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1 Cyclotomic association schemes

In this section, we define Cyclotbmic association scheme (or cyclotomic
scheme) of class e on GF(g). We shall establish the relationship with its
character table and Gauss sums.

Definition.- Let ¢ be a prime power and e be a divisor of ¢ — 1. Fix a
generator « of the multiplicative group of GF(g). Then (a°) is a subgroup
of index e and.its cosets are {a®)e’, 1 =0,...,e — 1. Define

Ry = {(z,2)|z € GF(q)}
Ri={(z,y)le,y € GF(g),z —y € (7)™}, (1Si<e)
R={Rl0<i<e}

Then (GF(g), R) forms an association scheme and is called the cyclotomic
scheme of class e on GF(g). The character table of the cyclotomic scheme
is the first eigenmatrix of the association scheme. We will not give a formal



definition here, instead, we show how to construct the character table of
cyclotomic scheme from the character table of elementary abelian group.
For a discussion of association scheme in general and the definition of the

character table, see [2].
Consider the character table T of the additive group of F = GF(q )

T= (X(a))xeﬁ,aeF

The rows of T are indexed by the set of additive characters, the columns
of T' are indexed by F. The coset decomposition by the subgroup (o) is a
partition of F' — {0}. Consider the ¢ by e 4+ 1 matrix T" whose rows are

1, X xB), 3 xB).-n D, x(B)

Befat) Befac)a Belac)oet

where y runs through F. Then T’ has exactly e + 1 distinct rows. The
character table P of the cyclotomic scheme is the e + 1 by e + 1 submatrix
of T consisting of e + 1 distinct rows. The rows of P can be rearranged in -
such a way that

1 f o f

with ¢ = 1+ ef, Po = Y523 n:C*, where C is the e by e matrix:

The matrix Py is called the principal part of the character table. The
number 7,’s are called Gaussian periods, given by

= Z _X(ﬂ))

ﬁe(ae)ai—l



for a fixed nontrivial additive character x. Let T be a nonsingular matrix
such that '
1

T-10T = ¢

€e—1

where ¢ is a primitive e-th root of unity. Then we have

e-1
T'RT = Y pT7'C'T

1=0 :
e—1 e~1 . e-1 .
= dlag(z iy Z 771'6'1 ceey Z niﬁ(e_l)i)
1=0 1=0 © =0 )

= diag(G(¥", 1), G, XD, G, X))

where % is the multiplicative character of F defined by (o) = ¢/,j =
0,1,.... Therefore, the eigenvalues of P, are Gauss sums.

Theorem 1 (Davenport-Hasse [6]) Let K = GF(¢°) be an extension

of F = GF(q), x an additive character of F, v a multiplicative character
of F. Let ‘

% =1 o Ng/p
X =x0Trg/r
Then we have

G, %) = (-1 "G, %)’

Suppose that P, is the principal part of the first eigenmatrix of the
cyclotomic scheme of class e on GF(¢°). Then, by a suitable rearrangement
of rows and columns, the following matrix equation holds

PRy=(-1"R;
This is simply a direct conseqence of Davenport-Hasse theorem.

Ezample. Let ¢ = r? be a square and take e = r + 1. Then (a®) is the
multiplicative group of GF(r). One can readily see that Po =rI — J. The



spectrum of Py is (—1)}(r)". Notice that this fact is essentially equivalent to
Theorem 2. One can apply Davenport-Hasse theorem to conclude that the
principal part of the first eigenmatrix of the cyclotomic association schemes
of class r + 1 on GF(r*) is given by

(-r)™ -1

J
r+1

(T4

Theorem 2 Let ¢ = r? be a square, ¥ o multiplicative character of or-
der r + 1 of GF(q). Then there ezists an additive character x such that
G, x)=gfor1<i<r.

This theorem is a direct consequence of Stickelberger’s theorem [11].

Definition. Let (X,R) be an e-class commutative association scheme. The
association scheme is called pseudocyclic if the multiplicities my,mg, ...,my
coincide each other. Notice that if (X, {R;}o<i<a) is pseudocyclic, then the
valencies k; = p;(0) (1 < ¢ < d) coincide each other. More precisely,

Proposition 3 Let (X, {R;}ocica) be an association scheme of class d over
a finite set X of cardinality v =1+ kd, with k =k; for 1 <i <d. Let

B={Rz)|c€eX,1<i<d)

The following are equivalent.
() (X, {Ri}ocica) 1s pseudocyclic.
(i) T, gl = b— 1.
(iil) B is a 2-(v, k, k — 1)-design.

Proof. See [[4], Proposition 2.2.7] O
A psuedocyclic association scheme has the first eigenmatrix of the form

1o f
1

I

with | X| =1 +ef.



2 Amorphic association schemes

In this section, we state a theorem of A. V. Ivanov on amorphic association
schemes, and present the classification of amorphic cyclotomic scheme due
to Baumert, Mills and Ward [3]. Throughout this section, we let p be a
prime,  a primitive p-th root of unity. We denote the all one matrix by
the same notation J regardless the size, since no confusion is likely.

First let us define amorphic association schemes. Let {A;}ocj<s be
a partition of {0,1,...,d} with Ag = {0}. Let Ry = Ujen, Ri. If (X,
{Ra;}ocjcar) becomes an association scheme, then it is said to be a fu-
ston scheme of (X, {Ri}ocica). (X, {Ri}ocicd) is called amorphic if (X,
{Raj}ogicar) is a fusion scheme of (X, {R;}o<i<a) for any partition {A;}ocjcar -
with A = {0}. . o

There is a simple criterion in terms of the first eigenmatrix P for a
given partition {A;}ocj<a to give rise to a fusion scheme (due to Bannai
(1}, Muzichuk [10]): there exists a partition {A;}o<j<a of {0,1,...,d} with
Ao = {0} such that each (A;, A;) block of P has a constant row sum. The
constant row sum turns out to be the (i, j) entry of the first eigenmatrix of
the fusion scheme. Examples of amorphic association schemes are derived
from affine planes. The isomorphism classes of affine planes of order q is.
in one-to-one correspondence with the isomorphism classes of association
schemes having the same parameters as the cyclotomic scheme of class ¢+1

on GF(g?).

Theorem 4 (A. V. Ivanov [9]) Let (X,R) be an dmorphié association

scheme of class d, d > 3, on n vertices. Then n is a square, say n = m>.

If we write k; = p%, A\ = piy, g = pl, (j #1,0), then either

(i) there exist integers gi, (1 <1 < d) such that

ko= glm-1)
A= (gi—-Dlgi—2)+m=2
pi = gilgi=1)

or
(ii) there eist integers g;, (1 < i < d) such that

ki = g(m+1)



o= (gi+1)(gi+2)-m—2
| wi = gi(gi+1) |
Definition. An amorphic association scheme satisfying (i) (resp. (if) ) in
Theorem 4 is said to be of Latin square type (resp. negative Latin square
type). '
The following lemma is immediate from Theorem 4.
Lemma 5 A pseudocyclic association scheme of class d is amorphic if and

only if the principal part of the first eigenmatric is a linear combination of

J and I, where J is the all one matriz of size d and I is the identity matriz
of size d.

Therefore the cyclotomic scheme of class r + 1 on GF(r*) is amorphic, in |
view of example in the previous section. Since any fusion scheme of amor-
phic association scheme is also amorphic, the cyclotomic scheme of class
e on GF(r*) is amorphic, if e divides r + 1. These are the only amor-
phic cyclotomic schemes, as we will see in Theorem 7. It should be noted
that the first eigenmatrix of an amorphic pseudocyclic association scheme
is uniquely determined by the number of classes and the number of ver-
tices. Let us describe the parameters of psuedocyclic amorphic association
schemes of class at least 3. Let the number of vertices be m? m?—1 =ef,
where e is the number of classes. We have f = g(m — 1) for some integer
g, if the association scheme is of Latin square type, f = g(n + 1) for some
integer g, if it is of negative Latin square type. In what follows, the up-
per sign of the double sign corresponds to the case of Latin square type,
the lower corresponds to the case of negative Latin square type. We w1ll
express the parameters and the eigenvalues in terms of e and g.

m)—1=ef =eg(mF1)
m=egF1l
| f=g(eg¥2)
Suppose that the first eigenmatrix is of the form

1 f o f
1l a b

1 b a



By the orthogonality relation, we have
I+a+(e—1)h=0

Fra+(e-1)p=ef+1
po Lt (egF1) ~1-(egF 1)

e ! e

The integrality of b forces that b = Fg. Then a = -1+ (e — 1)g. The
intersection numbers are

pi=g—14g(e—-3),1<i<e

Pi=glgF1),1<i<e1<j<ei#]
ph=¢n1<i<el1<j<el1<k<eid)j#kk+i

Now we present a short proof of the classification of amorphic cyclotomic
association schemes due to Baumert, Mills and Ward [3]. The following
lemma, appeared in [8], plays a key role in our proof.

Lemma 6 (Suzuki) Let G be a finite abelian group and let € be a complez-
valued function on G. Suppose

(i) |e(a)]= 1 for any nonidentity element w of G,

(ii) there ezists some a € C such that (€, x)g € {o,a+1,a =1} for any
irreducible character x of G.

Then e = on G — {lg} or e = =9 on G — {1g} for some irreducible
character ¢ of G.

Theorem 7 Let p be a prime. A cyclotomic scheme of class e on GF(p*)
. 18 amorphic if and only if there ezists o divisor r of s such that e divides
p"+ 1

Proof We may assume e 2> 3, since the case e = 2 is trivial. Let

—1 = ef. If the scheme is of Latin square type, then f is divisible by
p — 1. Thus e divides p° 4 1.

