daut(H)
<9,G> — Gal(H/G)
H/T

T.



We can prove the above two theorems in exactly the same way with the
case of Galois coverings in algebraic geometry (see [6]). The proofs are
straightforward in the presence of Corollaries 1-4 of Proposition 1, Proposi-
tion 2, and Lemmas 2 and 3, and left to the readers as easy exercises, One
may need an easy fact that if gh is a Galois covering then A is also. By
setting H := H(r) in Theorem 2, we have the next corollary.

Corollary 1. The isomorphic classes of r-dimensional hamming graphs are

in 1-to-1 correspondence with the conjugate classes of discrete subgroups of
Aut(H(r)).

Thus, the classification problem of locally hamming graphs is reduced
to the one of discrete subgroups of Aut(H(r)). For an r-dimensional lo-
cally hamming graph G, the fundamental group m1(G) of G is defined to
be Gal(H(r)/G) by taking a covering H(r) — G. In the next section, the
structure of Aut(H(r)) is analyzed and examples of discrete subgroups are
stated.

Remark. Any r-dimensional locally hamming graph G has a Galois cov-
ering f : H(r) — G. For any u € V(G), m(G) & Gal(H(r)/G) transitively
and faithfully acts on every fiber f~'(u), and consequently #(f~(u)) =
#(m(G)). Since 27 = #(V(H(N)) = Tuevie #(F(w) = #(V(G)) x
#(m1(G)), we have that both #(V(G)) and #(71(G)) are power of 2. It
follows that every group appeared so far is a 2-group.

3 Examples

Proposition 2. (The structure of Aut(H(r)))
The group Aut(H(r)) is isomorphic to the wreath product FowrS,.

Proof. The wreath product FowrS, is by definition (i) as a set, it is S, xF%,
where S, is considered as the group of permutation matrices of size r over
F,, (ii) the operation - is defined by < 0,d > - < o/, d' >=< 00',0d' + d >
for 0,0’ € §; and d,d' € F}.

We construct a homomorphism @ : FowrS, — Aut(H(r)) by < 0,d >~
¢ ¢(z) = 0z +d for any z € Fj. It is easy to show that ¢ is in fact
in Aut(H(r)). The kernel of ® is easily proved to be {id}. To prove the
surjectiveness, take an arbitrary 7 € Aut(H(r)). Put d := (0) and define

— 20 — =



o € S, so that o(e;) = y(e;) — ¥(0) holds, where e; denotes the i-th unit
vector whose components are all zero except for the i-th. We can easily
check that ®(< a,d >)|n(ouio} = VIN(Oui0}s 2nd B(< 0,d >) = 7 follows
from Uniqueness Theorem. m

From now on, we identify Aut(H(r)) with FowrS;, and denote any ele-
ment in Aut(H(r)) in the form of 6z + d. In case that o = id, it is denoted
by d. In the rest of this section, we enumerate some examples of discrete
subgraph I' C Aut(H(r)).

Example 1. Distance-regular case.

T =< 1 >, where 1 is the vector whose entries are all 1, and <> denotes
the generated group. I is discrete if and only if » > 5. It is known that
H(r)/T is a distance-regular graph. The next conjecture is a paraphrase of
a well-known conjecture.

Conjecture. If H(r)/T is a locally hamming distance-regular graph, then
F'=<1>andr>5 orI'={id}.

Rifa[5] and Nomura[7] settled some special cases of this conjecture using
code theory. For the relation between completely regular codes and distance-
regular graphs, see [3].

Example 2. Linear codes. Suppose that I' =< dy,ds,...,d; >. In this
case, we can identify ' with a subspace in F'5. A vector space V' C F} is said
to be k-error correcting linear code if min{d(u,v) | u,v € V,u # v} = 2k +1.
Thus, I is discrete if and only if I is a 2-error correcting linear code. (There
are many kinds of such codes. See [2].)

Example 3. The case m1(G) is non-abelian. Suppose that I' C Aut(H(r)),
and let s be a positive integer. Then, it is clear that the s-ary cartesian
products of ', I X I' X -+ x I, acts on H(r x s), for a positive integer s.
Take the diagonal subgroup A of T' x --- x I'. It is isomorphic to T, and
clearly da = s - dr holds. Thus, if one has a ' with dr > 0; in other words,
aI' C Aut(H(r)) which has no fixed point, then there is a A C Aut(H(5r))
such that ' ® A and that H(5r)/A is a locally hamming graph. Let Dg
be the group generated by a,b satisfying the equation ba = a3b; i.e., the
fourth dihedral group. This is the smallest non-abelian 2-group. It is clear



that Dsg is isomorphic to Aut(H(2)) and acts on H (2) or F2. Let Dg act
on H(3) or F3 = F @ F; by setting 0+ < d, s >:=< o - d s+51gn(a) > for
o € Dg, d E F}, and s € Fy, where SJgn(o) is defined to be 0 if ¢ = id,
a, a2, or a®, and to be 1 otherwise. With no difficulty we can check that
Dg is in fact a subgroup of Aut(H(3)) without fixed point. Thus, there is a
A C Aut(H(15)) isomorphic to Dg such that H(15)/A is a loca]ly hamming
graph.
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Products of Hadamard Matrices, Williamson
| Matrices
» and -
Other Orthogonal Matrices using
M-Structures

Jennifer Seberry* and Mieko Yamadaj

Abstract

The new concept of M-structures is used to unify and generalize a
number of concepts in Hadamard matrices including:Williamson matri-
ces, Goethals-Seidel matrices, Wallis-Whiteman matrices and general-
ized quaternion matrices. The concept is used to find many new sym-
metric Williamson-type matrices, both in sets of four and eight, and
many new Hadamard matrices. We give as corollaries “that the exis-
tence of Hadamard matrices of orders 4g and 4k implies the existence
of an Hadamard matrix of order 8gh” and “the existence of Williamson
type matrices of orders v and v implies the existence of Williamson type
matrices of order 2uv”. This work generalizes and utilizes the work of
Masahiko Miyamoto and Mieko Yamada. Lists of odd orders < 1000 for
which Hadamard and Williamson type matrices are known are given.

1 Definitions and Introduction

For the definitions used in this paper, and for detailed proofs, we refer the reader
to [47].

2 M-structures

An orthogonal matrix of order 4t can be divided into sixteen (16) ¢ x ¢ blocks
M;;. This partitioned matrix is said to be an M-structure. If the orthogonal
matrix can be partitioned into sixty-four (64) s x s blocks M;; it will be called
a 64 block M-structure.



An Hadamard matrix made from (symmetric) Williamson matrices Wy, Wa,
Ws, Wy is an M-structure with

W1 = M1 = Mag = Maz = My,
Wa = M3 = —May = M3q = — Mg,
W3 = M3 =—M3z, = —Mag = My, and
Wa= My = —My) = Maz = —Ma,.

An Hadamard matrix made from four (4) circulant (or type 1) matrices A;, A,
Az, A4 of order n, where R is the matrix which makes all the A; R back-circulant
(or type 2), is an M-structure with

Ay =My = Maz = M3z = My,,
Ay = M,R = —MnR = RMJ, = —RMJ,
A3 = M13R = —M31R = —RM;;’; = RM;-';, and
A4 = M14R = —-M41R = RM;}; = —RM;:;S

The next theorem and corollary are easy to prove using M-structures.

Theorem 1. Suppose there are T-matrices of order t. Further suppose there is
an OD(4s;uy,...,u,) constructed of sixteen circulant (or type 1) s x s blocks on
the variables 1, ...,2,. Then there is an OD(4st;tuy,...,tu,). In particular
if there is an OD(4s;s,s, s, s) constructed of sixteen circulant (or type 1) s x s
blocks then there is an OD(4st; st, st, st, st).

Corollary 2 Suppose the T-matrices are of order t. Then there are orthogonal
designs OD(20¢; 5t, 5¢, 5t, 5t) and OD(36¢; 9¢, 9¢,9¢, 9t).

Conjecture 3 There exists an OD(4¢;t,1,t,t) for every positive integer t.

We also conjecture

Conjecture 4 There exists an M-structure OD(4t;t,t,t,t) for every t = 1
(mod 4) comprising sixteen circulant or type 1 blocks.”

3 Some properties of certain amicable
orthogonal matrices

We use the following three lemmas proved in [47].



Lemma 5 Suppose there exist two amicable (0,+1, —1) matrices U, V' of order
u satisfying UUT + VVT = (2u — 1)I. Then there exist matrices A, B, D of

order u satisfying

AAT + BBT = BTB+ DTD = (2u— 1)I
AT = (=1)}-D4, DT = (-1)3-VD,

where A and D have zero diagonal.

Lemma 6 Let g+ 1 be the order of a conference matrix. Then there exist four
matrices Cy, Cy, Cs, Cy, of order (g — 1) satisfying

C,CT + C,CT = C5CT + C4CF = qI - 2J,
ecg’=eciir=e) ng:ng=0:

C’1C§—Czc§'=0, C/]:.P=CY1: C(I=C4) cg":CZ)

where e is the 1x 3(¢—1) matrix of ones, Cy and C4 have zero diagonal elements
41, Cy and C, have elements £1.

Lemma 7 Suppose there exist two amicable (0,+1,—1) matricesU, V of order
u satisfying UUT 4+ VV7T = (2u—1)I. Further suppose U has zero diagonal and
U, V have other elements +1 or —1. Then there exist matrices A, B of order
u — 1 satisfying

AAT + BBT = (2u — 1)Iy_1 ~ 2Jy_1,
eAT =e, eBT =0, ABT =BAT,

where A has one zero element per row and column and the other entries of A
and B are +1. Further if U and V are symmetric (or skew-type respectively)
then A and B are symmetric (or skew-type respectively).

Furthermore if U and V satisfy UUT + VVT = 2ul (U, V are (1,-1)
matrices), u even, then there exist matrices A, B of order u — 1, with entries
+1, satisfying

AAT + BBT = 2ul,_; — 2Jy_1,
eAT =e, eBT =e¢, ABT =BAT, .

and if U and V are symmetric (or skew-type respectively) then A and B are
symmetric (or skew-type respectively).

4 A multiplication Theorem using M-structures
Theorem 8 Let N = (Ny;), ¢, = 1,2,3,4 be an Hadamard matrix of order

4n of M-structure. Further let Tj;, 1,5 = 1,2,3,4 be 16 (0,+1,-1) type 1 or
circulant matrices of order t which satisfy



() Tij *Tix = 0, Tjs x Tri = 0, § # k, (* the Hadamard product)

(i) Sper Tix is a (1, —1) matrix, (1)
(i) Sy TaTh =th = Yb_, TiTE,
(iv) Thor TaTh =0= Y5, TuTT, i # j.

Then there is an M-structure Hadamard matrix of order 4nt.

Corollary 9 If there exists an Hadamard matrix of order 4h and an orthogonal
design OD(4u;u,, ug, u3, us), then an OD(8hu;2huy, 2huy, 2hus, 2huy) exists. .

Corollary 10 If there exists an Hadamard matrix of order 4h and an orthogo-
nal design OD(4u;u, u,u,u), then there exists an OD(8hu; 2hu, 2hu, 2hu, 2hu).

This gives the theorem of Agayan and Sarukhanyan [2] as a corollary by
setting all variables equal to one:

Corollary 11 If there exists Hadamard matrices of orders 4h and 4u thenb there
exists an Hadamard matrix of order 8hu.

We now give as a corollary a result, motivated by, and a little stronger than
that of Agayan and Sarukhanyan [2]:

Corollary 12 Suppose there are Williamson or Williamson type matrices of
orders u and v. Then there are Williamson type matrices of order 2uv.

If the matrices of orders u and v are symmetric the matrices of order 2uv
are also symmetric.

If the matrices of orders u and v are circulant and/or type 1 the matrices of
order 2uv are type 1.

5 Miyamoto’s Theorem and Corollaries
via M-structures

We reformulate Miyamoto’s results so that symmetric Williamson-type matrices
can be obtained.

Lemma 13 (Miyamoto’s Lemma Reformulated) LetU;, V;, 4,5 = 1,2,3,4
be (0,41, —1) matrices of order n which satisfy

(i) Us, Uj, i # j are pairwise amicable,

(ii) Vi, Vi, i # j are pairwise amicable,



(iii) U; £V;, (+1,-1) matrices, i = 1,2, 3,4,
(iv) the row sum of Uy is 1, and the row sum of Uj, i = 2,3,4 is zero,

(v) S U =(@n+1)I-2J, i, ViVE = (@n+ 1)1

Then there are 4 Williamson type matrices of order 2n + 1. If U; and V;
are symmetric, i = 1,2,3,4 then the Williamson-type matrices are symmetric.
Hence there is a Williamson type Hadamard matrix of order 4(2n +1).

