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TYVIL—Y g /AF—LDIEE
EAR & (HELIEAY), 1BK &F (EMXE)

TIYL—=Y a v AF—LENASEROEELHRENBETH Y. HaERN
BHBEEABNEHEEEDEF > TS, TV YI—-Y a3 Y AF—LICMT 20580
TR EE L TITONS Z &0 B, FHIALUWEAN - BFEOFFX b (1) TIHIFE
AEDERTABRBHEEFREL TS, ZHIZCHLE. TTROBAIMFICEELEDNS
MoTHA)e LHOLARERELILOTIE. TV/VXT—Y 3 Y AF—LOMBANHR
BPRBRBNRD Hecke ROWME A SLEITVZIR L, o TIHARBAFEELEWT Y
VI=Y g v AF—LEERD, TV VI—Y 3 Y AF—LOWRICIE. KiTubinick
ICHEAERNT HEERBMEAEND B, I TRAEMEEE., FICkRREE
2B, SITWIHIERERT VXY a3 Y AF—LHOBRICERIN L. BiE
8. DRILERBRTH 5, BEAKIIARBORE. MARBOD Hecke ROBRISIRE
HoTWBlcdH, TOERROIREEZDLDIZARTH A5,

BEEACBUIMIRE LTV T, B 0 DR L TIRERSE, EEETRES LIBRLA
Vo S CTIREEBULOERDAEHEZ S, LA ->TEDRARIT. HFOMBE
WoThdie TYYI—Y a3y AF—LOHREOHMIT. WROBEITIE 1] THE
DBRLLBRSNTVABEN, ~EOBAIZIIH T D L B> TUVEV Y Zieschang D
(7 ICERGREIERHEONTOEY, T ERBALRN, TR
2E8ZZ0TIINL. BEBONI O DODERIZHONTHRET 5, ER/PRETIZE
iZ[7] EMULHDEBNS, §4 1ZARX (4], §5 IZAX [5) DNBETH 5,

1 EZE
X ZHMKEEL X x X ORE

XxX=|Jg (disoint)
g€G

%% 5, ge G UTHHENT 0, 88X 5, T b g, 13 X x X THRFOMII
SNIITHIT(2,y) € g DEZEDRAME | T £ITRVEFITL 0 TH 5B, (X,0)
RZ7IVIT=2aVRF—LTHEEEN) 1 ={(z,2)|z2€ X} €G,(2) g€ G WL
g = {(y,2)] (2, v)€g} €G, (3) fFEED [,9,h € GIZHUT 040, = Ypeq 8/910h
E155 ay BB B, DEDDEMEMI T LRI, COEE ayy (AN TS
5, (X,G) 28U G &b/ T &IIT S,

te€X,geGIHLTzg={ye X |(z,y)€g) &€T5. HCGIZHLTDH
H =peyth £F 5. f,ge GIZHLT fg={h€C|agu #0} £T 5. G DES
;&Am&‘(hot\‘cbﬁﬁf&éo TI) L= a y AF—LOEHENG |2g| iz e X



OWMDHILL ST ge G DHATEES, Jh% g D valency EW M n, THT. HCG
22U T ny = Zh 1y Mhy OH = Zhe"”" ¢T3, Wi ng = |X| T. chia7/v1—
vayz#—Amﬁ&&wio

TYYI—YavARE—L(X,G) LT, BROEM (3) & 0. BRICREAIE
BTEx5, BETEFOTRE O ICHLT

0G = P oo,
9€G
IO TREMEEEANILDE G D 0 LOBHEREE VI, A3 0 DK LD
BABUTEMBITH S Z AN TS, FIZ CC ITEHHITH 5,

HFED geGIZHLTn,=1THBH&EE G (L thin THSEW ), thin ATV Y
I— g YAF—LIZABMCAHBRBTH D, ZORERMIIMRICRETS 5,

H C G ?% closed subset THA&EIE HH C H £#1-3 T &£V, £72 closed
subset H 2% normal closed subset TH B &id, FED ge GIZHUTgH = Hg &
155 E%U ), closed subset, normal closed subset (I REFDEESH . IEBEEAERIC
HY4T 3, 2HIROGEHNSINETHA o

Fp8 1.1. I/ C G D% closed subset THBI & & ey = njloy WXREHLTHB &I
FMtiTH 3, 7 H H normal closed subset THBZ &EE ey HCC DHLMINEE
FETHAHILIIRETH 5.