We prove the assertion for the case of negative Latin square type by
induction. Since f is divisible by p* + 1, we see that e divides p* — 1, that
is, there exists a cyclotomic scheme of class eon K = GF(p*). We aim to



show that this scheme is amorphic. Let P, be the principal part of its first
eigenmatrix.Let L = GF(p*),

~

Y =19 oNpk

X =x0Trrx

By Davenport-Hasse Theorem, we have

(T PyT)! = diag((G°, 7), G(H, R -, G, 7))

For an appropriate choice of x, we have

G, %) =p",i=1...,e~1

This implies '
G(¢J,X) = e(j)ﬁ, j = 1,"‘,6 - 1’
where €(j) = £1. It follows that

I -

"7a=l

1%}

. e~1

I(—14-VGF§;60)XGO)

Suppose that s is odd. Then 7, belongs to Q(,/p, £), which has an automor-
phism 7 fixing £ and sending 1/p to —,/p. Then 7, +1n] = —2/e, whichis a
contradiction since e > 3. Therefore s is even. Now we see that 7, belongs
to Q(€) N Q(¢) = Q. Combined with the fact that p?* = lmode, we find
L Y521 €(j)67 is an integer, hence it must be 0 or £1. By Lemma 6 we con-
clude €(j) = €% for some k. Since €(j) = £1 we see k = 0, or k = ¢/2 and
e even. Now one can conclude the cyclotomic schemeof class e on GF(p*)
is amorphic. Repeating this procedire, one eventually reaches amorphic
association scheme of Latin square type, which was treated earlier. O

3 Notes

3.1 Davenport-Hasse theorem for association schemes

Davenport-Hasse theorem provides a powerful tool to compute the charac-
ter table i.e., Gaussian periods of cyclotomic scheme, as shown in section 1.



The fact that a power of the principal part of the character table as a
matrix is the principal part of the character table of another association
scheme is quite remarkable, and we are interested in the situations where
this phenomenon occurs.

Here is an example. Consider cyclotomic schemeof class 3 on GF(4)
- and GF(16). The principal part of their character tables are

1 -1 ~1\
Po=| -1 1 -1
-1 -1 1
/-3 1 1
B=| 1 -3 1
\ 1 1 -3

Notice that the relation —-Pl= Py holds. Now consider the principal part
of the character table of Zy, the cyclic group of order 4:

' 1 -1 —
Q=1]-1 1 -1
- =1 i

1 1 -3
Q=] 1 -3 1
| -3 1 1

which is the same as P, up to some permutation of rows. This motivated us
to search for an association scheme on Z4 X Z, having the same parameters
as cyclotomic scheme of class 3 on GF(16). Indeed, the following partition
of Z4 x Z4 defines an S-ring (hence an association scheme ) with the desired

property.

Then

- S = {(0,0)}
S = {(2,2),(0,1),(0,3),(1,0),(3,0)}
52 {(171) ( )7(0 2)’(3»2)a(1,2)}
S3 {(2>0)’(2’1)’(2’3)>(173),(3’1)}

1l



This association scheme was already included in the list of A. V. Ivanov
[9], however, no interpretation was previously known. This association
scheme has only the trivial automorphisms, namely, the translations by
the elements of Z; X Z4 and the inversion, therefore the scheme is not
Schurian. We now give the relationship between this association scheme
and the Shrikhande-Bose difference set.

Let D = {D - {(0,0)}|Z4 x Zs D D : (v, k, \)-difference set,(0,0) €

= —D}. Then GL(2,Z,) acts transitively on D. For example 57 =
12,2),(0,1),(0,3),(1,0),(3,0)} € D. Let

Do = {(1a0)1(2’ 0)7(3’0)’ (0’1)7(()» 2)a(0a3)} ‘

D, is called the Shrikhande-Bose difference set. {(0,0)} U So is equivalent
to Do, i.e., there exists ¢ € G = (24 x Zy) - GL(2,Z,) such that D} =
{(0,0)}U Sp. This implies the following characterization of the Shrikhande-

Bose difference set. '

Proposition 8 If D C ZyxZ, is o difference set satisfying (0,0) € D,D =
~D, then D 1is equivalent to the Shrikhande-Bose difference set.

Let .
¥ = {(81, 52, 53) € D x D x D|S;, Sy, S3 are disjoint}

Then GL(2,Z,) acts transitively on ©. Moreover, {(0,0), 51, 53, S3) is an S-
ring on Zy x Z4 for any (51, S, S3) € T. Conversely, suppose ((0,0), 51, 53,
S3) is an S-ring on Z, x Z4 which defines an amorphic pseudTyclic asso-
ciation scheme, then (0,0) U S; is a difference set for 1 = 1,2,3. Therefore
S; € D, and so (54,97, 53) € L. ’

Finally let us mention another design associated to our S-ring. In view
of Proposition 3, one obtains (16,5,4)-difference families on GF(16) and
on Z4 X Z4. These two designs have the same inner distribution, but not

“isomorphic.

3.2 Fusion schemes of non-amorphic cyclic associa-
tion scheme

There are many non-amorphic cyclotomic schemes which have nontrivial
fusion schemes. Cyclotomic schemes are pseudocyclic association schemes,



with the additional property: the principal part of the character table is a
circulant matrix. We call pseudocyclic association scheme with this prop-
erty cyclic. If e is not prime, then there exist a fusion scheme of cyclic
association schemes corresponding to subgroups of the cyclic group of or- .
der e. (see [8]). We call such fusion scheme trivial.

Theorem 9 If e < 5, then the only cyclic association schemes with a non-
trivial fusion scheme are amorphic association schemes. '

Fusion schemes of class 2 of cyclotomic schemes have been extensively stud-
ied, since such a fusion scheme gives rise to a two weight code [5]. If ¢ > 6
then there exist non-amorphic cyclic association schemes which have non-
trivial fusion scheme. We give a few examples below.

Ezample. Let K = GF(49), o a generator of K*,
T:K—-K; z+2*

S:K—-oK; 2w za

Let H = (S™2, $3T). Then one obtaines a cyclic association scheme of class
6 on K via the action on the group K - H. This association scheme has
nontrivial fusion schemes, however, it is not amorphic.

Ezample. The cyclotomic scheme of class 7 on G'F(64) has nontrivial fusion
schemes of class 2, however, it is not amorphic. The fusion schemes give
rise to (64 28,12)- dlﬁ'erence sets.
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An Improvement of the
Boshier - Nomurg.  Bound

KiRERaRE  BAR B
1. Introduction . | o
Let [7 be connected und.’rec,-red s;mPle i
tinite groph  ond let O denote the
usuol digtonce on [
let d be the diometer of [7 |
e d=mx {9 v luvel ] |
For vertices u v €7  ond hon-negotive
infegers 1 §d . we get w
Ficw = [ xe [ dcuxr=i}
Dicuvi= TMicw a Don
[" is distonce regulor , i it sotisfies
{ollowing properties , thot is
the Size ot Dj (U v) depend5S only on
the distonce between U ond v
rother thon the indivisuol Vvertices



In thot cose  we write
P% = D} T2
where . £ = 9Cu V)
we gef intersection humbers os follows
Ci = P = Pi‘i1 1
i = P1ii : Pii1
bi = Pl - Py
Ad let k be the wvolency of 7
k= P = [Mwl  dorYuel”

ond et -

| ¥ C C -+ Ci - Cov Cd
O O+ 62 7 01 - Oas Ou
k b1 by - bi - b X

n
1

be the intersection orrey of I

A. detoiled description of  distence -
‘regulor grophs  will  be  found in [17]
ond [2 ]



One of the most importont thing in the |
study of distance - regulor  groph

is fo determine the properties of the
intersection  OrrGy

For exomple . we hove Jollowing

properties of the infersection vumbers .

lemmqa 1.

1 Ci+ 0i +bi =k
for 1:=012 - d
2) 1=CisCes - SCasSk
3) k=bozbtz "+ 2ba-170
4) K i+jsd then CiS bj



In this note . we gholl prove the
following  result
THEOREM

Let 7 be distonce -reguior groph
with  volengy k> 3 |
ohd  infersection orm/

[ X { - 1 1 -
‘ kﬂ_\""kﬂf—z-“ k—_Z:
- —

F r>o0  then 5< 4
Moreover o

I'F >0 5=3 then Cr+4>1"

Boshier ond Nomuro proved thot 8<5
if r>0 for ol kK (see [31)
50 whot we hove Shown s we (vmpmved
their bound by one



2. Proot of TugEoREM
Our proot i5 bosed on cirouit chosing
fechniqe 08 in  Boshier-Nomuros poper [3 1 .
By woy of controdiction we ossume thot
r> ond 52 4
let u v be odjocent vertices  ond
set D} = D}(u v)  then in gererol
the in‘rergeoﬂon' diogrom w.r.T. U v hes
the schope like this

; /D% Dfr:a— —
\D: + / tr;«’»
/N

— D? D" ré:zl ' Dnz

where o line between two entries indicotes
possibility of existence of edges between
them . |



"For o subset A in[" . the number of edges
from o vertex u to A will be denote
by e(u A)

LEMMA 2

Di=g  for 1sisr
Prcot

Suppose not . Txe Dt = Dicu vy
then ue Navdyn oo |, 9Cv x)=1
Imevyalieol = 04 >0

¢. confrodiction . O
LEMMA 3

There ore no edges between Div ond
Py DI for 151 < req
Proof

for xe Dh  e(x DY:=G
1+

ond elx DY')+e(x Diy+e(x DY
Since Ci:Gin . ©Cx DI)+eC(x D=0 QO

)= Cirt



LemMmA 3

There ofe o edges between D% ond

D%'U_D}- tor 1S 1< 4

lemMmMA 4

There ore no edges between D, ond
DEluDY'  for 1sic<ndg  isr
Proct |

for  Xxe D#j-la e(Xx uz) bw
eCx DY)+ elx DENY+ocx D¥)=bi
Since bii=bi ..8(x DEI)+e(x D¥):=0

0
Lemma 47

There ore no edges between Di{' ond
¥ o DL for 1Si< 4  isr

Tren. the shope of the diogrom . becomes
one like this .