Corollary 14 Letg=1 (mod 4) be a prime power then there are symmetric
Williamson type matrices of order q + 2 whenever 2(q + 1) is a prime power or
'2(q + 3) is the order of a symmetric conference matrix. Also there exists an
Hadamard matrix of Williamson type of order 4(q + 2).

Remark 15 Some of the results in Corollary 14 are also due to A.L. Whiteman
[35]. This gives symmetric Williamson-type matrices of orders

7 11 15 19 27 39 51 55 63 75

83 91 99 123 159 195 243 279 315 339
363 399 423 451 459 543 579 615 627 663
675 735 759 843 879 883 999 1095 1155 1203
1215 1239 1251 1323 1383 1455 1623 1659 1683 1755
1875 1935 1995 '

(since Mathon found conference matrices of orders 46 and 442). Almost all
these, with symmetry, are new though Miyamoto [12] has found Williamson-
type matrices for these orders and hence Hadamard matrices for four times
these orders.

Koukouvinos and Kounias [10] have shown there are no circulant symmet-
ric Williamson matrices of order 39 but here a symmetric but not circulant
Williamson matrix of order 39 is given.

Corollary 16 Let =1 (mod 4) be a prime powér. Then

(i) if there are Williamson type matrices of order (¢ —1)/4 or an Hadamard
matrix of order %(q — 1) there exist Williamson type matrices of order ¢;

(ii) if there exist symmetric conference matrices of order (g — 1) or a sym-
metric Hadamard matrix of order 2(q — 1) then there exist symmetric
Williamson type matrices of order q.

Hence there exists an Hadamard matrix of Williamson type of order 4q.



Remark 17 Part (i) of Corollary 16 for Williamson matrices of order (g—-1)/4
was found by Miyamoto [12]. Part (i) with Hadamard matrices of order 1(g-1)
is new. Part (ii) with symmetry is new.

Corollary 16 (ii) gives symmetric Williamson-type matrices of order ¢ when
¢=1 (mod 4)is aprime power and %—(q— 1) is the order of a symmetric confer-
ence matrix. This gives symmetric Williamson-type matrices for the following
orders:

13 29 37 83 . 61 101 109 125 149 181
197 229 277 317 349 389 397 461 541 557
677 701 709 797 821 1021 1061 1117 1229 1237

1549 1597 1621 1709 1861 1877 1997

Corollary 16 part (ii) gives symmetric Williamson-type matrices of order ¢
when ¢ = 1 (mod 4) is a prime power and %(q — 1) is the order of a sym-
metric Hadamard matrix. Rembering that symmetric Hadamard matrices exist
for orders p+ 1 when p = 3 (mod 4) is a prime power we have symmetric
Williamson-type matrices for the following orders:

5 9 17 25 41 49 73 81 89 g7
113 121 169 193 241 257 281 289 337 353
361 401 409 433 449 457 529 569 577 593
601 617 625 641 673 729 761 769 841 881
929 937 961 977 1009 1033 1049 1097 1129 1153

1201 1217 1249 1289 1297 1321 1361 1369 1409 1481
1489 1553 1601 1609 1657 1681 1697 1721 1777 1801
1849 1873

Corollary 16 part (i) gives Williamson-type matrices of order ¢ when ¢ = 1
(mod 4) is a prime power and 3(g¢ — 1) is the order of an Hadamard matrix.
This gives Williamson-type matrices for the following orders not given above:

137 233 313 521 809 953 1193 1753 1889 1993

Corollary 16 part (i) gives Williamson-type matrices of order ¢ when ¢ = 1
(mod 4) is a prime power and (g—1)/4 is the order of Williamson-type matrices.
This result is also due to Miyamoto [12]. This gives Williamson-type matrices
for the following orders:

157 173 293 373 613 757 757 773 1109 1301
1453 1493 1637 1693 1733 1741

Corollary 18 Let ¢ =1 (mod 4) be a prime power or ¢ + 1 the order of a
symmetric conference matrix. Let 2¢ — 1 be a prime power. Then there exist



symmetric Williamson type matrices of order 2q + 1 and an Hadamard matrix
of Williamson type of order 4(2q + 1).

Remark 19 Corollary 18 is satisfied for the appropriate primes or conference
matrix orders to give symmetric Williamson-type matrices for the following
orders:

11 19 27 51 75 83 91 99 123 195
243 315 339 363 451 459 579 62T 675 843
883 1155 1203 1251 1323 1659 1683 1755 1875 1995

2019 2139 2403 2475 2595 2859 3043 3219 3315 3363
3483 3699 3723

Note this last corollary is a modified version of Miyamoto’s Corollary 5
(original manuscript). A new proof of Miyamoto’s result, preserving symmetry,
gives:

Corollary 20 Let ¢ =5 (mod 8) be a prime power. Further let 3(q — 3) be
a prime power or -;-(q — 1) be the order of a symmetric conference matrix then
there exist symmetric Williamson type matrices of order ¢ and an Hadamard
matrix of Williamson type of order 4q.

Theorem 21 (Miyamoto’s Theorem Reformulated) Let Uj;, Vij, i, =
1,2,3,4 be (0,+1,—1) matrices of order n which satisfy

(1) Ui, Ukj, i # j are pairwise amicable, k = 1,2, 3,4,

(ii) Vai, Vaj, i # j are pairwise amicable, k = 1,2, 3,4,

(iii) Uri = Vii, (+1,—1) matrices, i,k = 1,2,3,4,

(iv) the row sum of U;; is 1, and the row sum ofU;j is zero,i # j, 1,7 = 1,2,3,4,

(v) Tiey UnUf = @n4+DI-2J, Y5, ViVE=(@n+1)I, j§=1,23,4,
(V) T UpUk =0, Ti ViV =0,i#kj,k=1234.

If conditions (i) to (v) hold, there are four Williamson matrices type of
order 2n + 1 and thus a Williamson type Hadamard matrix of order 4(2n + 1).
Furthermore if the matrices Uy; and Vi; are symmetric for all i,j = 1,2, 3,4 the
Williamson matrices obtained of order 2n + 1 are also symmetric.

If conditons (iii) to (vi) hold, there is an M-structure Hadamard matrix of
order 4(2n + 1).
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We note that the following always holds as it is just a case of Miyamoto’s
Lemma Reformulated:

4
> 8iSE; = 4(2n + 1) Izn — 472 (2)
i=1

In all cases though assumption (vi) assures us that

4
ESkiSﬁ =0, j#k (3)
i=1

Note that if we write our M-structure from the theorem as

-1 1 1 -1 -e e e e

1 -1 1 -1 e -e e e

1 1 -1 -1 e e -e e

1 1 1 1 -e -e -e e
-—eT eT eT eT 511 512 513 514
eT ——eT eT eT 521 522 523 524
e e €T T 83 Sia2 Saz Saa
—eT —eT ——eT eT 541 542 543 544

and we can see Yamada’s matrix with trimming [46] or the J. Wallis-Whiteman
[30] matrix with a border embodied in the construction.

Corollary 22 Suppose there exists a symmetric conference matrix of order
g+ 1 = 4¢ + 2 and an Hadamard matrix of order 4t = q — 1. Then there is
an Hadamard matrix with M-structure of order 4(4t 4+ 1) = 4q. Further if the
Hadamard matrix is symmetric the Hadamard matrix of order 4q is of the form

[X Y]’

-Y X

where X,Y are amicable and symmetric.



We note that complex Hadamard matrices of order n =2 (mod 4) do exist
when symmetric conference matrices cannot exist (see [22, Chapter VIJ). These
complex Hadamard matrices may be written as K = X +14Y where KK* = klj
(* the Hermitian conjugate).

Hence we have

Corollary 23 Let ¢ = 4f + 1 be a prime power. Suppose there is a complex
Hadamard matrix of order 2f. Then there is an Hadama:rd matrix of order

4(4f +1).

Note complex Hadamard matrices exist for orders 22, 34, 58, 86, 306, 650,
870, 1046, 2450, 3782, ..., for which either a symmetric conference matrix
cannot exist or is not known. None of these orders give new Hadamard matrices.

6 Using 64 Block M-structures

In a similar fashion, we consider the following lemma so symmetric 8-Williamson-
type matrices can be obtained.

Lemma 24 Let U;, V;, i,j=1,...,8 be (0,+1,-1) ‘matrices of order n which
satisfy

(i) U;, U;, i # j are pairwise amicable,
(ii) Vi, V;, i # j are pairwise amicable,
(iii) U; £ V;, (+1,—1) matrices, i =1,...,8,
(iv) the row(column) sums of Uy and U, are both 1, and the row sum of U;,
t=23,...,8 is zero,
(v) T2 UUT =20+ 1)I—4J, Y5, ViV =2(2n + 1)L
Then there are 8-Williamson type matrices of order 2n + 1. Furthermore, if the

U; and V; are symmetric, i =1,...,8, then the 8-Williamson type matrices are
symmetric. Hence there is a block type Hadamard matrix of order 8(2n + 1).

Corollary 25 Let q + 1 be the order of amicable Hadamard matrices I + S
and P. Suppose there exist 4 Williamson type matrices of order q. Then there
exist Williamson type matrices of order 2q + 1. Furthermore there exists an
Hadamard matrix of block type of order 8(2¢ + 1).

Using the amicable Hadamard matrices given in [22] and [16, Table 1} we
get 8 Williamson type matrices for the following orders for which 4 Williamson
matrices are not known:



47, 111, 127, 167, 319, 487, 655, 831, ...
This gives new constructions for Hadamard matrices of orders 8.167 and
8.487.

Corollary 26 Let ¢ be a prime power and (¢ —1)/2 be the order of four (sym-
metric) Williamson type matrices. Then there exist (symmetric) 8-Williamson
type matrices of order ¢ and an Hadamard matrix of block structure of order
8q.

In particular we have 8-Williamson matrices for the following orders for
which no Williamson type matrices are known:
59, 67, 103, 107, 151, 163, 179, 227, 251, 283, 347, 463, 467, 523, 563, 571, 587,
631, 643, 823, 859, 919, 947, ...

This gives new Hadamard matrices or new constructions for Hadamard ma-
trices of orders 8.107, 8.163, 8.179, 8.251, 8.283, 8.347, 8.463, 8.523, 8.571, 8.631,
8.643, 8.823, 8.859, 8.919, 8.947, ... '

Corollary 27 Let ¢ =1 (mod 4) be a prime power or ¢ + 1 the order of a
symmetric conference matrix. Suppose there exist four (symmetric) Williamson
type matrices of order q. Then there exist (symmetric) 8-Williamson type ma-
trices of order 2¢ + 1 and an Hadamard matrix of block. structure of order
8(29+1).

This corollary gives 8 Williamson type matrices for the following new orders:
219, 275, 299, 395, 483, 515, 579, 635, 699, 707, 723, 779, 795, 803, 899, 915,
923, ...

It does not give new Hadamard matrices for these orders.

Corollary 28 Let ¢ = 9%, ¢t > 0. Now there exist four (symmetric) Williamson
type matrices of order 9*, t > 0. Hence there exist (symmetric) 8-Williamson
type matrices of order 2.9' + 1, ¢ > 0, and an Hadamard matrix of block
structure of order 8(2-9* + 1).

This gives symmetric 8-Williamson type matrices for the new order 163,
13123, ...
Also we have the following theorem:

Theorem 29 Let Uj;, V;j, 4,5 = 1,...,8 be (0,+1,—1) matrices of order n
which satisfy

(i) Uki, Uxj, i # j are pairwise amicable, k =1,...,8,
(ii) Vii, Vaj, i # j are pairwise amicable, k =1,...,8,



(1ii) Ugi & Vii, (+1,—1) matrices, i,k =1,...,8,

(iv) the row(column) sum of Uy is 1 for (a,b)e{(3,%), (2,7 + 1),(i + 1,9)},
i =1,3,5,7, the row(column) sum of U, is -1 for (a,a) = 2,4,6,8 and
otherwise, and the row(column) sum of Usj, i # j is zero,

(v) Tia UisUf = 2@n+ DI - 47, T, ViV =220+ )], j=1,...,8,
(i) T UsUE =0, o, ViVE =0, #k, 5, k=1,...,8.
If (iii) to (vi) hold, there is a 64 block M-structure Hadamard matrix of
order 8(2n +1).