H % G D closed subset £330 X/H = {zll |z € X} &T 3. g€ GIZHL
Tg" = {(zH,yH) € X/H x X[l | (zo,Y0) € g,for some zo € H and yo € yH} &L
G/H ={g"|ge G} &HKo CDEE (X/H,G/H)RT /¥ X—Y a3 v AF—LIZKK
b, % (X,G) D HICLBHRAF—LEN), BOBEIERMIBTIINOEH
RBEEZ S LIRIRLOD, TYVL—Y 3 AF— ATIIHR R F— LOERIC
IEMUEIZDTEIU,

2 EELERAER

Utk LTS  BERBE C LORADHEERL D, G BEIIT /v I—Ya v RAF—
LET B, HITBNRILHIT CG IBEMHMTH S [6, Problem 11.3]0 LAchi-> THERD
FfiFiL. ZOHERICL>TRE S, CC OBHIEROKAEE In(G) E&KT, CC 1R
EHLTIRELTERINTVSDT, HRLEERNH S, THhEFERR, 2015
RERBIBIRE V), BEIERE ¢ S8, BEFSOBRHIHE

%G = Z myX
x€Im(G)
&L m, M y OFEWELL,
2.1, x € Iir(G) &L T my, > x(1) THB, B m, #0 TH 5,

FUARER 76 IOV TEED SO 16(01) = ng, 16(0,) =0 (1 # g € G) DR
DILDo LIchti-oTINRHMBOEMRICHY TS EEL 6N 5, HBBROEED
ERMFRIGERFEREMOCTHENTE S, ThERBIT VY 2—Y 3 v AF—LIZD
WT MRS RO TEHEMENREINS,



T 2.2 (JBEDHEIKMF [7, Theorem 4.1.5 (ii)]). X,y € Irr(G) 122V T

1 x(1)
—x(04 Yp(o,) = §,,———
gﬁnnmo e
COHEXMFREARBOBRE LB LTS B, HRMNTHE ng RO, », =1,
g 12 g DFT, Flom, = x(1) THB. Ut TIhIZARBOBEOERMFED
PHEL ST B, ST (o) = x(0,) BERDILONEOCIEMDHE LB, HRE
DBEPRRIET ) X — 2 g v AF = LADBAILR o HKEBUTHITHEZ ENSH D
DUFEATE BB SN B —BIZIE o, REBFIITIEE V. THDD 0,0, # 0,00,
DA DHD, BITHMLIETHEVBRALH S, L UZDOMENE LI &ht
HZMEMI SR EHh S,

IR 2.3. G DIEEE x & g€ GIZHLUT x(a,0) = x{0,)

Proof. x {ZBHE LTI, x 25A5EB%E ¢ £T5, ¥(0,) = O(ay), 9 (0,) =
th(0,.) ETHIT D, ¢ LEHFIABTH 3, £0HH% ¥, v & UTHRMFEEM N
‘i Y = x- &f& 60 D

1
ng

3 BEEX*F—LODER

H % G D closed subset £33, MKXF—L G/H DEIE G ODEBOMFEL R~
5o JHUTDIUNTIE Hecke BIDORBOBR/NSIEA L ZDELBMTE 5, Hecke RO
FBUZ DO TIFIZIT Curtis - Reiner [2] 2R THE 20 G 1.1 £9 ey = nj'oy
BREFLTHDB. LIl Tey ZHMTETEHY ,y)CCeyy HEZ SN B,

il 3.1. (WM& LT eyCley = C[G/H] HIRY AL,
ZDZODRBEHOMUILH—RT 5. CG IBEHMTH I 05
CG = My (C)®--- & My, (C)
EHMDRETEZ D, ey XZNITHIELTHRET 3,
ey=fi+---+fs, fi€ My(C)

fi BREBTETHIDS f; o ding(l,---,1,0,--- ,0) THBELTHDE, 1 =
rank f; £&§5, ZDOEEWSMiC

enCGey =M, (C)®--- @& M,,(C)
THb. KEL =0 DbDOHFIENTIS, UELOIMBIIRIHB OIS,
TBIR 3.2. {x € Irr(G) | x(en) # 0} & rr(G/H) DIIC ARSI EHHHSH 3,

CX EHEgEmBE (FERBLCHET ZMBHILS X 2 BEETAEMEEL A
B) &4 5L CXey 13 eyCGey = C(G/H] DENMBHIIL B, SDT &M SRHE S
h3,



ER 3.3. FE 3.2 OHEIT L » THBEOEBERRESI NS,

1 Hecke BOMANEOETEDRTEMTEZONEELTHS, G HiRREES
SEBINZTYVI—Va  AF—LTHBEETE, LIH-TEZNRHARE A &
ZOHIE B TREHEINS, ZDEX closed subset {3 B 2ELEEE C ioxEd B
(B TEZ N imprimitive block)e CDESFHRAF—ALIT A & C TEHINS
TIII— 3 v AF—=LIZIEY $XTIE Hecke MOBARTRUATESZ LIS,