Phe — Di3

Dt —pt —Di— --Dr, S
\
Ri — DFf%
/
Di—pt— D¢~ ~—D¥ — DR — Dt —

Now We consider o circuit of length 2r+8
such thot

er-r‘]
Xo O = ———
l | X% XM
X4 e
Xz Xeit Xnz  Xp3

Next we congider the locotion of \erfices
of this Some circuit on the diogrom wrt
Xt Xe . Then we find |

T




Next  with respect 10 . XeXs
Xz ’_0

X: o—eo—
Next  with respeot o Xs)Xe
(&)

Next. with respeot o XaXs

Tren of fifth try. on the diogrom wrt

Xs Xe . we find the some shope 0S8 wrt
Xo X1 . ' ‘ o



S we con conclude thot length of
this circuit  2r+8 is divisible by 5
e 2r+8 = 0 (mod 5D r=1 (mod5)

Next we consider the different Gircuit
of length 2r+l5 . The shope of the
Circuit on the diogrom w.r.t X X1 05 follows .

po—e—

o o .

\ZJ

we con do the some bussiness 08 we hove
done before . In this cose we find the

shope of the Circuit on the diogrom w.r.t -
Xo X1 i§ the Some 06 thot w-r. T Xis Xis
Tt tollows - thet - 2r+B= 0 Cmod 1) i-e

P=c (mod 5 , comtrodicting = 1
(mod 5 n
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Appli cotions of Infersecdtion Diagmms
ot a Dislonce .Peau\\cw GN'G.P'R.

KIRECE LY #Bis L K B

1. Distonce Reguar Graph . |

M . connected undirected simple finte graphh .
(M= (V,E), veder sef V, edge st E ofBToH
345, 21713 V=D et [Me vedx serd
B-4A7 3.) (,simPle t loop . multiple bond, free )

d(d,B) : distonce ( the length of a shotest perth )
of % and R. o, pel.

Ad=max{dp)| «.pel I : diameter

Mi) = {Bel | dto, > =023, NW=T),

DE'FINI'T[ON M distance vegular govh (D?G)
& PAJ = M) A Ny |
depends o\nla on Q=d(0(.(i). o. Bel

BWE P 2 DRG £93. Lo lkeE3s3.



Ri= I | = ITW@)ATa 0] = ._Pﬁ:. tasth vd\enca

k= k1 vo.\encé .

A |
Q= Pit 12igd,  Co=o0
‘ A .
A = i 0s 4. =d
bi = Pilisi o=isd-t . ba=0, 6 (be=t%),

SCLGL.by &B3AEANRDoE ' o interseclion
array O3, Co by L2313 % T3 e

ZHu.

¥ G v CLosei Ca
(_(r‘)—_- (o) Q| [ a; ,...}.. Qd
bo-b4 b“ e e en gV A

DRG FR o T B,

i, D;RG_CD intersection army e3> 3 aray -
oRE. 3713, intersedion array o FEBEHS
w< Tk, |

2. (M =3 a;%*ﬁtﬂ:ll’).
poramefer 12& 3 harndeizlion £$13MN 3.

Sa ZoOTE W) Z"bi"?_ 5



lex o, pe [P with Al,p)=r.

(i), rlide) PR(G)T R held)
bi

Roasithizud .eo\ge T Moy, D), M)
43, Tu3ddooWNENTN C. a;. b ARTH
3, l"j(u)mfﬁ',%‘t ZHAESN (BB dw@.p) it
BA3I3) & 1. a5 1@ Zinkkibi edge Rz
3o ens, (e,

(R € Taa@u ) U M) .
RERATI Te o 3, |

® = Ci+Qi+b, osi=d,
I3 5. intersection oray @ row sum 3 —~ &

Z R=be THS,

2. Irtersedion Diagrom of Rank
N: PR&a. o el ol(ot.(5>=r"
D} =DiEp)= WAy B, (1Bl i) )
) D} =¢ 4 A3y or (i-gl>r.
() No oige between D} amd Dt 14512l or [jt1>]



Thsizogng =EABT
A, 8) £ d (o, ¢)+ alc«r,é‘)
85 MBRcHsweNs3,
Trntersection Diagram 13, {‘D’g‘k L. Tmsé
£ 0 ,Qme T2 SnrRae T
Dﬁ — D possibilly of eolges
Dg —— Dy | I aDT = p ‘?"a—eD‘;‘_
EOHTS b e ndRABRB-Ec3BRST X
- RRAY. S PSS D; DY R v.cdac a730 = ¢ 4V
NEBC. 2o Line ZHLT VL WUFoNAER.
3 D & Fis eH3c 23 |Djl=m 2
VwHFIDdDoLL D}fDQ 3 D‘° slD‘ 2 uH
33. |

Examee 0. di@,p)=r =0 ie., o=
be ,,c‘ % Qv .
fo=Dik! D-—“MC‘D _.__SmDm__m CJ.’Dd
o ' &l

Y NS
#3(r,5)eDixDm lawer=1§ & =l) ¥
Z32¢izdY mE4B3.
fibl = i Cin , 1=CLSC, by isd jedd



Exampee 1. dl,p) =T =1

e(ABR) =#1(r,8)eAB | atr,H)=13 33 ¢
(eCy.B)=e(r.B) ¥ T< )
reDY vlr . velmWa Ta@) 2B0T
bi=e(r. D::H) < el Din)+e(r,Di)+elr, D)= by,
. T bisbi &iom ZENR1e s
e'u,>t>“,£>= e Cr, Df-\ ) =0 /3.
Pz, cisCiv o HENT o &%
e(Dh,Di) = e(D&, DY ) =0 2@ 3,

%€, T.

13 bo b1 bd -1
2= B2l > 2 =LC >° 'k| - ——
Q1 7 2 v ca vl Qiﬂ hk

). Focsst=d s
R=f <Ra< - <BymBsnim =By B > D ha
-EA 9 Unimodal prope*’(y + 18 3.



ExampLe d Y, pY=r =d  diameter

e N g
D*'* | Dd-i& '
A Y

e
iei= D,

reDS; £33

Ci= (T, Ditn) = eCr, O )+ r, Dw) +o (. Bl )=by
2. Ci=bai o L 213 e(D;_,;, D;'-ca,\U D::g'ﬂ) = Q0.
150 bio HWIEYIESY ci bai € bai € <h

b5, cisb;  f rj<d + A3,



ﬁgsﬁj A{) ;c+3so\, LSy N

MEaBEETLHDIE,
Bosic Pro?eihes e Porameters.

(). Cx+Qi+ b, =R , osisada.
2), |l=¢ =C & -+ &2¢Cqg
3), R=bo2b = -+---* = by = 1

W), Rib: = RivCie
(5). &L fas unimodol Popelty . i€, ?stmsal st
l =R < Ry < ~--<ﬁg=ﬁ1+\=-~=€m> -+ >Ry
€. br2¢ 4 i+gsd
NG ﬁ;sﬁd MU i+g Sd, JLSJ“.
®). ¥ Ri=%] with 4+jsd A<j,

Then  b=Cj, b =G, - by = G



3. Ri= Ry
otz MR e ) o BEo BB BNT 3,

Tuecrem 1. M. DRG.  d: diameter

Suppese ke = Ry + Rypyy with 0se<t, erfsd
Then <+f=d and one of the fdllowing $uolds.
e, antipodal 2-cover.

4

() Ri==%a-i osasd

() Re=key = “ = Ra-e, GdFO and

. be= ‘- = bde-; = bie =Cen = --: =Cd-e
for any vertex u in 7, Talu) 35 a c,hzue
of size Qq+1  Moveover »‘ dz3€. then

e=| and ®=2.

nd ) ok /B3 oz LBWN . p1681

ToF B, - 2T TOLA,

Cor. M DRG  d:diamefer. Suppose ke=Rf
with ose<t . e+f<d. Then one of the following Holds.
W) Bi=tRa-( 0Si€d anda etf=d

(w) ﬁe=ﬁe+| = - = ﬁ-F



5 — B BATRIEBRZE BB H 3.

BElER D DRG d: diameter, R?22 ual’e‘n.c'g
ke=ky oOze<f ,etfsd Tagw B
Ri=Rd-i 0%2¢=d and etf=d.  IBHD

Gm‘h‘pod-af 2-wver T CoR 2 i) 3 Hasran.’?

DRGPmWE

M) = o { m | pgm+o0 § cEBEIZ €.
antipodal 2-cover. TRHS () 6" LT3 913
AM)=0 BUR THY). Taml o () izdbsh
N3 Gato w> Taw) :cligne z-a&)ﬂ—“lﬂ&
#r)=1 « MBrHI. Hw(MN=1 = H3 DRG
13 BCN ] v gensalind odd gmph € & 13

Tu 3.