Proof: Use

Xu-[_—;r -;;]’ X12=[__£r 5_:2], X13=[e]'}- 5:3]. X14=[e}r 5:4],

, X15=[e}r. Sis]’ X16=[e}r st], X17=[:7} Sz-/]’ X1s=[:'} Sjs]'
X21=[_—e}r ;:1], X22=[e}r 522]’ X23=[;r 523], X24=[__jr 5_21],
Xo5 = [ elr 5:5 » Xag= [ __}r ;; ] y Xa7= [ :7} S:7 ] »  Xog= [ _17' 572: ] )
Xay = [ c}r 5:1 »  Xag= [ c}r SZ; ] s Xaz= [ __e}r .;3; ]. X34 = [ _:}r _;:; ],
X35=[e]i- 525. ) X36=[e17- 5:6]. X37=[:'} S:-,]’ X38=[:7% 525]’
Sl EHS ERE S el P S e el E e P
X4 = [ e}r Sis »  Xsg= | __:T ;4: K Xyr= [ :% 5:7 ], Xeg= _tr ;4: ] '
Xs1= [ eg- S:1 K Xs2= F:&' s:2 ] y  Xsz= [ 817' st 4 y  Xsa= 817' S:4 IE
X55=[__e-1r _;51], X55=:___617~ S—;:, X57=[:7} 5:7]’ X53=[:7} 5:;3_’
X61=[e]:i‘ S;], X62=[_—e]§‘ _;6;:, X53=[e}1- 523:, X“::—-el" -;ei]’
e B C A B s S g



el (vl B SR Bl P B A e g |
] I P ) P e R
X31=[_¢'r ;:1 ,X82=[:7]" 522], X33=[_i,- S_s:]' Xs4=[:7% 5:4]’
Xss=[_er .S—';Z]’X"“:[:’} st]' Xs1=[elr 527], X88=[——3T ST;J’

Then provided conditions (i) to (v) hold and S%, = Sy, ¢ = 1,...,8 are
symmetric, X7;, i = 1,..., 8 are symmetric 8-Williamson type matrices. Other-
wise X7;, i = 1,...,8 are 8-Williamson type matrices. This can be verified by
straightforward checking. Hence there is an Hadamard matrix of block structure
of order 8(2n + 1). '

If conditions (iii) to (vi) hold then straightforward verification shows the 64
block M-structure X;; is an Hadamard matrix of order 8(2n + 1). a

Corollary 30 Let q be an odd prime power and suppose there exist Williamson-
type matrices of order %(q —1). Then there exists an M-structure Hadamard
matrix of order 8. ’

Remark 31 This corollary gives new Hadamard matrices of order 8¢ for ¢ =
179, 1087, 1283, 1327, 1619, 1907, 2099, 2459, 2579, 2647, ....

Corollary 32 Let¢=2m+1=9 (mod 16) be a prime power. Suppose there
are Williamson-type matrices of order q. Then there is 2 M-structure Hadamard
matrix of order 8(2¢ + 1).

The analogous Yamada-J. Wallis-Whiteman structure to Theorem 29 is:

-1 =1 1 1 1 1 «~1 =1 =—e¢ —e e e e e e e
-1 1 1 1 -1 1 -1 1 —-e e e —e e —e & —e
1 1 -1 -1 1 1 -1 -1 e e —e —e e e e e
1 -1 -1 1 1 -1 -1 1 e —e —e e e ~e e e
1 1 1 1 -1 -1 -1 -1 e e e e —e ~e e e
1 -1 1 -1 -1 1 -1 1 e —e e —e —e e e —e
1 1 1 1 1 1 1 1 - —& —€ —~¢ —e& —& € e
1 -1 1 -1 1 -1 1 =1 —-¢ e =& =—e & e —e e
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We can see Yamada’s matrix with trimming [46] or the J. Wallis-Whiteman
[30] matrix with a border embodied in the construction.
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Index of Williamson Matrices

This table contains odd integers ¢ < 40000 for which Williamson matrices
exist. The following legend gives the method of construction used

Key Method Explanation

wl {1,...,33,37,41,43}

w2 ?%1- p = 1(mod4) a prim_e power

w3 9¢ d a natural number

w4 ﬂ’gill p = 1(mod4) a prime power

w5 s(4s+3),s(4s—-1) se€{1,3,5,...,31}

w6 93 ’

w7 ﬁﬂl&i&_ll p=4f+1, f odd, is a prime power

of the form 1 + 4¢3,

-f-g-l is the order of a good matrix
w8 Q:-l-_lx‘;ﬂ)_ p=4f+1, f odd, is a prime power

of the form 25 + 442,

1?— is the order of a good matrix

w9 g(”;—ll p=4f+1is a prime power
and %1 is the order of a good matrix
w0 (p+2)(p+1) p = 1(mod4) a prime power,

p + 3 is the order of a
symmetric Hadamard matrix
wa M’éﬂﬂl p=4f+1, f odd, is a prime power
of the form 9 + 442,
L1 = 1(mod4) a prime power

wb fﬂ)%"—f-"'—ll p=4f+1, f odd, is a prime power
of the form 49 + 4¢2,
L2 = 1(mod4) a prime power
we 2p+1 g = 2p — 1 is a prime power
) p is a prime
wd 7.3 120
wite THL1LT i > 0 (Gives 8-Williamson matrices)
wf g-dﬁ;'—ll g = 1(mod4) is a prime
d>2
wg ﬂ%l p = 1(mod4) is a prime power
wh E 2t p = 3(mod4) is a prime power and
% is the order of a Williamson type matrix
wi q+2 g = 1(mod4), is a prime power and 1
is a prime power
wj q+2 g = 1(mod4), is a prime power and 512'3

is the order of a symmetric conference matrix



Key
wk

wl
wm

wn

wHs

Method
q

2uwu
2q+1

q

2q+1

2.9¢+1

Explanation

q = 1(mod4) is a prime power and
5?— is the order of a symmetric conference matrix
or the order of a symmetric hadamard matrix

= 1(mod4), is a prime power and 153
is the order of a williamson type matrix

= 1(mod4), is a prime power and =t
is the order of a hadamard matrix
w is the order of a williamson type matrix
n is the order of a symmetric conference matrix
w and u are the orders of williamson type matrices
g + 1 is the order of an amicable hadamard matrix
and ¢ is the order of a willliamson type matrix
g is a prime power and 2;—1-2'.<>'the
order of a williamson type matrix
g = 1(mod4) is a prime power or
g + 1 is the order of a symmetric conference matrix
and ¢ is the order of a williamson type matrix
t>0

S ={1,...,31} is the set of good matrices.

g — 1 is a Hadamard matrix of SC-form if one of the following is true
(i) & is a Williamson matrix.
(ii) 23* is a Conference matrix.
(iii) & is a Hadamard matrix. Note: The fact that if there is a

Williamson matrix of order n then there is a Williamson matrix of order
2n, is used in the calculation of wg.

[The references for these papers are wi [48], 4], [49}, [40],
[22], w2 [51], [33], w3 [52], w4 [19], w5, w6 [21],
w7, w8, w9, w0, we, wl [20], wf, wg [17], wh, wi, wj, wk [12]]



q t Method! q t Method| q t Method| q t Method | q ¢t Method
1 [i] wil 101 0 wk 201 0 w2 301 0 w2 401 0 wk
3 0 wl 103 0 w#q | 203 1 w9 303 1 w7 403 1 wn
5 0 wl 105 1 wn 205 0 w2 305 1 wn 405 0 w2
7 0 wl 107 0 w#q | 207 1 wn 307 0 w2 407 1 wn
9 0 wl 109 0 wk 209 1 wn 309 0 w2 409 0 wk
11 0 wl 111 1 wn 211 0 w2 311 411 0 w2
13 0 wl 113 0 wk 213 313 0 w2 413

15 0 wl 115 © w2 2156 1 wn 315 0 wb 415 0 w2
17 0 wl 117 © w2 217 0 w2 317 0 wk 417 1 wn
19 0 wl 119 1 wn 219 1 wn 319 1 wo 419

21 0O wl 121 0 w2 221 1 wn 321 0 w2 421 0 w2
23 0 wil 123 0 wi 223 323 1 wn 423 0 wi
25 0 wl 125 0 wk 225 0 w2 325 0 w4 425 1 wn
27 0 wl 127 0 w#p | 227 0 w#q | 327 0O w2 427 0 w2
29 0 wl 129 0 w2 229 0 w2 329 429 0 w2
31 0 wl 131 231 0 w2 331 0 w2 431

33 0 wl 133 1 wn 233 0 wl 333 1 w9 433 0  wk
35 1 wn 135 0 w2 235 335 435 0 w4
37T 0 wl 137 0 wl 237 1 wn 337 0 w2 437 1 wn
39 0 wi 139 0 w2 - | 239 339 0 w2 439 0 w2
41 0 wl 141 0 w2 241 0 wk 341 1 wn 441 0 w2
43 0 wl 143 1 wn 243 0 wj 343 1 wn 443 ’
45 0 w2 145 0 w2 245 1 wn 345 1 wn 445 1 wn
47 0 w#p 147 0 w2 247 1 wn 347 0 wiq | 447 1 wn
49 0 w2 149 0 wk 249 1 wn 349 0 wk 449 0 wk
51 0 w2 151 © w#q (2561 0 w#q 351 O w2 451 O wj
53 0 wk 153 0 wd 253 1 wn 353 0 wl 453

55 0 w2 155 1 wn 255 0 w2 355 0 w2 455 1 wn
57 0 w2 157 0 w2 257 O wl 357 1 wn 457 0 wk
59 0 w#q 159 0 w2 259 1 wn 359 459 0 wi
61 0 wl 161 1 wn 261 0 w2 361 0 wk 461 © wk
63 0 w2 163 0 wi#q | 263 363 0 wi 463 O w#q
65 1 wn 165 1 wn 265 0 w2 365 0 w2 465 0 w2
67 0 wi#q 167 0 wg#p [267 1 wn 367 © w2 467 0 wiq
69 0 w2 169 0 w2 269 369 1 wn 469 0 w2
71 171 1 wn 271 0 w2 371 1 wn 471 0 w2
73 0 wk 173 © wl 273 1 wn 373 0 wl 473 0 w5
75 0 w2 175 0 w2 275 1 wn 3715 0 wi 475 1 wn
77 1 wn 177 0 w2 277 0 wk 377 1 wn 477 0O w2
79 0 w2 179 0 w#q 279 0 w2 379 0 w2 479 '
81 0 w3 181 O w2 281 0 wl 381 0 w2 481 0 w2
83 0 wi 183 1 wn 283 0 w#q 383 483 1 wn
8 0 w2 185 1 wn 285 0 w2 385 0 w2 485 1 wn
87 0 w2 187 0 w2 287 1 wn 387 0 w2 487 0 w#p
80 O wi 189 0 wh 289 0 w2 389 0 wk 489 0 w2
91 0 w2 191 O wH#p 291 1 wn 391 1 wn 491

93 0 wb 193 © wk 203 0 wl 393 493 1 wo
9% 0 w5 195 0 w2 295 395 1 wn 495 1 wn
97 0 w2 197 0 wk 297 0 w2 397 0 wk 497