4 Normal closed subset [CLBEFXF—ALADKR

Tl G D normal closed subset H IZL AP AF—LEEZ D, ZOURIT ey
MBLHRELETREDO T, HHiAD ¢yCGey — CC MHRRT B, BIZHKEDHISHRE
BERMELTEZSNEDT. ROFEIKD D,

B 4.1. K 2HETDHKET B, H % G D normal closed subset £335EE KG —
K|G/H] (0, = (ng/ngn)ou) IFRBOMERBITH B, ZIT ny/nn BEITHEREK
THbo

CONRBED L TEEDKRLED G/H OXBUL G OXRBERD Z EAUH%S, L
PUBBICE > T nyfngn =0 LRBEELH 0TS 2BRBICLSD
TRV, B8N0 THNIFITERBTH S, FHIBRIT OO TIZRINED LD,

R 4.2. BANKMET Ir(G/H) C Irr(G) ERBZ EbMikD, £l & & TMPE
3RFEIHhS,

x € Irr(G) M Irre(G/H) ICABIHDIZEZM%EEZ D, x, ¢ € Ir(G) 1IZXH LT
() = &, EU. CNEEBOEFEITRIEICIE L TERONMEERT 5, B
BRcfRiREd 0,0 n, THEBRINBBOT. ThE 1o EHLo iy TGO H ~O
WRET S, HOBEIKHLT. EhE5ZX3MB%E M £95, McyCG i3 CG
MBTH3, ThDOERTBHEE 61 LM< F2 x € Ir(G) IKHET 3 hulpy~
EHETE ¢ W0 TOLERIKD U,

EE 4.3. x € Irr(G) 18 LTRIBAMTH B0 (1) x € Ier(G/H), (2) (EED he H
XU T x(aa) = nax(1), (3) xbu= x(1) - La, (4) (xbu, 1u)w # 0, (5) (X, 141%) # 0,
(6) X(en) #0, (7) exen # 0, (8) exen = ex.

CHERDEBRTE S EL S A Frobenius DHH I —ARIZAL Y 32D, Clifford B
DEBAERD IO E I IMERD - T,
5 IEEOKOIERM
SITRTV Y2~ a y AF—LOHEFEIoFANRSN SN EWH EELEEZ 3,
HIRBOBSRITNTOENGFBNRIWNZII, T/ VLY 5 v AF—LBEIR
E;) T%’J")b‘o n % G Ofﬁ‘ﬁ&?‘%o
K(n) = {g € G | n(ay) = ngn(1)}



EB <o —RIT |n(a,)| < nyn(1) RO VB THIIHIRBOEIROE S FUDOEET
HB, LELERRDOEEN I DI TRAVDTHEENI EELW S ORTELI b
LR AN

EI 5.1. K(n) iZ closed subset TH 5,

—#RIZ K (n) & normal THA I LB HNERHIH) X {THhT. BHEIEH
NIcEZARPIERM B I EHHKI, LIcht>T K(n) I3—RZI13 normal T3
Lo IESBHEDOHERMEZBXDIDIZE ) —DOERET 5,

1(n) = {x € Irr(G) | x(0y) = nox(1), for any g € K(n)}
B 5.2. K (1) A% normal closed subset TdH 3 1= DB+ KLET

Z myx(1) = ne

x€l(n) K ()

MDD ETHB, I ORBIIEREN SHETE S, BIZEFED normal closed
subset 1 K(n) DT T EMtHH%S,

HARBPWRLET VX — g VAF— LOYWEITIE K(y) (31 normal TH 3,
ChE—RILLIEREBRE, TYIYL-Y 3 0 AF -4 G ITRORHHBFEEL
5, 9,he GIZXfLT g~ h &lE, FEED x € Irr(G) IZH L Tr'x(0,) = ny'x(on) &
BBCEET B, G A thin, THDBEMBLSE. < ORMMEIIABTHS S ET
H5, 12 G HRILSETXTORLBTBFEETIIN . TDEERIBR DL,

B 5.3 LTEHRLK ~ REBOHI |In(G)] E—HT B L& CC DPLH
Hadamard M THILTHAB I L LIXAMTH S, 1 IOFRBEIKD IO LS, £
DIHE n 123 LT K(n) (% normal closed subset T 5,

6 —DOODRE

BEICREZATOSHIEERNT 5, BERERUYMT VX2 -2 3 YV AF—LIRE
IZa[Ad, VI bOTHB, FBHUBT /o2 3 Y AF— L5 BIE—RIZIIE
HTHDIcH. TOBBERROMTERS TSN COMEREALD bHVRHET
5. RAEZHRYIT B 1D —2DER %1~ 5,