TheoreM | o REBR 3 AV W IN30 T 22713

e=2 =4 el Cor o»MMBBZIFZLD,

Coro BEBA (e=2, f=4),
Ra=%a 33



@ ®a>®ks , Cs>ba BELT S,

) (5) (AMBP R Basce Propecties. 1T %%mazslﬁa)
9. Ra=ka #5 Raz®s 2483 Ra=Rsc I3
t. Bz Ra=fRa=Re=Rs ¢48 () 2R 30
Ra>kRs vrTIn. @ §Y Ce>by &3
® d=6. | -

) BRESS 42 2{4-—-—6..“ d>7 £33 ¢
sy ﬁzsfz; e3) ©1=FA,
® ®k2Ce 2C 2Cq 2C3 2Ca 2Cp =1

A A | | A
R=bo > by 2 by 2 bs 2 bs 2 by o

) @)l 3, (6),(8) &y 8RS,
® e(Pi.DIuD} )= e(D;, DIuDiuD3)
=e(D4, DduD3)=0 tﬁ‘?%mdu‘agmm&’%}

) BB Bamee d Aeg. (cq=bx, G=b;)

® Di=Di=¢ riT o,
J) ® 9 Cazbs. reDi ©33 L

Ca= e(r, D3) < e(r, D3)relr. Dh)+e(r, Dg) =bs
5>T bs=Ca. )8y Rs=ka, (g

Rao=Ba=Rq > T w) 18 3,



{d}=CDZ\‘
D\
ol 6\D‘
Cs ——/ 6\
Sl op
C’z/L \3/ N a
Ds N D6
s D?;/ \Dq{_ AT
<l Q%& e N /|‘\4
DX N DN @ ' Ds
o gl >g” \lID‘E/
al, IS
D) D—— O
G \Dg/ N 6/
csl 7 z\ ——/
°4 oY
< \ 6/
Cc,‘/ ‘
{PS‘: Do

'® Di=Di=Di =9 , DI=D5=¢

) Dg-kcb c33c Ta@E) 1= s A& edse BV
izuslee @ &) Didd H- Wep M5
Ds*é. 21 s ) Cs2bay, s=ba 883 &
) Cs=bg 248 © =RI3, #AFIAER
2. CG=sbsy =8 @O FE



@ AWM <2 iz,
;) Di#¢ £33k reDi ey,
C6=QCC';'D:) ‘< elr, D:)‘re'(a‘, Dc{) =C3

hdY) ba=dq, R3= 'Eq_ E.I'f%, i) ¢ f%‘gk

o P X )B{‘_Df

/ I\ /
d+@ Yoo oW B \D?
/NN NN
O— D — B— R—D— D — D

® Hh(M=o0.

) De 23 Ds +¢ I3t ba=0 kB
3@, B D=4 |

UM =0 £3F3 ¢ diagmam %5 BRSBTS

312 br=C¢-1 +AB3, 5, T Rai= Re-i.

sxzis Ri= Ra-4 6 rasad & aﬁipodaﬁ
2-cover o BEB e LTcd.  Rag=1 o 305,
artipodal 2-cover HVBZ 3T & 13 dingmm 13
@) 89D ﬁf\l% T o' 3, am‘:‘pod.we 3@‘& 13 :‘mpn‘m'ﬁve
TH3., (Y I ngKm iR )

— 66 — .



4, be=1.
ToTI3. TR G) izHo T ¥h <“L‘>tiﬁ‘-\q 33
T bl N 1efandH3n. ruS5BHiREAZ3.
ToRRiz>1T 13 RoBERSRS MTH 3.

Godsil dhameler bound. TG UBCN ]
I be=1 ., then o <3e.

X512 d=3€-1 aBJ13 lambeck & M 13 121
AR TH3IieceThlLTuld Ians
¥ 2 03
(M= o 0o\ \ © o 3
3 2 4 o x J

*wud  arhipodad Z-cven T H3,

A 3. BETEB L7 feght €L 1500
e(M) = mmim!| pu=1}

P(M) = mox 4m] Go=G=-- =am=0} .
SN = mox {m| Cm=1}

e¥3, 253 AeBBizdy VYL To>RL3 309
s PRG o AR HLTR -BELTTHS,



THECREM 2. e DRG.  d&: cuameter, fe;.‘ualenc/
Suppome. R>2,  Ry+l  (ie. M adt an omipdal
2-wven)  be=1 with d2z2e+l. TRem
W) das= 2e-4
@ ¥ 25
d < 22+ AQ"%“"” ' (ée-»z)—‘}

&a%(fe.-ﬂ + dm(R-3)

A(4+ _ QD&(S") \e___§_
Do (B + e (-3) 3

8
€-3.

IN
RPN

1A

wlg

(2) 120 R & T’ﬂ‘k%ht._ d o K1z,
2.25¢ BRE vHizsnzze tEek(Tn3
LD L énz-f; 37 Bea‘t‘Fosslue Ta73< . 2e T3B

C THTZSNIHTIIBLTT3 58,

AEER. N DRG. d '’ diameter . Ualencg .
Batl, €52 be=1 = a<2e °?

be=. d32e vI3& IEHE) 3 Ce=1.



4k> T fn‘f'erse:]]‘dh-amg 13 e=e(r), r=r(l)
s=s(") ¢RL3cRo MR 1273 3,

At
KV ISR DT I B SN SN Cq
(MN=10 o O --- Ge B2 k2 ax
L O U B
v \1 be bs

St
s-€+la

12T a5 kyz, Ratl. dz2evl EREL
B= M) el RoRBHAFLONS,

(1) a-e+0h+)/21 <8 U 1 3 8¥REs

(M) s-e+3 <r N a
s-e+2 Y . 4 33
S-Q <vr

M +H=2z20-4€+3

@) *2vrey

W @™ < )T

M) » 2BRA3IERI3 AV.Twnov o BA. (I)3
K.Nomura o 3R T O~(Mz2 BRu3dc Tum 2



o EX5N D2 HHEIAH3e () 9 Wh
TH3 @) KBNS, |
(0) o&1%¥13 BR 51\,

(I) 3 wmnk d o dia8&am 1233 HEidbo BRe
o TIEBRIND,

(]D r‘\.‘ (Cq, Qv doy) = --= (<r, Gy, 'br)v,
(Cu,Gu,bud = -+ = CCutm=1, Guam=t, burm=1 Y#(Cow G, buwn)
T CQ=|,. ¥ < u» but by 733880 rizEd
m o bound T. P =213 mkf ) oh‘ag;-am.
oA, Bl a1z mmk 2 o ouaamma) WA
b3

() (L) 3 rank d o diagem LT a7s

,pa‘rh t Aot m2Th.
(m 13. o Bel
Dg o ae_~ve80~la/\/ TH3z e 2R T I LMNI.

d (o, ) =20 L7,

Interseclion armg zHut. (c.a,b)=(c,a,c)

v733 « ofE\VERL 13, lbﬁ'Q-ft THzZ5n 3. v

> Bonnei-Ito o AR H 3 W, (=) ot
(713 absdlete const. )

e B2 4 153 2otz 17 Tialan 72358,

&



5. ©-pdygromial DRG.  ~ Conduding Remurk ~/
Ri={(a,pelT | dtap)=14 o ozaisd.
rg33e. (M {RiJoewma ) 13 'P—polanwvﬂ ’
assouslon schema  tu D FHi'lo Samme'frn‘c ussoualon
schome 12735 T 1 3, ifi“.l:. P—Folanm‘aﬂ sgmmeTnt
associdisn schue B 513 DRG 25 3.
. associolion schome 128173 2o dual 73488 e Tt
I el @'pblan.mmﬂ asoczlion schame 1D
26°, DRE © 62 < 5 7= associdlon svume o
@-Pblawa& 27333, 9 DRGE ©O-
polgnoind DRG. (o 2o kM8 O-DRG £4<)
cnw), S Tu3 ,Pn‘m'ﬁ‘w 73 DRG T clander
A EKIuwd o (FaFo3BBTi d>%) 133
NT QDRG TH3I. it RL d o T
o (B1213 d<4) 3. »Q—DRG‘ T doafo"
%0l HuTH3,

©-DRG 125> 1T 13 D Leonad o EBEDHY,
free poameter 13 5> <. Zhv A4 Ta Co
Qc, b: & o'E 7. Known 73 series o ponameter
D) SRS tb\"‘ﬁ‘\lnzl) 3,



> 7 DR o R (3KAC 201207 5M 3.
©-DRG o Q%8 Fabs. Leonand o EBr=F 5
N3 paameler 65  known (classicad ) DRG &
BP0 321 oM@ 329 tQENE I
i3 B AA. Tvanov. P.Terwl”lg-er 518, T3
Do B 553, |

DRG = ©-DR@ o Gap 2 FHR. Banmwi- Io
m%?@b o a(ram‘e‘tér - 14a K 73 primilve DRG
13 ©-DRG TRABLTE3IHSH. Lnd, FH3ET. A
ne =3 knun DRG o I3F 4 2z ) 54y
Zi3u3d oo o EEHB/SNTHAN,

©-DPRG 1=dHnT 38 BB Fas ched T
W3 hEGLC ELLWTHIZ L. O©-DRG kb
13 5%’5 < be=| = e>d-2 <Su&aWI L
T3 TH3ID. Ayt b d TG K735 ODRYG
e FBHELLWET I 22TEANL T Tonl2
¥ i: GBBEBen 2812733, Bio 2NEAE,
B2 -c",aa"sci’ij' 3739513" o :‘ﬁﬁlt&\@“ 351’(4%'3
2IFZICBn s 2RI T L3 L9230 T3
T3u T3 5 b\, -



RE B%—Sw‘d« %mp‘E\' o irterseclion Oinag z

wl tfve 7 3. |
»*% | | | R N T

(M= { o 6 6 6 | | | o }
3 2 2 2 1 I 1 %

o DRG v ©DRG ?."Tavn- 45‘). Fohtn 3dot’
diameler XK.

o ba=\" d=T.