99 0 w2 199 0 w2 299 1 wn 399 0 w2 499 0 w2
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"q t Method | q +t Method| q 't Method | q 't Method [ ¢ t Method
501 601 0 w2 701 O wk 801 O w2 1901 O w2
503 603 1 wn 703 0 w4 803 1 wo 903 1 wn
505 0 w2 605 1 wn 705 0 w2 805 0 w2 905 1 wn
507 0 w2 607 0 w2 707 1 wn 807 0 w2 907
509 609 O w2 709 0 wk 809 0 - wl 909 1 wn
511 O w2 611 711 1 wn 811 0 w2 911
513 1 wn 613 0 wl 713 1 wn 813 1 wn 913 1 WO
515 0 w#tr 615 0 w2 715 0 w2 815 915 1 w9
517 O w2 617 0 wl 717 0 w2 817 1 wn 917
519 1 wn 619 0 w2 719 819 0 w2 919 0 w#q
521 0 wl 621 1 wn 721 821 0 wk 921 1 wn
523 0 w#q 623 1 wn 723 1 wn 823 0 w#q | 923 0 w#r
525 0 w2 625 0 w2 725 1 wn 825 1 wn 925 0 w2
527 1 wn 627 O wi 727 O w2 827 927 1 wn
529 0 wl 629 1 wn | 729 O w3 829 0 w2 929 0 wl
531 0 w2 631 0 wi#q 731 1 wo 831 1 wn 931 0 w2
533 1 wn 633 1 wn 733 0 w#q 833 1 wn 933
535 0 w2 635 0 witr 735 0 wi 835 0 w2 935 1 wn
537 637 1 wn 737 837 1 wn 937 0 w2
539 1 wn 639 0 w2 739 839 - 939 0 w2
541 O wk 641 O wk 741 0 w2 841 0 w2 941
543 0 wi 643 0 wi#q | 743 843 0 wi 943 1 wn
545 1 wn 645 0 w2 745 0 w2 845 1 wn 945 0 w2
547 0 w2 647 747 0 w2 847 0 w2 947 0 witq
549 0 w2 649 0 w2 749 849 0 w2 949 1 wn
551 1 wn 651 0 w2 751 0 w#q |81 1 wn 951 0 w2
553 1 wn 653 753 853 953 0 wl
555 0 w2 655 0  w#p 755 855 0 w2 955
557 0 wk 657 1 wn 757 0 wl 857 957 0 w2
559 0 w2 659 759 0 wi 859 0 wi#q | 959 1 wn
561 1 wn' 661 0 w2 761 0 wl 861 0 w2 961 0 wk
563 0 w#q | 663 0 wh 763 1 wa 863 963 1 wn
565 0 w2 665 1 wn 765 1 wn 865 1 wn 965 1 wn
567 1 wn 667 1 wn 767 867 0 w2 967 0 w2
569 0 wm 669 769 0 wk 869 1 wn 969 1 wn
571 0 witq 671 1 wn 771 1 wn 871 0 w2 971
573 673 0 wk 773 0 wi 873 1 wn 973 1 wn
575 1 wn 675 0 wi 77 0 w2 875 1 wn 975 0 w2
577 0 w2 677 0 wk 777 0 w2 877 0 w2 977 0 wk
579 0 wj 679 1 wn 779 1 wn 879 0 wi 979 1 wo
581 1 wn 681 O w2 781 881 0 wk 981 1 wn
583 1 wo 683 783 1 wn 883 0 w#q | 983
585 1 wn 685 0 w2 785 1 wn 885 0 wb 985 1 wn
587 0 w#q | 687 0 w2 787 887 987 0 w2
589 1 wn 689 1 w9 789 889 0 w2 989 1 wn
591 0 w2 691 0 w2 791 1 wn 891 1 wn 991
593 0 wk 693 1 wn 793 1 wn 893 993 1 wn
595 1 wn 695 1 wn 795 1 wn 895 0 w2 995 1 wn
597 0 w2 697 1 wn 797 0 wk 897 1 wn 997 0 w2
599 699 1 wn 799 0 w2 899 1 wn 999 0 w2
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q t Method q t Method q t Method q t Method q t Method
1001 1 wn 1101 1 wn 1201 0 w2 1301 0 wl 1401 0 w2
1003 1103 1203 0 wi 1303 0 w#q 1403 1 wn
1005 1 wn 1105 © w2 12056 1 wn 1305 0 w2 1405 0 w2
1007 1 wn 1107 0 w2 1207 0 w5 1307 © w#r 1407 1 wn
1009 0 w2 1109 0 wl 1209 0 w2 1309 0 w2 1409 0 wl
1011 1 wn 1111 0 w2 1211 1 wn 1311 0 w2 1411 1 wo
1013 1 wn 1113 1 wn 1213 0 wH#q 1313 1 wn 1413 1 wn
1015 0 w2 1115 0 w#r 1215 0 wi 1315 1415
1017 1 wn 1117 0 wk 1217 0 wk 1317 0 w2 1417 0 w2
1019 0 wir 1119 0 w2 1219 0 w2 1319 1419 0 w2
1021 0 wk 1121 1221 0 w2 1321 0 wl 1421 1 wn
1023 1 wn 1123 1223 1323 0 wi 1423
1025 1 wn 1125 1 wn 1225 0 w4 1325 1 wn 1425 0 w5
1027 0 w2 1127 1 wn 1227 1 wn 1327 0 w#Hp 1427
1029 1 wn 1129 0 wk 1229 0 wk 1329 0 w2 1429 0 w2
1031 1131 1 wn 1231 0 w#p 1331 1 wn 1431 0 w2
1033 0 wk 1133 1233 1 wn 1333 1 wn 1433
1035 0 w2 1135 0 w2 1235 1 wn 1335 1 wn 1435 1 wn
1037 1 wn 1137 0 w2 1237 0 w2 1337 1437
1039 1139 0 wb 1239 0 w2 1339 0. w2 1439
1041 0 w2 1141 0 w2 1241 1 wo 1341 1 wb 1441
1043 1 wn 1143 1 wn 1243 1 wn 1343 1 wn 1443 1 wn
1045 0 w2 1145 1 wn 1245 1 wn 1345 0 w2 1445 1 wn
1047 1 wn 1147 0 w2 1247 1 wo 1347 0O w2 1447
1049 0 wm 1149 0 w2 1249 0 wl 1349 1449 0 w2
1051 0 w#q 1151 1251 0 wi 1351 1 wn 1451
1053 1 wn 1153 0 wk 1253 13563 1 wn 1453 0 wl
1055 1 wn 1155 0 w2 1255 1355 1 wn 1455 0 w2
1057 0 w2 1157 1 wn | 1257 1357 0 w2 1457
1059 1 wn 1159 1 wn 1259 1359 1459 0 w2
1061 0 wk 1161 1 wn 1261 0 w2 1361 0 wk 1461
1063 0 witq 1163 1263 1 wn 1363 1463 2 wn
1065 0 w2 1165 1 wn 1265 1 wn 1365 0 w2 1465 1 wn
1067 1 wn 1167 0 w2 1267 1 wn 1367 1467 1 wn
1069 0 w2 1169 1269 1 wn 1369 0 wl 1469 1 wn
1071 0 w2 1171 0 w2 1271 1 wn 1371 © w2 1471 0 w#p
1073 1 wn 1173 1 wn 1273 1373 0 w#q 1473
1075 1 wn 1175 1275 0 w2 1375 0 w2 1475
1077 0 w2 1177 1277 0 w#q 1377 0 w2 1477 0 w2
1079 1 wn 1179 - 0 w2 1279 0 w2 1379 1 wn 1479 0 w2
1081 © w2 1181 1281 1 wn 1381 0 w#q 1481 O wl
1083 1 wn 1183 O wi 1283 0 w#q 1383 0 wi 1483 0 wq
1085 1 wn 1185 1 wn 1285 1 wn 1385 1 wn 1485 0 w2
1087 0 witp 1187 0  wi#q 1287 1 wn 1387 1 wn 1487
1089 1 wn 1189 0 w2 1289 0 wl 1389 0 w2 1489 0 wl
1091 1191 0 w2 1291 0 w#q 1391 1491
1093 0O w#q 1193 O wl 1293 1393 1 wn 1493 0 wl
1095 0 wi 1195 0 w2 1295 2 wn 1395 0 w2 1495 1 wn
1097 0 wl 1197 0 w2 1297 0 w2 1397 1497 1 wn
1099 0 w2 1199 1 wo 1299 1 wn 1399 0 w2 1499
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q t Method q t Method q t Method q t Method q t  Method

1501 0 w2 1601 0 wk 1701 1 wn 1801 0 wk 1901 0 w#q
-1503 1603 1 wn 1703 1803 1 wn 1903 1 wo
1505 1 wn 1605 0 w2 1705 1 wn 1805 0 wh 1905 1 wn
1507 1 wo 1607 1707 0 w2 1807 0 w2 1907 0 w#q
1509 1609 0 w2 1709 0 wk 1809 0 w2 1909 1 wn
1511 | 1611 0 w2 1711 1811 1911 0 w2
1513 1 wn 1613 0 wH#q 1713 1813 1 wn 1913

1515 1 wn 1615 0 w2 1715 O w#r 1815 1 wn 1915

1517 1 wn 1617 1 wn 1717 0 w2 1817 1 wn 1917 0 w2
1519 0 w2 1619 0 wi#q 1719 1819 0 w2 1919 1 wn
1521 O w2 1621 0 wk 1721 0 wl 1821 1 wn 1921 1 wn
1523 0 witq 1623 0 wi 1723 © w#q 1823 1 wn 1923 1 wn
1525 0 w2 1625 1 wn 1725 0 w2 1825 1 wn 1925 1 wn
1527 1627 0 w2 1727 1 wn 1827 0 w5 1927 0 w2
1529 1 wn 1629 0 w2 1729 0 w2 1829 1929

1531 0 w2 1631 1 wn 1731 0 w2 1831 1931

1533 1 wn 1633 1733 0O wl 1833 1 wn 1933 0  wi#q
1535 1 wn 1635 1 wn 1735 0 w2 1835 1 wn 1935 0© wi
1537 1 wo 1637 0 wl 1737 1 wn 1837 0 w2 1937 1 wn
1539 1 wn 1639 1 wo 1739 1839 0 w2 1939 0 w2
1541 1641 1 wn 1741 0 w2 1841 1941 © w2
1543 1643 1 wn 1743 0 wb 1843 1 wn 1943

1545 0 w2 1645 1745 1 wn 1845 1 wn 1945 0 w2
1547 1 wn 1647 1 wn 1747 1847 1947 1 wn
1549 0 wk 1649 1 wn 1749 1 wn 1849 0 w2 1949

1551 1 wn 1651 0 w2 1751 1851 0 w2 1951 0  w#p
1553 0 wk 1653 1 wn 1753 0 wl 1853 1 wo 1953 1 wn
1555 0 w2 1655 1 wn 1755 0 wi 1855 0 w2 1955 1 wn
1557 1 wn 1657 0 w2’ 1757 1857 1 wn 1957

1559 1659 0 wi 1759 0 w2 1859 1 wn 1959 0 w2
1561 0 w2 1661 1761 1861 ¢ w2 1961 1 wn
1563 0 w2 1663 1763 1 wn 1863 1 wn 1963

1565 1 wn 1665 0 w2 1765 0 w2 1865 1 ~wn 1965 0 w2
1567 1667 1767 0 w2 1867 0 w2 1967 1 wn
1569 0 w2 1669 0 wH#q 1769 1 wn 1869 1 wn 1969

1571 1671 1 wn 1771 0 w2 1871 1971 1 wn
1573 1 wn 1673 1773 1 wn 1873 0 wk 1973 0 w#q
1575 1 wn 1675 1775 1 wn 1875 O wf 1975 1 wn
1577 1 wn 1677 1 wn 1777 0 wl 1877 0 wk 1977

1579 1679 1 wn 1779 0 w2 1879 0 wH#q 1979

1581 1 wn 1681 0 w2 1781 1 wn 1881 0 w2 1981

1583 1683 0 wj 1783 1883 0 wtr 1983 1 wn
1585 0 w2 1685 1 wn 1785 1 wn 1885 0 w2 1985 1 wn
1587 1 wh 1687 0 w2 1787 1887 1 wn 1987

1589 1689 1789 0 w#q | 1889 0 wm 1989 1 wn
1591 0 w2 1691 1 wn 1791 0 w2 1891 0 w4 1991 1 wn
1593 1 wn 1693 0 wl 1793 1893 1993 0 wl
1595 1 wn 1695 0 w2 1795 1895 1 wn 1995 0 w2
1597 0 wk 1697 0 wl 1797 0 w2 1897 0 w2 1997 0 wk
1599 1 wn 1699 0 w#q 1799 1 wn 1899 0 w2 1999 0 w#p
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Index of Hadamard Matrices

This table contains odd integers ¢ < 40000 for which Hadamard matrices
of the form 2%q exist. The key for the methods of construction follows.

Amicable Hadamard Matrices.
Key Method Explanation

al p"+1 p" = 3(mod4), is a prime power
a2 2(¢+1) 2¢+1isa prime power, ¢ = 1(mod4), is a prime
a5 nh n, h, are amicable hadamard matrices

Skew Hadamard Matrices.
Key Method Explanation

sl 20Tk; -t all positive integers,
k; — 1 = 3(mod4) a prime power

2 (p—-1#+1 p is a skew Hadamard matrix, u > 0
is an odd integer

s3 2(¢g+1) g = 5(mod8) is a prime power

s4 2(g+1) g = p' is a prime power where p = 5(mod8)
and £ = 2(mod4)-

sb 4m 3<m<25

s6  4(g+1) g = 9(mod16) is a prime power

s7 (| +1)(g+1) g=s?+ 4t% = 5(mod8) is a prime power
and |t| + 1 is a skew Hadamard matrix
s8 4(¢®+g+1) g isa prime power, ¢> + ¢+ 1 =3,5,7(mod8)
a prime or 2(¢? + ¢+ 1) + 1 is a prime power
s0  hm h is a skew hadamard matrix and
m is an amicable hadamard matrix

Spence Hadamard Matrices.

Key Method Explanation
pl 4(¢®+q+1) ¢*+q+1=1(mod8) is a prime
p2 4nor 8n n, n — 2 are prime powers, if n = 1(mod4) there

exists a Hadamard matrix of order 4n,
if n = 3(mod4) there exists a Hadamard
matrix of order 8n :

p3 4m m is an odd prime power for which an
integer s > 0 such that

_(2++141)) . .
M;T“D is an odd prime power, exists



Symmetric Hadamard Matrices.

If there exists a Conference matrix of order n then there is symmetric
Hadamard matrix of order 2n, for this reason symmetric hadamard matrices
indexed according to the method used to derive the order of a conference
matrix with the exception of ¢6 wich produces a symmetric Hadamard

matrix.
Key Method Explanation

cl p+1 p" = 1(mod4) is a prime power
2 (h—12%+1 hisa skew Hadamard matrix
3 ¢*g—2)+1 ¢ =3(mod4)is a prime power
©  q—2 is a prime power

c4 597141 t>0
¢5 (n—1)*+1 nis a conference matrix

s22
c6 nh n is a conférence matrix

h is a Hadamard matrix
Note: a conference matrix of order n exists only if n — 1 is the sum of
two squares.

Hadamard Matrices Obtained From Williamson Matrices.

If a Williamson matrix of order 2'q exists then there is a Hadamard
matrix of order 2t*2g, the same key as in the Index of Williamson Matrices
is used to index the Hadamard matrices produced from them.

OD Hadamard Matrices.

Key Method Explanation -

ol If a T-matrix of order 2%q exists then
there is a hadamard matrix of order 2'*+%q

02 ow o0 is an OD-hadamard matrix and

w is a Williamson matrix

Yamada Hadamard Matrices.
Key Method Explanation

vyl 4q g = 1(mod8) is a prime power
2-1 is a Hadamard matrix

y2 4(¢g+2) q=5(mod8)is a prime power
512'3 is a skew Hadamard matrix

y3 4(¢+2) g¢=1(mod8) is a prime power
5*2'—3 is a conference matrix



Miyamoto Hadamard Matrices.

Key Method Explanation

ml 4q g = 1(mod4) is a prime power
¢ — 1 is a Hadamard matrix

m2 8¢ g = 3(mod4) is a prime power

2¢q — 3 is a prime power

Seberry.
Key Method Explanation
se 2 where ¢ is the smallest integer such that

for given odd ¢, a(g+1) + b(¢ — 3) =2
has a solution for a,b non-negative integers



q t Method[ q t Method] q t Method| q t Method| q t  Method
1 a2 101 wk 201 o2 301 02 401 wk .
3 a2 103 y2 203 a2 303 02 403 02
5 a2 105 a2 205 02 305 02 405 a2
7 a2 107 3 w#q | 207 a2 307 s3 407 a2
9 02 109 wk 209 02 309 cl 409 wk
11 a2 111 a2 211 s3 311 3 m2 411 02
13 s4 113 €2 213 3 c6 313 cl 413 02
15 a2 115 02 215 a2 315 a2 415 02
17 a2 117 a2 217 02 317 wk 417 a2
19 s3 119 02 219 02 319 02 419 4 a2
21 a2 121 02 221 a2 321 a2 421 s4
23 sb 123 a2 223 3 a2 323 a2 423 02
25 02 125 a2 225 02 325 02 425 a2
27 a2 127 y2 227 a2 327 a2 427 02
29 wl 129 02 229 cl 329 02 429 02
31 s3 131 a2 231 02 331 53 431 a2
33 a2 133 02 233 wl 333 a2 433 wk
35 a2 135 02 235 02 335 02 435 02
37 cl 137 a2 237 a2 337 cl 437 a2
39 02 139 s3 239 4 a2 339 02 439 - 83
41 a2 141 a2 241 wk 341 02 441 02 -
43 wl 143 a2 243 a2 343 02 43 3 m2
45 a2 145 02 245 02 345 02 445 02
47 ol 147 a2 247 02 347 3 wi#q | 447 a2
49 02 149 wk 249 02 349 wk 449 wk
51 02 151 y2 251 3 w#q | 351 02 451 02
53 a2 153 02 253 02 353 wl 453 a2
55 02 155 a2 255 a2 355 s3 455 02
57 a2 157 cl 257 wl 357 a2 457 wk
59 ol 159 02 259 02 359 4 a2 459 02
61 a2 161 a2 261 02 361 02 461 wk
63 a2 163 3 a2 263 a2 363 a2 463 3 wi#q
65 02 165 a2 265 02 365 a2 465 02
67 ol 167 3  w#p | 267 02 367 s3 467 a2
69 02 169 02 269 ml 369 02 469 02
71 a2 171 a2 271 s3 371 a2 471 02
73 wk 173 a2 273 a2 373 wl 473 02
75 02 175 02 275 02 375 a2 475 02
77 a2 177 02 277 wk 377 02 477 a2
79 s3 179 3 wg#q | 279 02 379 s3 479 16 se
81 02 181 cl 281 a2 381 a2 481 02
83 a2 183 02 283 3 w#q | 383 a2 483 a2
85 02 185 a2 285 02 385 02 485 02
87 a2 187 02 287 o2 387 02 487 3 w#p
89 wl 189 02 289 02 389 wk 489 cl
91 02 191 3 w#p | 291 a2 391 02 491 15 se
93 02 193 wk 293 a2 393 a2 493 02
95 a2 195 02 295 02 395 a2 495 a2
97 cl 197 a2 297 a2 397 wk 497 a2
99 02 199 s3 299 02 399 02 499 s3

Existence of Hadamard Matrices




Method

q q t Method | q t Method | q t Method | q Method
501 a2 601 cl 701 a2 801 a2 901 02
503 a2 603 a2 703 02 803 02 903 02
505 02 605 02 705 a2 805 02 905 02
507 a2 607 s3 707 02 807 s3 907 m2
509 ml 609 02 709 wk 809 wl 909 02
511 o2 611 02 711 a2 811 s3 911 a2 .
513 02 613 c2 713 a2 813 a2 913 02
515 3 w#tr 615 a2 715 02 815 a2 915 a2
517 02 617 a2 717 cl 817 02 917 ab
519 02 619 s3 719 4 a2 819 02 919 a2
521 a2 621 02 721 4 02 821 wk 921 02
523 3 w#q | 623 02 723 02 823 3 s7 923 a2
525 a2 625 02 725 02 825 a2 925 02
527 02 627 02 727 s3 827 a2 927 02
529 02 629 02 729 02 829 cl 929 wl
531 02 631 3 wi#q | 731 02 831 a2 931 02
533 a2 633 a2 733 ml 833 a2 933 c6
535 s3 635 a2 735 a2 835 s3 935 a2
537 4 c6 637 02 737 02 837 a2 937 cl
539 02 639 s3 739 16 se 839 18 se 939 02
541 wk 641 wk 741 a2 841 02 941 ml
543 02 643 3 w#q | 743 a2 843 a2 943 02
545 a2 645 a2 745 02 845 02 945 a2
547 a2 647 3 m2 747 02 847 02 947 wiq
549 02 649 02 749 5 02 849 cl 949 02
551 a2 651 - 02 751 3 a2 851 02 951 a2
553 02 653 4 ol 753 a2 853 3 a2 953 wl
555 02 655 y2 755 a2 855 02 . 955 a2
557 wk 657 02 757 s8 857 ml 957 02
539 02 659 17 se 759 02 859 3 a2 959 02
561 a2 661 cl 761 c2 861 02 961 02
563 a2 663 02 763 02 863 3 m2 963 a2
565 02 665 a2 | 765 02 865 02 965 02
567 a2 667 - 02 767 a2 867 a2 967 s3
569 p3 669 3 a2 769 wk 869 02 969 02
571 3 a2 671 a2 771 a2 871 02 971 a2
573 3 a2 673 wk 773 wi 873 a2 973 02
575 02 675 a2 775 02 875 a2 975 02
577 cl 677 a2 777 02 877 cl 977 a2
579 02 679 02 779 02 879 02 979 02
581 02 681 cl 781 3 a2 881 wk 981 a2
583 02 683 a2 783 02 883 3 w#q 983 a2
585 a2 685 02 785 02 885 a2 985 02
587 a2 687 02 787 3 m2 887 a2 987 a2
589 02 689 02 789 3 a2 889 cl 989 02
591 o2 691 s3 791 a2 891 02 991 a2
593 a2 693 02 793 02 893 a2 993 02
595 02 695 02 795 02 895 s3 995 02
597 02 697 02 797 a2 897 02 997 cl
599 17 se 699 02 799 02 899 02 - 999 02

Existence of Hadamard Matrices




q t Method q Method q t  Method q t  Method q t  Method
1001 a2 1101 02 1201 cl 1301 c2 1401 cl
1003 02 1103 m2 1203 02 1303 3 w#q | 1403 02
1005 a2 1105 02 | 1205 02 1305 02 1405 02
1007 a2 | 1107 02 1207 wH 1307 a2 1407 02
1009 cl 1109 wl 1209 02 1309 02 1409 wl
1011 o2 1111 02 1211 02 1311 02 1411 02
1013 a2 1113 a2 1213 ml 1313 02 1413 a2
1015 02 1115 witr 1215 02 1315 4 ab 1415 a2
1017 02 1117 wk 1217 wk 1317 02 1417 02
1019 3 wir 1119 o2 1219 02 1319 18 se 1419 02
1021 wk 1121 a2 1221 02 1321 wl 1421 a2
1023 a2 1123 m2 1223 19 se 1323 o2 1423 3 a2
1025 a2 1125 02 1225 02 1325 02 1425 02
1027 o2 1127 a2 1227 02 1327 3 w#p 1427 3 m2
1029 02 | 1129 wk 1229 wk 1329 cl 1429 cl
1031 6 a2 1131 a2 1231 y2 1331 a2 1431 02
1033 wk 1133 a2 1233 a2 1333 02 1433 ml
1035 a2 1135 s3 1235 02 1335 02 1435 02
1037 02 1137 a2 1237 cl 1337 a2 1437 4 ol
1039 3 a2 1139 02 1239 o2 1339 s3 1439 19 se
1041 cl 1141 cl 1241 02 1341 02 1441 3 a2
1043 02 1143 02 1243 02 1343 02 1443 02
1045 02 1145 o2 1245 02 1345 cl 1445 a2
1047 02 1147 - 02 1247 a2 1347 a2 1447 19 se
1049 p3 1149 cl 1249 wl 1349 4 o2 1449 02
1051 3  wig#q | 1151 a2 1251 a2 1351 o2 1451 6 a2
1053 a2 1153 wk 1253 a2 1353 02 1453 wl
1055 a2 1155 02 1255 3 a2 1355 a2 1455 02
1057 cl 1157 02 1257 5 c6 1357 02 1457 a2
1059 02 1159 02 1259 4 a2 1359 3 c6 1459 s3
1061 a2 1161 a2 1261 02 1361 a2 1461 a2

] 1063 3 w#q 1163 a2 1263 a2 1363 02 1463 a2
1065 a2 1165 02 1265 a2 1365 02 1465 02
1067 02 1167 02 1267 02 1367 3 m2 1467 a2
1069 cl 1169 02 1269 02 1369 02 1469 02
1071 a2 1171 s3 1271 02 1371 a2 1471 3 w#p
1073 02 1173 a2 1273 o2 1373 ml 1473 3 a2
1075 02 1175 02 1275 a2 1375 02 1475 02
1077 cl 1177 a2 1277 a2 1377 a2 1477 [
1079 02 1179 s3 1279 s3 1379 02 1479 02
1081 02 1181 a2 1281 02 1381 ml 1481 a2
1083 02 1183 02 1283 3 w#q | 1383 a2 1483 3 a2
1085 a2 1185 02 1285 02 1385 02 1485 a2
1087 3 w#p | 1187 w#q | 1287 a2 1387 o2 1487 3 m2
1089 02 1189 02 1289 wl 1389 cl 1489 wl
1091 a2 1191 02 1291 3 w#q | 1391 a2 1491 3 a2
1093 p2 1193 wi 1293 a2 1393 02 1493 wl
1095 02 1195 s3 1295 a2 1395 02 1495 02
1097 wl 1197 a2 1297 cl 1397 4 02 1497 a2
1099 02 1199 02 1299 02 1399 s3 1499 18 se