> Besbuin - Nomura- Hivaki  bound o 18R & T I B

- k=3 < primitivt 73 diameter = Ra 43
primilive. TERS NT 13 b3 d < 2R TR

2 La(iI7) /24 w585M3 3ro(£\

—DRG

—O-DRG

— Clossie® DRG

Jcfinson goph . Grassmann «aro.PB\ _

Duak Fo\w\ %\@P‘E\ Hammmg tam-‘af\
Bilinaon forms %mp‘e\, A\‘b\wmhg ‘s q\‘ro?f\
Hermattan fovms Graph. Ouadihic Torms gpapﬂ
+ vonislom .
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Bounding the Girth of a Distance—Kegular Digraph

HIRERBLRE FRAME

1. HEERENYS T OWSEE

EREIER VS 7 ofiRc BT 2RAOMED 1 DI,
rExohiERE k>2 2HOHEBEEN /S TRE2FREN 7L
L0SONBE. TIERE k 0B 5ME 0) THE U6) EME
ABLVWI ZLLAMTHSY, ZOMEICHD TS OHEIE
XNTWS. K- FE (4], (5], (6, (71, A A lvanov [11],
Terwilliger [15], [16], Biggs - Boshier - ShaweTaylor (R¥ 3 @
5% , Gardinar, Godsil #%< OBREN - OREICMYEATY
T, HYREREZRETVWEN, —RICEENHEZZADATVWIOH,
WEDLZBAREN 3, 4 OLEEYT, KK 5 OBATTD, WK

TR -

ZZ T, BEEMEERIY S 7 ® non-symmetric. version T® 25
EEEN/S7COWTHUMBEL2EAL, ZORENLRERE2ES.
FHEBIER Y 5 71k Damerell [9], Lam [12] ICBWTHAShE.
BRRSOLUTR, HHY A IVNBEY, ThRBALTEL. &
4 - Cameron-Kahn [1] IC& ¥, THOEHAYS2LE, RASTE
(25) OboEBw) ZeAREhE HFALHhTHWS L0
(%4 ZUBIME) TRTHEAS THo kA, B - Mena [10] < &
VAR 4 0l (64 &) HPEREh, EBIC Liebler - Mena [13j ic&
DREBERIAINE—BEhE. ZoficBU T, WHESBEFLRIC



SUBLLIBIRIATVS. FREEKENA 5 0oBA2HRL
Q-polinomial BHDEIHFELBRWZI L E2RLE. WA S Eﬁb\f@i.
RHBIC & SEHEOHBICE Y k = 20000 DHORBELRVZ L
AN, BT, WA 5 OLORFELREVOTREND L FHE
B, PR 6 CONTRME AR,

CZTR, REOHBERSD DX HT, EREERIYS 70—R#%H
ERML, EARRRS A— 2 OMICRY IOMERERDSE.

ExohEREESORAERENYS 7 0MEET 5 &R, D
RTHLRED’H oD, B, FEBRKICLY k=7 0BADH
BENREL, Thtt, SHOHROREL ok



2. HAERENYS J0EE

RoehWEEe V &, VXV ORSEEG E ol FRAJST L
W, ZZTRV BEREELL, E BROZREE2HBELTNWD L
T3

(i) (z,x) €E, (i) (x,y) € E B (. x)e€E
V Ot%E K, E Otk 8 LS. ¢ 0RDOY
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Exact coverings of 2-paths by Hamilton cycles

—— A solution of Dudeney’s round table problem for even persons
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A New Upper Bourd on the Minimal Distance of'Self-

Dual Codes (J.H.Conway, N.J.A. Sloane DHEODEM)
FRRY  LEHER

1. Intrbduction

I I THINT 5 DiE. Conway, Sloane 2k 5 “A New
Upper Bound on the‘Minimal Distance of Self-Dual
Codes” (1990, preprint) OWMETH 5, D LA — h
OELBERE LTH.

EFE1 €4EX nd binary self-dual code. 4% €
® minimal distance &3 5&. n+#2, 8, 12,22, 24, 32,
48, 72 IBAL T, did

d=2[(n+6)/7101 )
H1cd o

NEFSNE, €45, Tvpell (doubly even self-dual
code: TXTD code word @ weight 254 TEIH{Ih
% self-dual code) O & %, EE1IE. n (HRHUC
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SO A5 8,24.32.48.72 D& XTIV LAEL. F
#-. Type I (doub-1y even THE\» self-dual code) @
L&, n (BAREFNCEH) 4% 2,12,22,32 THAZL LKWV,
e, BOLLIEWEEDE D highest minimal dis-
tance . n=T22BWVT. 2((n+6)/101+2& %
5o

Ik niEED bound & LT, 197350 Mallows
Sloane bound;

Tvre'l DIFE. EED nICBALT

d<2n/81+2 = )
Typel DIEE. EED nicBILT |
ds4ln 241+4 - . . @)

H—HETH BA. ThICH~NE EUNE, Typel D&
X ZH O bound & 78 - TV 5, Type TDJFEIX ) DAL
MBS ZLOWD. EBLITH S,

1 D, (), 3D bound DHE L
n 8 24 40 56 72 88 --160 240 320 400
1) 4.8 8 127 18--32 48 64 80
(2) 4 8 12 16 20 24 -~ 42 62 82 102
(3 4 8 8 12 16 16 - 28 44 56 68
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FlE. COUE— Moldn AT28 0 5 R AL,

Ellli

HH i~ A.R. Calderbank, “Nonexistence of an extremal
binary self-dual [72, 36, 161 code” (Inrénrint) Dk
BAFIH S NIk TH B, Bl ORXICHE D 1S
&% &% Sloane D FER Lf:o T?Dé'ﬂ code_‘ L:E?] LT,
SEE 1A, FISH LWEEREAEAH L TWEWDR, <
DEENBL1OTH L. P

EH .1 iZ. “shadow” .ic‘:. FE{X41L 4 nonlinear code %
£7 22 Eick-CHEENI. Typel code @ shadow
OHEIX. bEOD code D weight enun‘lefator dh b
HIRES L. ENICK->T. 7 =60 O self-dual code
@ highest minimal distance PNREI L, 625 n <

T2 20T HHLEFOTFENDL,
CEH2 #n=60 ® self-dual code @ highest mini-

mlﬁﬁmwﬁ?“fﬂ%ﬂfh%o%%@Eﬁﬁlﬂ
HY,
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#1 self-dual code ® highest minimal distance

0 o &~ b N

12
14
16
18
20
22
24
26
28
30

32

34
36

 <TIT. EE AR LTS &N Ik - Th
STHHI 7 = TATIT )
F #-. shadowsr AT LI ET. BOFHLVERGHR

POHHINDS.

SO S 00O N D D S b b R i B DN N DN NN

d

d»

codes
1code
1code
1code"
1code; 1code
2codes. -
1code
1code
lcode; 2codes
2codes
Tcodes
1code
lcode; Icode
1code
3codes
12codes

* 3codes: Scodes

=200codes
=2

n d ds
8 8 '
40 8 8
42 8

44 8

46 10

48 10 12
5. 10

52 10

54 10
5 10 or 12 12
58 10

60 12

62 10 or 12

64 12 12
6 12

68 12

70 10 or 12

codes
22
=2; 2100
. S

=214

z1; z1

di(d:)i Typel (I) code @ highest minimal distance
d:iEn=8(n#TDICPAL T, ThETobh-TW3

RxhTwa,

Notation

(&»T

€ : [n, £ code

d : €D minimal distance

€*': €D dual code

W(x, y)=X A, x" 7 y”:€ D weight enumerator
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w(u): u® weight

Aln, k., d): EX n. weight #%r TEEEEHVDIL
Ebd#EN TV binary vector @
RAFE |

2. Shadow DEZEE T DR
— 7 shadowD EF S LTIk, €08 =BDL X
2EiZ, BY = {ueB|w(x)=0(modd)) EF5
L. @D shadow PRRDO LI ICERIND ;
P={ul(u,v)=0 voed”;

(w,v)=1 YvEB-B "}
IHhEP=89* —-QDEIFE TS, B '=8U
(a+8) (a&®) EEFSHDT. P nonlinear
code ’63650 |

2 I Tt self-dual code #HKHDT, € V=87,
@ =0-Q@VEL., EBEZEHEILL;
P={ul(u,v)=0 voEg ;

(u,v)=1 vVoeEg ]

Q4% Typel DE% (€ D =0) . P=BERY,
shadow IZEEFAE LBV, FHELICERT 50, €
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25 Typel D& & T. £@ shadow ODWEERLICHD
BIROFEHI TH 5 ;

THES3 @%[n. k,dl Typel self-dual code, ¥%
# @ shadow code &9 5, € ‘b“Ci\ e Y"D4-oD
coset @ union THEEE N5, THbL, € V=

e YuUg YU UG (=€ U @“2’».)-&%"
H2, §5&. PIIOVWTIROIENWVWZ S ;

(i) SP=?“’”~%=‘€“.’U<€“” o

(i) u,vEP = u+veEB; b-o LIEMITK.
u,ve® ' » u+tveEg Y ; ucse W oyeg
= yu+0vEQR? ;u,vERY = u+tveEg Y
(i) S(x, y)=L B, x”7 y"2PD weight enu-
merator &9 5 &,

s p=w[EEL i E20 W
%7, | |
r=n/2 (0dd) THRODED. B,=0  (5)
By=10 . : | (6)
TRTO 7 iBLT, B, =1 m
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Bern<2n/d S ®

TRTCDrICEALT. B, =A(n. d, r) (9
TRTD 7 <(d+4)/2BLT. 0TRVE, X, &%
RKi-2ULA2EELEKYL, | nt - an

(iv) Gleason DEBIC LD . W (x, v) L B4 B
2; %0 > TRDES BT 5 ; |

w(x, y)=:2§:aj(x2+_,y2)”"2"’ (x? y2(‘x?—ﬁy?)2}" v
T5&.
S(x', y)z’;Z::(_Dj a; z‘n'/z—s;'(x Y )P (xt— %) (12)

(v) w9 (x, y)ze '’ .(O‘-éj.év?;) D 'weigh‘f
enumerator .t’d—éo‘ T2, IW‘“ ;W‘a’Ci\ |
(D n=0 (mod8) 5. fa=x8+14x‘y"‘v+y8
| »&f§4=.x‘y.‘(x‘—z'/‘)‘¢®—§llﬁiﬁl\'
® n=2 (od8) 5. folk frPOBERD
 f et (’f;a=x'”y—34x15y5+34x5‘y1?——
A
® n=4 (M0d8) Kb, fol fruOBHRD
FiafE. (Fra=x'°y?—2x°y°+xty't=

f241/2)
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@ n=6 (mod8‘) 1B fad foaMOBIHRD
‘fSO=f12f.18%\‘ .