Existence of Hadamard Matrices




q t  Method q t Method q t  Method q t Method q t  Method
1501 o2 1601 wk 1701 a2 1801 wk 1901 a2
1503 a2 1603 02 1703 4 o2 1803 a2 1903 02
1505 02 1605 02 1705 02 1805 a2 1905 02
1507 02 1607 a2 1707 a2 1807 02 1907 3 w#q
1509 3 a2 1609 cl 1709 wk 1809 02 1909 02
1511 a2 1611 s3 1711 02 1811 a2 1911 a2
1513 02 1613 a2 1713 4 a2 1813 o2 1913 4 ol
1515 - 02 1615 02 1715 a2 1815 02 1915 3 a2
1517 a2 1617 02 1717 02 1817 02 1917 02
1519 02 1619 3 w#q | 1719 3 a2 1819 s3 1919 02
1521 02 1621 wk 1721 a2 1821 a2 1921 02
1523 a2 1623 a2 1723 s8 1823 c4 1923 a2
1525 02 1625 o2 1725 a2 1825 02 1925 a2
1527 3 c6 1627 s3 1727 a2 1827 a2 1927 02
1529 02 1629 02 1729 02 1829 02 1929 4 c6
1531 s3 1631 02 1731 02 1831 3 m2 1931 a2
1533 a2 1633 3 a2 1733 wi 1833 a2 1933 p2
1535 02 1635 02 1735 s3 1835 02 1935 02
1537 02 1637 a2 1737 a2 1837 cl 1937 02
1539 02 1639 02 1739 02 1839 o2 1939 02
1541 a2 1641 a2 1741 cl 1841 4 ab 1941 cl
1543 3 a2 1643 a2 1743 a2 1843 o2 1943 02
1545 02 1645 02 1745 02 1845 02 1945 02
1547 02 1647 02 1747 3 m2 1847 3 m2 1947 02
1549 wk 1649 02 1749 02 1849 o2 1949 4 a2
1551 a2 1651 s3 1751 4 02 1851 02 1951 y2
1553 a2 1653 02 1753 wl 1853 a2 1953 02
1555 s3 1655 a2 1755 a2 1855 02 1955 o2
1557 02 1657 cl 1757 a2 1857 02 1957 4 02
1559 4 a2 1659 02 1759 s3 1859 02 1959 s3
1561 cl 1661 4 02 1761 a2 1861 s4 1961 02
1563 02 1663 3 m2 1763 02 1863 a2 1963 s7
1565 02 1665 a2 1765 02 1865 a2 1965 cl
1567 19 se 1667 3 m2 1767 02 1867 83 1967 a2
1569 cl 1669 p2 1769 02 1869 02 1969 10 ab
1571 18 se 1671 02 1771 02 1871 3 m2 1971 a2
1573 02 1673 a2 1773 02 1873 wk 1973 ml
1575 a2 1675 o2 1775 02 1875 a2 1975 02
1577 02 1677 02 1777 wl 1877 a2 1977 a2
1579 5 a2 1679 02 1779 02 1879 3 a2 1979 4 a2
1581 a2 1681 02 1781 02 1881 a2 1981 5 a2
1583 3 m2 1683 o2 1783 18 se 1883 3 w#r 1983 02
1585 02 1685 02 1785 02 1885 02 1985 02
1587 02 1687 02 1787 3 m2 1887 a2 1987 16 se
1589 4 a2 1689 3 c6 1789 p2 1889 ml 1989 02
1591 02 1691 a2 1791 02 1891 02 1991 a2
1593 02 1693 wl 1793 4 a2 1893 4 c6 1993 wl
1595 a2 1695 a2 1795 6 a5 1895 02 1995 02
1597 wk 1697 wl 1797 a2 1897 02 1997 wk
1599 02 1699 3 a2 1799 02 1899 02 1999 y2

Existence of Hadamard Matrices




Toward the classification of distance-transitive graphs of affine type

= EERH Sl 5L

1. Lo

4, BERE N TE T\ 3REK distance regular graph DREDEMERD 5. EO5H
FHEo—> Dﬁﬁﬁﬂﬁ & LT distance transitive graph D43¥H#% 5. distance regular
graph O#45y 7 7 XCH % distance transitive graph s Z3E distance regular graph Z3%FD
ARG RO LCHRNERELFoTE ) COTOOEERMRICL Y, distance
transitive graph @43t distance regular graph D734 & H#k LB THBLELDN
%0 LAd, distance tra.nsifive graph D43t distance regular graph OHBWICKELE
BTIBCECbARD (=DDRXFy TLbELLNB) o Thbb, EFEEFHVEELLT
distance transitive graph DO EIEL 3 T LA T¥ 3, BIFE distance transitive graph D4
Bit—E—HERLTH Y. T, distance transitive graph O v 7 7 LOBE
ZORFEBICOWTEET 3o |

2. distance transitive graph O3E7A5 5 4

distance transitive graph OSEMERAE K ROBHUE (R7 v 7) T3 LHTE
%o

(1) primitive distance transitive graph DZ3HH

(2) primitive DHEDHF AT imprimitive DEEESHT 5o
imprimitive %$}&CH, derived graph % L < 1t halved graph ( bipartite half) #& %5 C
ick b primitive 277 7HFER B30T, (1)=(2) L WHEED 2 XF v 7HEIHEL DI
3, (ZORAI distance regular graph T % FEETH 525, BED distance regular graph
DHFCE TR COEIEE L > TEVE5TH 3, )

(2) ofEEER distance regular graph OFE & H~<T, HERERONSEEL 30T,
(2) DRREPAEVBSHTH S LEDNB. L5 DX, imprimitive 777 T X 0{Ebh
% primitive %75 7 I %% derived graph THBBEICE. Aut(T) = K-Aut(l'), K 253
MBS, &4 Y, halved graph THBHBS I Aut(T) =Aut(T')2 Lk 3, TOEREHE
MECH L VEAHRITH D C L b, TRIENBT 2] CLaTFEENR D,



ST EIRX VB ET (1) 2B C L IcBEE k. 22T BT primitive distance
transitive graph DMERE L B0 diameter 22 U FOBEICE. 2ETBSRONE. 7o 7
3 DBEROSFC L YV RLECHRENT w3, £C T, diameter @3S ETHB LTI
T &tk 3, primitive distance transitive graph OSHRARDOERIC X VY FicS X 3,

ZEE (Praeger & Saxl & Yokoyama (1987))
T' % diameter #%2 Bl k@ primitive distance transitive graph & L. 2 DEHCHE®E% G &
B TOR, ROVWFRHER YLD,
(i) T 1z Hamming graph T®» % &, % L { {X diameter 3% 2 ¢% % Hamming graph ® com-
plement graph T 3,
(ii) G 1% almost simple TH 3, (Fhbb, HIEHMHE X 2HFELT X < G LAut(X))
(i) G 1t T OEASHICERIC/ERT 3 elementary abelian MR BER D,

(i) OPE% almost simple OFE P, (i) PHEY affine DBE LIFL )

EOREIC k) HERER = OWAME~ 2 SHERE T LICA S, —DH (i) almost
simple DBSOHITFTH Y, M5 (iii) affine DHEFDOFETH 3, almost simple DFSTD
43¥F1x Van Bon, Cohen, Cuypers, Inglis, Ivanov, Liebeck, Praeger, Saxl &ic X b, HBRE
ABOSEEELAALTO TRRLI BASECHEE TS ) BEEROEISMICE
73 REMBEOBEREN 1 THEIEE2FIHL TR b0 L, Thicy 7 7REEEFIH
LT dntBdd, HEI X P BT 5 &,

B (oi#EE) - Saxl, Ivanov, Liebeck & Praeger & Saxl

PSL(n, q) - Inglis, Liebeck & Saxl, Van Bon & Cohen |

13 KT T O HHEE — Inglis

Held o# - Van Bon & Cohen & Cuypers
almost simple PR ITITKIE LA L EL 545, RRATE, EXELSTOMRILIILL
LTHEEhTR»E,

z T ¥ DL, Brouer & Cohen & Neumaier (1989) %7 it, Bannai & Ito (1986)
ESBBEN R,



3. affine HFEESOFE

Faffine DBEOHEE ED L 5 LIS b LOWTRAFHEE o T o b TlAE . B
% affine DBAICHNE 7 T 71 diemeter ICBIF 5 MERF & LT 3 WEDOHBHbAT e
5,

Hermitian forms graph - B$#3 3 2 ¥ EUBAKRAE—D
 Bilinear forms graph - B¥E3 3 2 A2 S UEAMIE 2 &
Alternating forms graph - B3 % 2 A2 A UEKRME 3 B E

(diameter 7% 3 DIEREFRFICIE Affine Eg(g) graph ﬁié %o, Quadratic forms graph (% dis-
tance regular “Cit % 3 7%, distnce transitive TlkA Vv, )

LORGELY BT 3 2 A BUBAMOBREBEL TS 772 5HT 87 7 a— 7’-#%
Abhd, LT, EHREAETR diameter ZESKEVHEIC, TBET 3 282 &UEBAM
DEREEETNEY 7 7 X RO S ORMEEND] T L HEBUCK 3,

DT 7e—F EOPEOORRE LT, BT 3 22 EUEARMAE 2HOHSCO N
TRED 3,

EH (Yokoyama (1989)) T' #% affine DFEHC L2 EARSEIX 2- BClrkAvwe L. E
ICRD 2 &tk % e T & 30

(1) BT 3 2 HESUTEARMI 2 H.

(2) T nBETFERE G REARICEADAVE S 2 D 28HD LICTBICVERT 3,
Z OB, T & Bilinear forms graph ©% 3., |

BEAKD. TOROERIEEA R, B HRL T\ 3 MEE

(1) BSEET 3 2 A2 S UBAMAM—DSEE% 583 3. (Hermitian forms graph %458
K. HiHT 3.0 )

(2) LoEBEE&H (2) B> TEHAT 30
D2ETHZB,

RECHOEERH»2 2 LCOBELEDRIAKCODWTRTH . LIED 3EOMERTIC

BN, FETH S5 C L ik, HERRVIICET 3 diameter 2 n O F 7% [(n) & BHIE,
RBRYIL2CT L TH 3B,



T(n) OREi (2<i<n) D2EAL 2,y tF50 COB, o,y EURZI 77 T
<, I(i) KA TH 3 b OpME—FET 5o
COMEICLY, EALNRAEY I 7K D(n) THB T LERTADICKE BIHARS 7T 7 &
LTI(:) cFBA D% (BHIC) BRL TV HEEZLON3DTH B, (B, B
T3 2 R B UEAMA 2 HoHAC Bilinear forms graph # T 3 DKz Z OFEEZ A
7eo ) . ‘

SEOHEOKDYCHA D, FET v 73 A0BEBEOBFCEE Y, HLAERORE
KB A bl L ¥ BbUELEF |

EBXH
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INTERSECTION DIAGRAMS OF DISTANCE-REGULAR GRAPHS
| Tokyo lkashika University

Kazumasa NOMURA
1. INTRODUCTION

Let G be a connected graph and let 3 denote the usual
metric on the vertex set V=V(G) of G. For vertices u, v in G

and non-negative integers 7, s, we define

L (w={z¢€ V] d@,uw=r},

T
D (u, v) = L () n I ().

G is said to be distance-regular if the size of D; depends only
on the distance between u and v, rather than the individual
vertices. In this case, we write p:s= |D:(u, v) |, where
t= d(u,v). Let d=d(G) be the diameter of G and k be the valency

of G, and let

0 €1 e Cp e Cq-1 a4
0 R @ e 51 %
R b e bd—l 0

be the intersecti =p =p =p"
e the intersection array of G, where ¢.=P1,p 4GP br Pqpe1
More precise description about distance-regular graphs will be

found in [1], [2].



In this note we shall prove the following result.

THEOREM 1. Let G be a distance-regular graph with odd diameter

d=2r+1=3. If G has the following intersection array

01 Cop  reeme Cp Cpi] Cppg oo Cq-1 k
00 0 ... 0a.,, 0 .. 0
k b bz ...... b, el b'r+2 ...... bd—l
d . L L
and p]. g=0 forj = 3, then G is bipartite (i.e. @.1= 0 ).

Theorem 1l gives a partial answer to a question of E.Bannai
and T.Ito about multiple P-polynomial structure of association
schemes (see [1], II1.4, pp.259). The notion of the intersection
diagrams plays a very important role in the proof of the above
theorem. We have already obtained several applications of the
intersection diagram with respect to adjacent vertices. In this
note we shall use the intersection diagram with respect to

non-adjacent vertices.