(i)id. @O/ @O MNATEICIEIE LD, (i)
@ (4)1x. Mac¥Williams identity

wt(x, ,y)=l—%—lW(x+y, xX—Y)

2R, @O CEATAIEICENAONE, (v)
2. Gleason DEH ((EEDTypel self-dual code D
weight enumerator l&. x*+y?d&x?y*(x*—y?)*
HOFERTH ) kb ADBLENEH, ThE W)
10 AL a2 -TUDBASNE, (VI in
variant theory 2% 9, |

ZDEBICL->T. n=60D possible highest mini-
mal distance (Gleason DEE/IZFEDN -7 bDLY,
BB DI 5 TWA) % b weight enumerator
MWERZE 5, %Iﬁ%\ %@ weight enumerator %b’) code
PEETAIEN DL > TVEDT, R1DERVAS
na, | o
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3. 132,16,871 Type I self-dual code D4H3H
r32. 16, 8] Typell self-dual code 235 DLW
&l COnWay, Press ELCJ:o'CﬁUIZﬂ’CL\Z:fJ‘\ Type
I code IT2WVWTE. TOREPSHLHITIREI -1,
shadow #BAT 2 EIck D, THHTHLNICIE S,
[32,16,8] Typel self-dual code € ® weight enu-
merator & sﬁadow 9O weight enumerator 74
W(x)=1+364x° +20482 10 ++--+, |
S(y)=8y*+592y°+:-+-. (x=1&LLTWV5E)
T i tetrad, octet #EAT 5,
t : tetrad: w(x)=4®D vector
O : octet= {tetrad ¢: ¢ =1, 8l teN ti1=0
and t;Ut;EQ vi,(#)7)
(w(t:Ut;)=8)
n=0 (nodd) D&LE, €UG, €U
4% self-dual code 12785 & W HHE &L, shadow D8
5D weight 4 D vector A%, € V' A2@ ' DELLD
—HICA>TWVWEEVWIHE (F€ WV ICA-TWALE
$3) Hrb. €0 UR 45 [32,16,8] Typell self-

dual code 2B &b b, D, TD8OD vec-
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tor A% (HL { TX7) Typel self-dual code D oc-
tet K-> TWBI&ED S, EED Typel self-dual
code 1o L. octet & &> Typell code BAS1 DRI
5o

£ 50 [32, 16,81 Typell self-dual code Dt
1. octet 262 bDIE32H b, BhHE8EDCEHL
.

VOEB, Yt EO0IZRL.

e={ucsBlltnul=BFU
{ueBlltnul=88+1)

LFhiEo DA, Tht octet, tetrad OMD K
ko —BRICHRE A2 L LD Typel code 273
LWl bbb,

=@ 4 [32, 16,87 Type I self-dual code tt. 3L

YA o
¥ i, £OROH LVEERE LT,

EHES5 =60 nininal distance % $ D self-dual
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code 1 n 2 22CHET %, d=8D minimal distance
% b self-dual code {*n=24,32, n =36 CHEET 5,
d 2100 minimal distance % % self-dual code %
n 2 U6CHES 5. | |

R AUNS D ET ST, R1 & DL EWE T
4 Tld. average welght enumerator oS 2 &’Cﬁﬁ
%L%ﬁwbnéo -

A. FEEE 1 DI |

n>néﬁiTéod22Mn+6bmH+2&Té
(EEEEF 2L 534 =20 (n+6)/101+2 &)
o o, HEOEHLER=8k+2¢ (0=2t=3) &
e n=100+205 (—3=8=1) &LT. €&9PD
weight enumerator (11), ()BT LEH. a: D
bound 23KH B I ETFEEVELT,

ADICBRTMAISREEALHEEZTAHIET, a®
K% 5

2L+ —INp21+6—7-1
i+ imh @l e i
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19) e B ESA A LA T 5 LTy a D
bound i)“ik i 5 o

o n B-n22k—j’—1 e .
ar=572 ! ’( i1 ) iT=k—1 |

T4< n <500DFFHAT. a.A% bound 22X 5L &
U =P

500< 7 <3000DV T, T ¥ E 2 —§ —TFED
BILL T3 T & AR LTV 5, -

2 >3000, {>300lcDWTIdy bi=—21ai/né
LT. 6. lower bound & bound %3R5, FiflE:
@ saddle-point HEAZBA L., BHOHEZT IO L,

)
b= e L C1 =4 95T4T-+-
- L :
6o <SR e . Ca =4, 33425+ -

%185, CNTIHEAMSER L T2,
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Some recent works

on flag-transitive geometries of type
| tx .
" Xom.

Satoshi Yoshiara
Department of Information Science
Faculty of Science
Hirosaki University
Hirosaki, Aomori 036 JAPAN

Symposium on Algebraic Combinatorics
Hirosaki, July 26, 1990.

1 Introduction.

The aim of my talk is to give a survey of recent researches on flag-
transitive c*.X,-geometries, focusing on c¢.C,-geometries, where X, is
a Coxeter diagram of spherical type. Since more than a half of the
. sporadic finite simple groups are known to have flag-transitive actions
on some of these geometries (see §2), it is important to characterize
these geometries as well as their automorphism groups. At. present,
the following 15 sporadic simple groups are characterized via their
geometries of type c” kX0 Moo, My, Moy, Fioy, Fioz, Fiby, McL, Suz, .
HS, J;, Co.3, Co.l, M1z, He and Ru.

The list of main contributors to these results involves: Buekenhout, Del
Fra, Ghinelli, Hubaut, Hughes, Meixner, Pasini, Weiss, and Yoshiara:
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There is another survey [13] of these geometries; including much
more details, but not ¢¥.G- nor c*.I,,-geometries.

Organization of this survey is as follows: Basic terminology on inci-
dence geometry will be explained in §2 (see [3] for details), as well as a
brief motivation for the study of incidence geometries in §3. Then the
characterization theorems of flag-transitive geometries of type c*. A,
*.D,; ¢&.Cr; and c*.Gy, ¢k Ig, c.I1, are summarized in §4, §5, and §7,
respectively. Some examples of flag-transitive c*.Cy-geometries will be
briefly described in §6. The last section §8 involves several problems
attracting my attention. . = .

I would like to thank Professor Antonio Pasml Professor Thomas
Meixner and Professor Richard Welss for glvmg me helpful information
through letters, preprints and: discussion. '

2 Basic definitions.

2.1 (Incidence) geometries.

We consider an ordered sequence G = (Go,G1y - -y Greg;*) of v (r >
2) pairwise disjoint nonempty sets G; together with a reflexive and
symmetric relation * on their union Go U --- UG,_;. The relation * is
called the incidence of G. A flagof G is a subset FofGyU---UG,—;
of pairwise incident elements, that is, z * y for any z,y € F. Such an
ordered sequence is called an (incidence) geometry on I := {0,...,r —
1}, if any flag is contained in a maximal flag C with |C n Gi| =1 for
each 1 € I. ‘

‘The number r is called the rank of G. A geometry G of._'._rank ris
called thick (res. thin), if for any flag F' with |F| = r — 1 there are at
least 3 (res. exactly two) maximal flags containing F. The incidence
graph of G is the graph with the set of vertices GoU---UG,_; and the
set of edges {{z,y}|z Gg;,.yegj,z*y,z'#j € I}. |
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2.2 Residues.

For a flag F, the subset {i € I|F N G; # 0} of I is called the type of
F and denoted by Type(F). For each j € I — Type(F), we set

Gi(F):={z €Gjlz»y forall yeF}.

The residue Gr of G at F'is defined to be the subgeometry (G;,, ..., G;..; )
on I — Type(F), where we arrange the elements jy,...,j, of I —
Type(F) so that j1 < jo < -+ < jm, m = |I — Type(F)|.

A geometry G is called reszdually connected if incidence graphs of Gr
at any ﬂags F (including g@ G) are connected

2.3 Flag-transitive geometries.

A geometry G (or a pair (G, G)) is called flag-transitive if there is a
subgroup G of Aut(G) acting transitively on the set of maximal flags
of G. If a flag-transitive geometry (G, G) is residually connected, we
have G = (Gyy, - .., G, _,) for any maximal flag F = {z,...,2,_1}.

2.4 Some geometries of rank 2.

1.4.1 Generalized n-gons. A geometry G = (Gy, Gi;*) is called a
generalized n-gon if its incidence graph is of diameter n and girth 2n
for some n € N, n > 2.
~ If the numbers |Go(y)| (res. |Gi1(z)|) do not depend on particular
choices of y € Gy (res. z € Gp), say s + 1 (res. ¢t + 1), the pair (s,t)
is called the order of a generalized n-gon G. If G is ﬂa.g—tran51t1ve its
order can be defined. :
We use the following convention to denote the fact that a geometry '
G = (Go, G1; *) is a generalized n-gon of order (s,t):
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A geometry G = (Go, G1; *) is a generalized 2-gon if and only if any
element = € Gy is incident with any element of G, that is, z *x y for
any z € Go and y € G;.

The projective points and lines of a projective plane form a gen-
eralized 3-gon (generalized triangle) with the incidence * defined by
(symmetrized) inclusion. The Desarguesian projective plane 7 defined
on a finite field F, has order (g,q) (¢ is called the order of ).

Let V be a vector space over F, with a non-degenerate symplectic,
orthogonal or unitary form f (or a quadratic form g for ¢ = 2¢) of Witt
index 2 (thus dimV < 6). In the projective space PG(V) associated
with V, we let Qg :=the set of isotropic (singular) projective points
with respect to f and @, :=the set of isotropic (singular) projective
lines with respect to f. The incidence * is defined by inclusion. Then
the geometry Q@ = (Qo, Q1;*) is a generalized 4-gon (generalized quad-
rangle). These generalized quadrangles Q are called classical. They
are flag-transitive, because they admit the corresponding simple Lie
groups of rank 2 (0F (q), Ss(q) = Os(q), Us(¢®) = 05 (q), Us(¢?)) as
flag-transitive automorphism groups. Except the generalized quadran-
gle admitting Of (¢), classical generalized quadrangles are thick, that
is, their orders (s,t) satisfy s > 2 and t > 2. ‘

1.4.2 Circle Geometries. A geometry € = (Co,Cy;%) is called a
(k=)circle geometry if we can identify Cy, C; and * with the set of
vertices, edges and the adjacence of a complete graph on & vertices :
for some k € N, respectively. If C is a k-circle geometry, we have
|Co(y)| = 2 for any y € C; and |Cy(z)| = k — 1 for any z € Co.

We use the following convention to denote the fact that a geometry
C = (Co,C1;*) is a k-circle geometry: - '
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2.5 Flag-transitive geometries belonging to dia-
grams.

From now on, we mainly consider flag-transitive and residually con-
nected geometries §. Then for each 1,5 € I (i < j) the residues
Gr = (Gi(F),G;(F); *) at flags F of type I — {4, } are isomorphic to
each other. We denote by A(3, ]) the isomorphism class of the residues
Gr at flags F of type I — {1, 5}. _

Assume that for a ﬂag-transitive residually connected geometry G
the isomorphism type A(3, 7) is either a generalized m; j-gon or a k; ;
circle geometry. Let A be the diagram on the index set I with bonds
deﬁned as follows: :

(1) 4 and j are joined by m; ; — 2 edges
O—O if A(4,7) is a generalized m; ;-gon.

2) 7 and j are Jomed by the edge .
} 8
O———O 1f A4, 7) is a k; j-circle geometry

We say that G belongs to the diagram A.

3 Motivations.

The following observation atracted attensions of many mathemati-
cians to the study of flag-transitive incidence geometries. '

Observation. (Buekenhout, Kantor, Ronan a,nd Smith, Ronan and
Stroth etc. See, f. g. [4])

(1) Any finite simple group G of Lie type X, (X == 4, C,D,E,F,G)
acts flag-transitively on the building G associated with it. The
building G belongs to the diagram isomorphic to the correspond-
ing Coxeter diagram of type X,.
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(2) ‘The alternating group A, acts flag-transitively on the thin build-
ings of type An—;.

(3) For a sporadic finite simple group G except Jy, F3, Fs and
ON, there is a geometry G on which G acts flag-transitively,

belonging to a diagram A consisting of bonds (O-2—( and
OO0 .

If the diagram A consists of bonds (-2~ only, a geome-

try belonging to A is called a GAB (Geometry which is an almost
building). They are closely related to (infinite) buildings and deep
investigation has been done (see [17], [9], [14]).

How about the case in which G belongs to a diagram with bonds

O—=2-0 ad Q-2 ? The main aim of my talk is to give
you a survey of recent characterizations of flag-transitive geometries

belonging to diagrams of these types.

Specifically, we consider geometries belonging to a diagram A with
k nodes consisting of circle geometries and a tail isofnorphic to the
Coxeter diagram X, of spherical type (that is, X, = 4, (n > 2), C,
(n>2),D,(n>4), E, (n=26,7,8), Fy, G, or I(m) (m > 2)). Such
geometries are called flag-transitive geometries of type c* X, or c* X,-
geometries. In a c*X,-geometry G, a D(F)-residue means a residue
Gr at a flag F belonging to the diagram D(F).

C C
L 4 &- 2 L L 4 L 4 @
s S S S S
k nodes m nodes
(CF tail) (A, head)
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& 2 4 2 4 L 4 *—@ g NS
s s S st
k nodes ' "~ m nodes
(C* tail) (Cr head)
‘ s
C C | <
*—@ . 4 L 4 ——&
: : s S s s
, k nodes - m nodes s
(C* tail) (Drn, head)
C C
® L 8 L ]
5 t :
k nodes ~ 2 nodes
(C* tail) (G, or I, head)

In this survey, except §7, we only consider flag-tramsitive c*.X,,-
- geometries with thick X,,-residues. However, there are many known .
interesting flag-transitive c*X,-geoemtries (see §7 and [13] for X, =
C,) with non-thick X,,-residues. Furthermore, we assume that each
residues of type I — {1, 7} is finite, that is, G is locally finite (but not
necesarily finite). )
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4 TFlag-transitive geometries of type c*A4,,
and ¢ D,,.

A c*.Aj-geometry G is isomorphic to the geometry of :-subsets (i =
0,...,k) of a set of size k + s. For c*.A,,-geometries with m > 2, the
classification has been done by D. Hughes in 1965. Note that here we
do not need flag-transitivety:

Theorem 4.1 [8] If G is a flag-transitive c* A, -geometry with m > 2,
then (G, Aut(G), k, An) is one of the following. In (3), (4),(5), m =2
and A, is a projective plane (m = 2) of order 4.

(1) an r-dimensional affine geometry of order 2, Af(f, 2), k=1,
Ap: (r — 1)-dimensional projective space (m = r — 1) of order 2
(r=3,4,...);

(2) the geometry of the Steiner system S(3,6,22), Mxn.2, k= 1;

(3) the geometry of the Steiner system S(4,7,23), Mas, k= 2;

(4) the geometry of the Steiner system S(5,8,24), May, k = 3;

Meixner noticed that the above classification yields the following
result. Here, again, we do not need flag-transitivity.

Theorem 4.2 Any geometry G belonging to the diagram of type c*D,,
is an affine building of type D, of order 2.

5 Flag-trahsitive geometries of type ¢*C,,.

It turns out that the classification of c¥.C,,-geometries is much harder
than that of c*.A,,- and c*.D,,-geometries. Here we need essential use
of flag-transitivity, which is enable us to use (locally finite) group the-
ory. We separate the case m > 3 and m = 2, because the latter case

— 167 —



(low dimensional case) seems to be the crucial point, as is usual in
geometry.

We first describe the results in the case m > 3. In this case, C,,-
residues are buildings of sperical type of rank 2 3, and therefore, they
are associated with finite groups of Lie type B,,, C,, for m > 3 by Tits
[18] In particular, Cy-residues are flag-transitive classical generalized
quadrangles. For the details about each geometries, see [13] §3 and
4.1,2. :

Theorem 5.1 [7], [10] If G is a flag-transitive ckC,,-geometry with
m 2> 3, then G is isomorphic to one of the following.

(1) an affine polar space or its standard quotient for aﬁy m > 3, in
which the Cp,-residues are finite buildings and Cy-residues are of
order (2,t);

(2) the Neumaier geometry with (k, m) = (1, 3), in which Cs-residues
are sporadic Ar-geometry (Neumeier geometry);

(8) one of the 3-transposition geometries for groups Fyp, Fos, F), and
the triple cover of that for Fy, with (k,m) = (1,3), (2,3), (3,3)
and (3, 3), respectively. In each of these geometrzes C’3 residues
are Us(2)-duildings.

On the other hand, the classification of flag-transitive c.C,-geometries
leads us to the classification of flag-transitive finite geheralized quad-
- rangles, which seems to be much more difficult problems. At present,
besides the classical quadrangles, there are only two (or four, counting
their duals) known generalized quadrangles admitting flag-transitive
automorphism groups (see [9] p.98). They are of order (3,5) and
(15,17). . .

Thus we try to classify flag-transitive c.Cy-geometries with Cy-residues
classical generalized quadrangles. A pioneering work has done by
Buekenhout and Hubout [2] in 1977, under several restrictions on the
action.of groups. Del Fra, Ghinelli, Meixner and Pasini [7] tried to
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reduce the classification to the case Buenhout and Hubout considered,
as well as modifying some incorrect arguments in [2], but not entirely
rewriting [2]. In [7], they left the characterization of flag-transitive
c.Co-geometries with Cp-residues H(3,3%) as an open problem, which
has classified by Weiss and Yoshiara [22] by coset enumerations using
computer. This method turns out to be very effective to solve all the
cases and one more overlooked geometry in the case treated in [2] was
found by coset enumeration during the re-classification. In [26], the au-
thor gives a short and comprehensible proof of the classification. Thus,
now we have established the following results by [26], [22], [7](though
we may omit to quote this paper), [6](for the case s = 2):

Theorem 5.2 Assume that G = (Go, G1, Ga; %) is a c.Ca-geometry (k =
1 and m = 2) with Cy-residues classical generalized quadmngles,' ad-
mitting a flag-transitive group G C Aut(G). Then the isomorphism
classes of residues G, at p € Gy, |Go| and G satisfy one of the follow-
ing. In each case, G is uniquely determined.

(0) an affine polar space or its standard quotient;

(0.1) G, = W(2), |Go| = 16, G = 2*: Ag or 2*: S, or (double
cover) G, = W(2), |Go| = 32, G = 2%: 4¢ or 2°: Sg;

(0.2) G, = Q5(2), |Go|] =28, G = S5(2) or (double cover)
gP = Q5_(2): lgol = 56; G= 56(2) X 2;

(0.3) G, = W(2), |Go| = 64, G2 2%:05(2) or 26:05(2).2;
(1) (Two set geo S5(4)) G, X W(2), |Go| = 28, G Ag or Ss;

(2) (Orth.geo.0*(8)) Gp = H(3,2%), |Go| = 126, 05(3) C G C
Og (3).2% or (triple cover O*(6))
gp = H(31 22)1 |g0| = 378} 30;(3) g G C 306_(3)22

(3) (Unit.geo.d(5)) G, 2 W(3), |Gol = 176, G 2 Us(2) or Us(2).2;

(4) (Orth.geo.0~(5)) G, = W(2), |Go| = 36, G = 05(3) .or 0s(3).2;
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(8) (3-local geometry for McL) G, = Q5(3), |Go| = 275, G & Mcl,
or McL.2;

(6) (3-local géometry for Suz) G, = H(4,3%), |G| = 22880 G = Suz
or Suz.2; ’

(7) (a geometry for HS.2) G, = H(4,3%), |g0|'= 1100, G2 HS.2.

Remarks. (a) The geometries (1)~(4) above are first members of in-
finite families of c*C.,-geometries (see the next theorem by Meixner
and §6). / '

(b) The geometries (5)-(7) above are “sporadic” examples. The geome-
tries (5) and (6) are 3-local geometries of McL and Suz, respectively.
For the geometry (7) for HS.2 (sometimes called Yoshiara geometry),
see 6.4.