2. THE INTERSECTION DIAGRAM

Let G be a distance-regular graph which satisfies the
assumptions of Theroeml. Fix two vertices u,v in G with
d(u,v)=d=d(G), and put D;. = D;'.(u, v). We draw the family {Dj'}ij
as follows. Throughout this paper we shall give figures for the

case d=7=2r+1_, r=3.
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In the above diagram, a line between two entries indicates
possibility of existence of edges between them. We call the

above diagram the intersection diagram of G with respect to u, v.
LEMMA 2. D;‘=D{l=g for 3<j<d.

Proof. Since 9 (u,v)=4d, D;=pgs holds for every i,s. By the
assumption of Theoreml we have p;.id=0, therefore D‘Zi=,®' for

j=3. By similar arguments we have also D;.i=,®' since
d

d .
pdj=p]d=0 for j=3. M

LEMMA 3. D;.=Q’ for all 1,j with i+j=d+ 3.

Proof. Assume D;. # (f for some t,j with i+j=d+3, where
we take i to be maximal. Then i< d by Lemma2. Let x be a
vertex in D; Since x € I"i(u), there are b'l edges from z to
]_"“l(u), where bi>0 by i<d. This implies

i+l i+l i+l
D, ;v D, " UD; * (.

This contradicts to the maximality of i. W

By Lemma 3, the intersection diagram becomes as follows.
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LEMMA 4. D

d+1—i=g for iEr+1,

Proof. Assume Dfiﬂ_i#&,@' for some i, where we take i to be
minimal. It is clear i>>0, and we may assume i<=7r. Put
J=d+1-1, and take a vertex r in D;. . We have D;':_11=Q' by
the minimality of . Since z € I‘i(u), there are e; edges from x
to I'._;(u). So we get e(z, D;'._l)=ci>0. Therefore there is an

edge zy with y € D;._l. Thus zy is an edge in Pj(v). But we



have aj =0 since r+2=j=d. a contradiction. W

By Lemma 4, the diagram becomes as the following.

D7

Dg—D2

i




3. EDGE PATTERNS

We consider the intersection diagram given in the previous
section. For a vertex x in a entry Dj. of the diagram, we shall
determine the number of edges from x to another entry D;’, For
a subset 4 in G, the number of edges from a vertex x to A will
‘be denoted by e(x, A).

LEMMAS. If i+j=d and z € D;.. Then e(z, D and

]+1) %
i+1,
e(x, Dj—l) = cj hold.

Proof. Since x € l"i(u), there are ¢ edges from r to P. 1('u,)

-1, _ -

Then we get e(x, Dj+1) =c,. We get also e(x, D ) e(x, PJ 1('u))
[ |

LEMMAG. If i+j=d+2 and z € D'J‘.. Then e(z, D 1)—bJ and

i1, _
e(@, D }) = b, hold.
LEMMAT7. Ifi+j=d, 1SiSrandzx € Dj. then e(z, DHI) = b

Proof. Since x € I‘.(v) and D;. is empty, we have

- i+l
= e(x, I‘J+1(v)) e(r, DJ+1) e(x, D]+1)
We have also, by Lemmab5, e(x,DJ.+1)=ci. Thus we get
i+l
e(x, DJ+1) j_ci' [ |



i+1

LEMMA 8. If i+j=d, 1SiZ€r and =z € Dj+1’ then
i = -
e(x, Dj) =€l bj+1'
r+l r _ r+1,
LEMMAOY. If z € Dr+1 then e(x, D'r+1) =Ci1 and e(x, D'r )= br+1 .
G r+1, _
LEMMA10. If x € D1'+1 then e(x, Dr+1) =

Proof. Since x € I‘r+1(v), there are @1 edges from r to

s r . T
Pr+1(”)' Here, there is no edge from x to D,’__',1 since Dr+1 C I"r(u)
r+1

and ar=0. This implies e(x, Dr+1)=a'r+1' ||
r+1 r+1, _
LEMMAIlL Ifr € Dr+2 then e(x, Dr+1) =0 .0



. 4. PROOF OF THEOREM1

Let G be a distance-regular graph which satisfies the

assumption of Theoreml. We assume a,r+1> 0. Let m denote the

::i Remark m> 0 by Lemma 10. By counting the number

qf edges between D::i and D:Jrl using Lemma 9 and Lemma 10,

size of D

me mb
T+l - r+l , T+l
— - Similarly we get IDr+2| =—— by

r
we get |D .| =
. T+l r+1 r+1

Lemma 9,11. Then by counting the number of edges between

D:+1 and D::; using Lemma 7,8, we get,
me mb
T+1 7+1
(b . .-c)= (c...-b .,
L r+l T L) T+l T+2

This implies the following relation by m > 0.

c

(1)

rc'r+1 = br+1b‘r+2'

. r-1 r
By counting the number of edges between D'r+2 and D'r+3’ we
get
1% ® - )_mbr+1br+2 (c.-b )
Gpy1®reg T2 71 @by T T8
Here we have b'r+2 —e1 br—l “Cigr CpT b,’.+3 =C3 " b'r’ So the

above equality implies, by using (1),

br—lbr " %+2%+3 (2)
. r~2 r-1
By counting the number of edges between Dr+3 and Dr+4’ we
get
1% -1 ( e )= mbr+1br+2br+3 (c b )
@41%r42%4g TP T2 S LN 1 rdn
This implies, by (1) and (2),
r-2%-1" br+36r+4 3)



We repeat the above arguments. In the case r is odd, we get
©1%2 = P21 02r41-

This is impossible since 62 1=bd=0' In the case r is even,

r4+
we get
5152 = €180y
Here we have bl =k-1 and Copel = k. Thus we get
(k- l)bz = chk'

Then k divides b, and hence k= bz, a contradiction. I

2
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TRIANGULATIONS WITH WEIGHTED VERTICES

J.A. Hoskins, W.D. Hoskins, R.G. Stanton
Department of Computer Science
University of Manitoba
Winnipeg, Canada
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Abstract. If three points A, B, C, are given in the plane, then
the right bisectors of the sides of triangle ABC divide the plane
up into regions that "belong" to the three vertices. If weights
are attached to the vertices, then the regions obtained are -
bounded by circular arcs, and the conditions for intersection
can be found by an application of the Heron formula for the
area of a triangle. A series of diagrams illustrate various
configurations obtained in some practical applications in the
field of forestry. ‘

1. Introduction. In the biological sciences, the occurrence of competition
models is frequent (cf. Daniels, Burkhart, and Clason [1]); for a description
of various different competition designs, we refer to Street and Street [2]). As
one instance, we may take three points A, B, C, in the plane and imagine them
to represent three trees that are competing for nutrients and water from the
soil. If the trees are of equal size, we can reasonably postulate that they have
equal attractive strengths, and it is natural to use the right bisectors of AB,
AC, and BC to divide the plane up into three regions that "belong" to the three
trees A, B, C; the circumcentre of triangle ABC then becomes the point-at
which the attractive forces of the three trees are equal. We shall look at the
case when the trees are of different sizes, and consequently their attractive
strengths are different; we model this situation by attaching positive weights u,
v, and w, to points A, B, and C. There is no loss in generality in assuming that
the points are labelled in such a way that u, v, and w are in decreasing
magnitude, thatis,u=vz2w>0.

2. Discussion of the Model. In Figure 1, the triangle ABC is arbitrary
(the three vertices can be considered as representing the positions of three
trees). Weights u, v, and w, are attached to the vertices A, B, and C,
respectively. It is assumed that all the weights are positive and thatu 2 v = w.
If the co-ordinates of A, B, and C are represented by (x,,y,), (X,,¥,), and

(x3,¥3), respectively, then the locus of points P, such that AP,/BP, = u/v is
given by :

V2 E-x)2 +(y-y)2]= 2 [(x-x)? +(y-y,)? )
This locus has the general form

Kix2+y)+Kx+Kyy+K, =0,
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and hence is a f:ircle whose centre lies on the line AB. Similarly, we find that
the locus of points P, such that BP,/CP, = v/w is a circle whose centre is on the
line BC and whose equation is

W2 (X =X, + (¥ -y 1= V2 [(x-X,)2 + (¥ - y3)2 1.

Finally, the locus of points P, such that CP,/AP, = w/u is a circle whose centre
is on the line AC and whose equation is

W2 [(x - Xp)% +(y -y 1= W2 [(x-X,)% +(y -y ).

These three circles are just the circles of Apollonius associated with each of
the pairs of points. So we may state our first result as

Lemma 1. The loci partitioning the plane into areas belonging to A, B, and C
(in the sense that the attractive forces from A, B, and C are dominant in the
areas) are simply arcs of circles.

Figure 1 illustrates such a situation; the partitioning arcs are shown as solid
lines, whereas the remainder of each circle is shown as a dotted arc. In this
diagram, the circles intersect in two real points, that is, there are two points K
such that AK : BK : CK = u: v : w (zero points of intersection and one point of
contact are also possibilities)

We next note that the equations of any two of the three circle can be combined
to give the other equation; this means that any points common to two of the
circles also lie on the third circle. Consequently, the three circles all possess
the same common chord. Since the centres of the three circles lie on the
common chord, we have

Lemma 2. The centres of the three circles are all collinear.

It is interesting to note that this result can be derived in another way. If we
denote the centres of the three circles by G, E, and F, respectively, then it is
easy to calculate that

AG/GB = u?/v2, BE/EC = v¥/w2, CF/FA = w?/u2,

It thus follows that the points G, E, and F divide the sides of the triangle in -
such a way that the product of AG/GB, BE/EC, and CF/FA is unity.
Consequently, the Theorem of Menelaus guarantees that G, E, and F all lie
upon a straight line.

It is clear that, as the ratio u : v : w approaches the ratio 1 : 1 : 1, then the
circles approach circles of infinite radius (straight lines). One of the points of
intersection recedes to infinity, as does the line GEF. The other point of
intersection becomes the intersection of the right bisectors of the three sides,

that is, the circumcentre of triangle ABC.
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3. Condition for Real Intersections. Figure 1 illustrates the situation
when the circles have two real points of intersection. These two points may
coincide or they may be non-real. The case when the two pomts coincide is
clearly the dividing line between the real and non-real situations. We shall .
now investigate the algebraic conditions for real intersections; the conditions
take a particularly symmetric form if we employ the Heron formula for the
area of a triangle.

First, it is useful to obtain a somewhat different form for the Heron formula;
normally, this formula states that the area A is given by -

=s(s - a)(s - b)(s - ¢),

where a, b, c, are the lengths of the sides opposite A, B, C, respectively, and
where 2s = a + b + ¢. If we substitute for s, we have

16A? = (a+b+c)(a-+b-c)(a-b+c)(b+c-a);
from this form of the equation, we note that failure of the triangle inequality
(that is, a negative value for one term such as a+b-c) shows up as a negative

value for A2 (or, equivalently, as a non-real value for A) Further algebra
produces the alternative formula

16A2 = 2(a2b? + a2c? + b%c?) - a - b4 - ¢4

It will also be useful to introduce an auxiliary triangle whose sides are au, bv,
and cw. The area of this auxilary triangle is a quantity T where

16T?2 = 2[(au)?(bv)2+(au)2(cw)2+(bv)2(cw)?] - (au)?* - (bv)* - (cw)4.
We now consider Figure 2, where K represents a point of intersection of the
circles; then the distances AK, BK, and CK are given by ku, kv, and kw,
repectively, where k is a constant of proportionality that remains to be
determined. The cosine formula immediately gives us the results that

cos AKB = [k2(u? + v?) - c2)/2k2uv,

cos BKC = [k*(v2 + w?) - a2]/2k%vw,

cos CKA = [k2(u? + w?) - b?)/2k2uw.

However, the angles AKB, BKC, and CKA add to 360°, and it is well known
that, for any angles P, Q, and R that add to 360°, we have the identity

cos?P + cos2Q + cos?R - 2cosP cosQ cosR = 1.
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Substitution in this identity yields the following equation for k (all terms in k¢
cancel out):

k4[a%2(u2-v?)(u-w2)+ bz(vz-uz)(vz-w2)+ c2(w2-v2)(w2-u?)] +
k2[(au)%(a2-b2-c2)+ (bv)*(b2-a2-c?)+ (cw)*(c2-b2-c?)] + (abc)? = 0.

We note that, if u = v =w = 1, then k simply becomes R, the circumradius of
triangle ABC The equation then reduces to

R2(-16A2) + (abc)? =0,

and this gives the familiar formula for the circumradius of the triangle,
namely,

= abc/4A.