Meixner extended the above clssification to flag-transitive geometries
of type c*C,. He also gave independent proofs of characterizations of
several flag-transitive c.Cy-geometries by means of graph theory. As
for geometries S,, O*(n + 1), and U(n + 1), see §6.

Theorem 5.3 [10],[11] Assume that G is a flag-transitive c*.Cy-geometry
with k > 2, in which Cy-residues are classical generalized quadmnglesf
Then G and a perfect flag-transitive automorphism group of G are iso-
morphic to one of the following.

V') the two-set geometry S(k + 1) for Axrs1);
i . ( )

(2) the positive orthogonal geometry O*(k + 5) for Ok 4(3), where
pw=11f4lk+5 and u = —1 otherwise (the sign u is defined only
when k + 5 is even);

(3') the unitary geometry U(k + 2) for Ursa(2);



4') the negative orthogonal geometry O~ (k + 4) for Of,,(3), where
_ +
p=—11if 4|k +4 and p = 1 otherwise (the sign u is defined only

when k + 5 is even);
(5") a geometry for Co.3 or 2 x Co.3;
(6") a geometry for Co.1;

(27) the c.Cy-residues are isomorphic to the triple cover of the positive
orthogonal geometry for 304 (3); ’

(3”) the c2.Cy-residues are isomorphic to the double or quadruple cover
of the unitary geometry for 2Ug(2) or 22Us(2), respectively;

(47) the .Cy-residues are isomorphic to the triple cover of the nega-
tive orthogonal geometry for 304(3); :

6 Examples.

In this section, we briefly describe the four infinite families S(n),
U(n + 1), O*(n + 1) of flag-transitive c*Cy-geometries and a flag-
transitive c.C,-geometry ) for HS.2. ”

6.1 Two-set geometries S(n).

Let I ={1,...,2n}, n € N with n > 4. Define a graph T' = (V| E)

by v '

V := the 2-subsets of ] and for A,B €V, {A,B} € E if

and only if AN B = §.
Any maximal clique of T is of size n, which is uniquely determined by
its subset of size 2(n — 1). Define 81, S, ..., Sp—2 and S, be the sets
of 2-cliques, ..., 2(n — 2)-cliques and maximal cliques, respectively. It
can be verified that the geometry S(n) := (U, ..., Up—z,Uy;*) with *
determined by inclusion belongs to the diagram of type c"~*Cj, on
which Ay, acts flag-transitively.
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6.2 Unitary geometries U(n + 1).

Let W be an (n + 1)-dimensional vector space over ¥y ‘with a non-
degenerate hermitian form f. Define a graph T = (V, E) by

V= {zllz €V, f(z,z) = 1}, the set of non-isotropic
points, and

for [z}, [y] € V, {[z], [¥]} €b E if and énly if f(z,y)=0.

Any maximal clique of T is of size n+ 1, which is uniquely determined
by its subset of size n — 1. Define Uy, Uy, .. o Un—z and U,,; be the
sets of non-isotropic points, 2-cliques, ..., (n— 2)-cliques and maximal
cliques, respectively. It can be verified that the geometry Z(n + 1) =
(Ui, ... Un—g,Uns1; %) with * determined by inclusion belongs to the
diagram of type c"~*C,, on which U,;1(2?) acts flag-transitively.

6.3 Orthogonal geometries O*(n +‘1).

Let W be an (n + 1)-dimensional vector space over F; with a non-
degenerate symmetric form f with discriminant e. Witt index of W is
given by w(n,¢) := (—¢)™ if n +1 = 2m. Define a graph [ = (V, E)
by ‘

V = {[z]lz € V, f(z,z) = 1}, the set of non-isetropic
points, and '

for [z],[y] € V, {[z], [y]} € E if and only if f(z,y) = 0.

Any maximal clique of I'is of size n+1fore = 1and nfore = —1. We
denote by O the set of i-cliques. It can be verified that the geometries
O+(n) = (Oi'.’ SR 0:—4) 0:+1; *) and 0‘(7’1) = (01-7 ety 1:-37 O;r *)
with * determined by inclusion belong to the diagrams of type ¢*~9C,
and ¢~ C,, respectively. The group O¥, (3) acts flag-transitively on
- O%(n + 1), where the index w = 1if n + 1is odd and w = w(e,n) if
n 4+ 11is even. | '
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6.4 Yoshiara geometry.

Let T' = (V, E) be the graph for HS on 100 points. We define a new
graph IV with F as the set of vertices by declaring

two edges A = {ay,a,} and B = {b1,b,} of E are joined in
I whenever {a;,b;} ¢ E forall 7,j = 1,2.

Let Ho, Hi, H; be the sets of vertices, edges and the maximal clique
of size 11 of the new graph above, respectively. Defining * by inclusion,
we have a geometry H = (Ho, Hi, Hz; *). It can be verified that H be-
longs to the diagram of type ¢.C;, on which HS.2 acts ﬁag-tra.nsitively
but H.S does not (see [23]).

This geometry was first found by Yoshiara [23], and turns out to be
the unique flag-transitive c.Cy-geometry, in which the stabilizer of a
point p does not induce the simple Lie group of rank 2 on the associated
generalized quadrangle G, (see [22]).

7 Flag-transitive geometries of type c*.G,,
ck. Iy and cFIi,.

Weiss [19], [20], [21] has classified flag-transitive c*.Gy-, c*.I3 and
c*.I1o-geometries, under an interesting condition. As is shown in [14],
the universal 2-covers of geometries G of type c.G, and c.I,, are infinite
(m > 8). This shows that the classification of such geometries G are
almost hopeless and that we need some condition implying the finite-
ness of G. Weiss consider the following condition (%) for a geometry

G = (go,gh GZ; *) of type ¢.Xy:

(*) there exists three elements p; € Gy (i = 1,2,3) for which p; and
p; are incident with an element c(7, j) € G, forany 1 < i # j < 3,
but there is no element ¢ € G, incident with all p; (i = 1,2, 3).

This condition is mainly used to restrict the size of the kernel on a
residue at p € Go (see [19] (2.3),[20] (2.2), [21] (2.4)) for flag-transitive
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¢.Gy-, c.Iy- and c.Ig-geometries. On the other hand, among 13 classes
of c.Ca-geometries in Theorem 5.2, the geometry (7) for HS.2 is the
unique one satisfying the condition (). Neverthless, we can restrict
the size of kernels for arbitrary flag-transitive classical c.C,-geometries
(see [22] Lemma 3, Cor. 4). This seems to be closely related to the
following fact: the diameter of the collinearity gré.ph of a c.C,-geometry
is bounded by s+ 1 [5], where (s,¢) is the order of a residue at p € G,.

In Weiss’ theorems below, classical hezagons mean thick hexagons
associated with G,(g) and ®Dy(q) or the point-thin hexagons obtained
from Desarguesian projective planes. Similarly, classical octagons are
thick octagons for 2F4(2™) or the point-thin octagons obtained from
self-dual classical generalized quadrangles for S4(2™). Classical do-
decagons mean point-thin dodecagons obtained from self-dual hexagons
for G,(3™).

Theorem 7.1 Assume that G is a flag-transitive c*.G,-geometry with
G,-restdues classical hexagons, which satisfies the condition (%) and
admits a flag-transitive group G C Aut(G). - Furthermore, if G2(2)-
residue 1s point-thin, we assume that the stabilizer of a flag F' corre-
sponding to Go(2) induces L3(q).2 on Gp.

(a) If k = 1, then |Go| and G satisfy one of the following. In each
case, G is uniquely determined.
(1) |Go| = 100 and G & J3 or J5.2;
(2) |Go| = 1782 and G Suz or Suz.2;

(3) |Go| = 64 and G = 25:U3(3) or 2°:G,(2) or (double cover) |
|Go| = 128 and G 2 27:U;(3) or 27:Go(2); |

(4) |Go| = 36 and G = Us(3).2;
(5) Gol = 162 and G = U,(3).25 or Us(3).(2%)13s;

(b) If k > 1, there are two such c®.G,-geometries, in which c.Ga-
residues are isomorphic to the (point-thin) geometries (5) above.
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(1) |Go| = 275 and G = McL.2;

(2) 1Go| = 276 and G = Co.3 or (double cover)
|Go| = 552 and G = C0.3 x 2. '

Theorem 7.2 Assume that G is a flag-transitive c*.I3-geometry with
Ig-residues classical octagons, which satisfies the condition (x) and ad-
mits a flag-transitive group G C Aut(G). Then k = 1. Furthermore,
|Go| and G satisfy one of the following. In each case, G is uniquely
determined. S

(1) IGo] = 4060 and G = Ru;

(2) |Go| = 56 and G = L3(4).22 or (doub]e cover)
Go| = 112 and G = 2.15(4).23; |

(3) |Go|l = 66 and G = My, or (double cover)
|Go| = 132 and G = 2.M15;

(4) |Go| = 2058 and G = He.2;

Theorem 7.3 There is no flag-transitive c*.l15-geometry G with .[12-
residues classical dodecagons, which satisfies the condition (*) and ad-
mits a flag-transitive group G C Aut(G).

8 Problems.

Finally, I pick up at random several problems attracting my atten-
tion.

1. Complete the classification of flag-transtive classical ek C,-geometry
for the cases (27),(3”),(4”) in the Meixner’s theorem (see §6).

2. How about non-classical cases in the classification of flag-transitive
c.Cy-geometries (see §6) ?
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3. Study geometrical conditions which implies the finiteness of the
geometries of some fixed type, like (*) in the previous section

(see §7).

4. Specifically, determine whether the universal 2-cover of the ge-
ometry of type:
C

*—e o —o
5. Characterize Fj, or Monster via the diagram above (see [1]).

6. Determine the embeddings of these geometries (see [24], [25]).
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