We further note that the equation is quadratic in k2; consequently, the
condition for k2 to be real can immediately be written down as

[(au)2(a2-b2-c2)+ (bv)2(b2-a2-c2)+ (cw)?(c2-b2-c)]? -

4(abc)? [a2(u2-v2)(u2-w2)+ bA(v2i-u?)(vZ-w2)+ cz(wz-vz)(wz-uz)] =0.
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This condition simplifies to the requirement that the product of

{2(a?b? + aZc2+ b%c?) - a* - b - %)) _

and {2[(au)2(bv)2+(@au)X(cw)>+(bv)2(cw)?] - (au)*- (bv)* - (cw)*}
be non-negative; thus

(16A2)(16T2) 2 0.

Since ABC is a given triangle, we certainly have A2 > 0. However, the
auxiliary triangle may not be real. If the auxiliary triangle is real, then T? > 0,
and the two values for k2 correspond to the two points of intersection of the
circles. If T2 = 0, then there is only one point of intersection of the circles (the
common chord becomes a common tangent). Finally, if T? < 0, then the

auxiliary triangle ceases to be real, and the circles do not possess real points of
intersection.

We thus have

Lemma 4. There are two real points of intersection of the circles if and only
if the conditions '

au+bv>cw, bv+cw>au, cw+au>bv,

are satisfied. If one of these equalities becomes an equality, then T = 0, and
there is a single point of intersection. If any inequality is reversed, then the
circles do not have real points of intersection.

We note that, if u = v = w = 1, then the conditions just become the ordinary
triangle inequalities for the triangle ABC; these conditions are automatically
satisfied and so we have the comforting result that the right bisectors of the
sides of the triangle do meet in a real point.

It is also possible to deduce the result of Lemma 4 in a somewhat less
symmetrical fashion. Let R, and R, be the radii of the circles with centres G

and F, respectively. Then there will be real points of intersection if and only if
we have the two conditions

(R, + Ry? 2 (FG),

R, - R)? < (FG)2
It is easy to calculate that

R, = uvc/(u?-v2), R, = uwb/(u*-w?).
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Also, FG can be calculated from the cosine law for triangle AFG. After

considerable algebra, these two inequalities reduce to the result already given
in Lemma 4. o

4. Conclusion. The results described in this paper have been implemented
in algorithmic form, and Figures 3 to 10 show some actual results of the
algorithm as applied to forest data. The values of u, v, w, are proportional to
the attractive powers of the trees (these attractive powers are indicated by the
size of the representing points). Figure 3 shows all the construction lines for
various combinations of points, and the resulting region dominated by a single
point. Figure 4 is identical with Figure 3, except that the construction lines
have been eliminated and the regions associated with each point have been
drawn in. Figures 5 through 10 indicate some of the different possibilities can
arise when there are trees of vastly differing attractive powers (in practice,
this involves trees of different sizes or ages).

s. Ackhowledgment. We take this opportunity to express our gratitude to
Mr Robert Chan who implemented the computer algorithm that produced
Figures 3 to 10, '
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Algebraic-geometric code on a curve
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Construction of Even Unimodular
Lattices from Self-Dual Codes over
Finite Fields

BLBTAHE /N3 3858 Michio Ozeki
’ Dec.1,1989

1 Self-dual Code over a Finite Field

Let p be a prime and F, = GF(p) the field of p elements. Let V = Fy
be the vector space of dimension n over F,. A linear [n,k] code C is a
vector subspace V of dimension k. In V, the inner product, which is
denoted by (x,y) for x , y in V, is defined as usual. The dual code C+
of C is defined by
Ct={ueV|(u,v)=0¥veC}

The code C is called self-orthogonal <=> C C C*L.
The code C is called self-dual <= C = C*.

2 Complete Weight Enumerator
Let Xo, X1,-++,X,-1 be independent variables, then the complete
weight enumerator Wo(Xo, X1,-++, Xp—1) of C is defined by

WC(XO) Xl) Y Xp—l)
— Z X(')lo(V)X;'l(V) - X:_;:-l-l(")’

veC
where n;(v) is the number of the coordinates v; of the codeword v =
(v1,92, -+, vn) such that v; =7 (mod p). Obviously we have

no(v) +m (V) + -+ npy(v) = n
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and
no(v) + 2ny (V) 4+ 4+ (p - 1)?n,4(v) =0 (mod p).
The last congruence comes from the fact (v,v) =0 forve C=Ct
The polynomial Wg(X,, X, - - - ;Xp—1) can be rewritten as
WC(XO’ D STRLEN Xp-l)
= Z A(no, nl,---,n,_l)X5'°X{“ "'X:IIl,

notni+-4np_1=n

where A(no, ny,-++,ny—,) is the number of codewords v in C such that
nO(V) = o, nl(v) =Ny, np'—l(v) = Np1.

The cases where we have clear description of Weo(Xo, X1, ¢+, Xpmi) , are
p=2and p = 3(Conf.[4],[5], and [6]). A rather unsatisfactory description
of the complete weight enumerator for p = 5 is given in [7)-

3 Construction of Even Unimodular Lat-
tices from Codes over GF(p)

" Let C be a self-dual [2m, m] code over F,. We take vectors wy,wy, -+, wym €
R?™ 50 that '
(wi, w;) = péi;.
holds.
We form a lattice M by

M= [iw,- + wj]z

Note that M is even integral and d(M) = 2?p?™. Put M} = {z € R?™ |
(x,2) € Z Vx € M}. M} is the dual lattice of M and it satisfies

indez[M' : M] = 2°p*™.

Let v; = (vi1,Vi2,***, %izm) (1 < i < m) be a basis of C. From v; we
define vectors.y; in a following manner :

2m
Yi'—"l‘zbijwj (1<i<m),
pj:]
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where b;; are integers satisfying
. b,'_,' mod pP= "U,'J'.
We put '
J=M+Zy,+Zy:+ -+ Zyn.

It can be verified that J is an integral lattice. By taking b;;’s suitably,
we can make J to be even ( by adjusting (y;,y:) =0 mod 2 ). A general
element y of J is expressed as o

y=u+d ayi. a€ZuelM.

=1

supp(y) is a vector in F2™ defined by

m .
supp(y) = z a;Vv; ,

=1
where
d; = a; mod p.

We can prove that the mapping
@1y + supp(y)
defines a linear mapping from J to C and the kernel of ¢ is M. Therefore
JIM ~C.
In particular, we have
[J: M]=|C |=p™
At this stage we know that
M'D>I'>JoM
and
[MV: M) =[M): DI J)[T : M) = 2%p%m,
Since [M}: J =[J : M] = p™ , we have
[(J':J] =22
If we choose yo € J! — J with (yo,¥0) = 0 mod 2 and form a lattice L:
L=J4+72Zy, ,

then L is an even unimodular lattice.
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4 Special Topics

The Gosset lattice 5 has many representations. It is a well-known
fact that Ej is constructed from the Hamming binary [8,4, 4] code. Here
we give several constructions of Eg from other codes over GF(p) (p > 3).

*(T) Ternary code construction of Eg.

11100000
C=01210000
00001110
00000121

C is a generator matrix of a self-dual [8,4] code over GF(3). Let w
(1 £ i< 8) be vectors in R® s.t. (wi,w;) = 36; and M = [£w; £ w;]z.
Representatives yy, y3, ys and y, of J/M are

: 1 1

yi= g(wl +w; — 2ws),y2 = g(wz — w3 — 2wy)
1 1

Y3 = 5(% +we — 2wr), ¥4 = g(ws — wy — 2ws)

1
yo=g(w1 + w2 + w3 — 3wy + ws + we + wr — 3wg)
E8=J+Zy0)2y0 €J,yo & J.

*(Q) Quinary code construction of Fj.

(=T s T o T N
OO = O
[=T o = I =
-0 o o
e I )
LT
B e
R A e

C is a generator matrix of a self-dual [8,4] code over GF(5). Let w;
(1 i < 8) be vectors in R® s.t. (w;,w;) = 56; and M = [w; + w;]z.
Representatives yy, y,, y3 and y,; of J/M are
1 ’ 1
= g(wl + ws + we + wr — dug),y2 = g(w2+w5+w5+4w7 — wg)

1 1
Y= 's‘(w3+w5+4w6+w7°'w8))Y4= '5'(W4—4w5_w6_w7+w8)
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1
Yo = -ia(wl-f-(Ug—W3+w4-_3w5_3w6+3w7—3w8)
Ey=J+Zyo2y0€J,y0 & J

*(S) Septenary code construction of Eg.

e N I
S O = O
[ — I =)
DM - OO
W o oW
S N O W
Lol =T & I =]
SO W o

C is a generator matrix of a self-dual [8,4] code over GF(7). Let w;
(1 < i < 8) be vectors in R® s.t. (w;,w;) = 76; and M = [w; £ w;]z.
Representatives y1, y2, y3 and y4 of J/M are

1 1
Y1 = 7w + 2ws + 3we), y2 = z(ws + 27 + 3uw)
1 1
Y3 = ;f(wx + w3 + wy — 5we), ¥4 = 7(401 + wy — wy + 3ws + wy — ws)

1
Yo = -I—Z(—2w1 + 2wy — 4wy + 2wy — 2wy + 2we — 4wy + 2ws)
Ey=J+Zyo2y0€J,y0 & J

#(11)  GF(11) code construction of Eg.

O O W e
[~ B = e R
(== o B = BN JX)
QO N O
W = O O
L = O O
o w o o
N O O O

C is a generator matrix of a self-dual [8,4] code over GF(11). Let w;
(1 i < 8) be vectors in R® s.t. (w,w;) = 76; and M = [+u; + w;]z.
Representatives y;, y2, y3 and y; of J/M are

1 - 1
1= H(wl +wy — 8ws),y2 = H(3w1 — 3wy + 2w,)

1 1
Y3 = —5(ws + ws + wg — Buwy),y4 =

1 ﬁ(3(&)5 - 3w6 + 2(4.18)
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1
Yo = ﬁ(2w1 — w2 — 4wz + wy + 2ws ~ ws — 4wy + ws)
By =J+2Zy,2y0€ J,yo & J
It may be possible that Eg can be constructed from a self-dual [8,4]

code over axbitrary finite field.
*(T)  Ternary code construction of the Leech lattice

Let C = [I12Hy;) be a generator matrix of the Pless code Py,
where Hiy = (h;;) (1 < 4,j < 12) is a Paley type matrix of order 12
viewed as the matrix over GH(3). Let w; (1 < i < 24) be vectors in R2*
st. (wi,w;) = 36; and M = [+w; L w;]z. Representatives x; (1<i<249)
of J/M are given by

1 12
X = §(w‘ + Y aw;412),
i1

where a;; are 0,1,-1 according as h;; are 0,1,2 respectively. Put

1 23
Xo = '6—(2 Wy; — 5&)24),

Jj=1
Leech = J+ZXO, 2XO € J, Xo ¢ J
There also is a quinary code construction of the Leech lattice (c.£.[10]).
The code construction on the general finite fields in our sense may play

an important role in the theory of quadratic forms. To glimpse this we
show some illustrating examples.

(I) An even unimodular lattice of rank n is called extremal if the min-
imal vectors of L is a 2k-vector (i.e. a vector x satisfying (x,x) = 2k )
with 2k = 2[2] + 2 . Here we give a small table of results.
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rank n
extremal lattice | 8 (16 24 | 32 | 40| 48 | 56 | 64
B|B| B|f Bl B . .
T T|T+|Tt|Tt| T+ | Tt Tt
QI Q| Q 2| 7 7| ?
S| S| ? 2} | 7?1 ?

B: it admits binary code construction

T: it admits ternary code construction

Q: it admits quinary code construction

S: it admits septenary code construction

* : it is found by Leech-Sloane ([2]).

t: it is found by Ozeki ([9]).

Remark : The places which are marked ”?” are not examined.

(I1)24-dimensional Niemeier lattices

D 24
E3Dis
D}
Dz
Dg
Aty

BT
BT
BT
BT
BT

T?

A15Dy |
A7D3
AL
Ag
AnDrEg

D]oE—?

T
T
T?
T?
T
T

E}
D},
A
AP
Eg
Az

BT
BT
T?

T?
T?

A2Ds
ALD,
A
A3
A By
Leech

Remark : The places marked by "T?” are not yet determined whether
it admits a ternary code construction. The reason for this is that the
classification of self-dual ternary codes of length 24 is not complete (c.f.

(3))-

B: it admits binary code construction

T: it admits ternary code construction
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