SEXE 6.1 ([3, Theorem 3.4]). F ZF¥ p > 0 D E L G ZLUBM pREDT /¥
L= g AF—LETEB, ZDEE FGIIRMETSH 35,

ChhsEHLIZUTEoh 3,

F6.2 CEXBUB p DT/ x—vaAF—LEL xeln(G) ET B, ZDE
ZETD g GITHLT x(0y) #0 TH 5,

COERNSHFRIZNT SROER B HEN B,



£ 6.3 (Burnside). ¢ ZHMBLL x € In(G), x(1) > 1 £T5, JDLEHS
geGHH>T x(g) =0 TH%,

$ U Burnside OEHMNT Vv —Y 3 VAF-AI—ILINBZLESIE F62 &
DWEFEOERII—REL D, BERHT /1 —Y a Y AF - LRARICE S,

BER . RFEHFETIL Burnside DFENT Vv —Ya VAF—LITHERTE5LE-
TWizhs, ZOEME 27 TREADEMS D -7 (2001/8/9)e LIcht> T—RUTILRT X
Zhi TR, HEEICR - TERA NI OAETVRENIENTEZ S0 AN
S,
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The Decomposition of the Permutation Character 1%3”(};’;

BN %~ - M KW (K - HED

1 Introduction

Inglis-Lieheck-Sax| [6] {ZOT, KD 4 DOH (G, 1) 1220 TZ ORBATRA multiplicity-lree
ThHoIehd~ohTI S,

(i) (G, H) = (GL(n,¢*),GL(n,q)),
(i) (G. H) = (GL(n,¢?),GU(n,q)),
(iii) (G, H) = (GL(2n,q), Sp(2n. q)).
(v) (G. H) = (GL(2n,q),GL(n,q?)).

—RRICARE G LEOFAE HIHLT, G OEHMEE G/H ~DoJHLEMM S association
scheme &R T 2 2 LHTE. T D association scheme HAJRTH 5 Z & & EBRATH multiplicity-
free THS I EXRMBMTHS I EHMONTH S (JFL <12 Bannai [1]. Bannai-lto [2] € TS8R T &
U)o BT LICEHT 2 4 DOHIH S 4 MO WIS association schemes 23 HN5 I &85,
fIRROTB LMD S ORNDUNRY association scheme {22V T, T OHRERKDE I L&,
2T ®D zonal spherical functions %K) 5 ZLBRMITH Y, HEE P © (5,1)-853 pi(§) TRDOL
X THA 5N 5 (Bannai-lto [2, p.174 Corollary 11.7]) ¢

1
p(j) = = xj(z)
IIIIIE;Q." !
1
] 2 1HaiH 0 Gl (ex) (1)
&k

2REUS ST (1) = xobx1 4+ -+ xa [EEBITHR (1,)C OEMIEE~DIR. (HeH|0< i< d)
3G D HILXBUHESTOLE. {C) 2 G OREHOLEE. E6I ¢ 13 C DRETEXT,

wDElE, LD 4 HMD association schetnes (IS DWTHEFE TIZHONTNA I &2 F LI
LOTHL,

] multiplicity-free l decomposition j double coset L character table
GL{n,q?)/GL{n,q) Gow Gow Gow Kawanaka
GL{(n,q?)/GU(n,q) Gow Gow Gow Kawanaka
GL(2n,q)/Sp(2n.q) Klyachko Bannai-Kawanaka-Song Klyachko Bannai-Kawanaka-Song
GL(2n.9)/GL(n,q?) | Inglis-Liebeck-Saxl ? ?

ABRTRERIE (16L(n.q7) L ORRERBIZWRET 5 (HBD Theorem 3)o A K. (iv) D
BAOBMESATIRUIOWTIE, Inglis iIck DT REZhDI boLMFsh L,

2 Preliminaries and the Main Result

£9. —BIEH G, = GL(n,q) DBHEAMHRD /35 A — 5 131226 T Macdonald [7, Chapter
V) iCHEL B EET 5,



P EDVRRORTRAGLT D, WA= (M, A2,...) € PIIHL. €D length BT weight %
EFRENIDN) = #{E N A0}, M= T M EEDHDo A (12 1) METE (resp. HH) THS
& &, )% even (resp. odd) THB LV I, i A O Young BUEDER % Young RIELTH LI

L5 H% A © conjugate EFF. N THT.
1Mk F, LOSERE Folt] ich T ERBSE= » 7 HAMBIRORKE ¢ 5. 2O
L& G, DBIOIBRIL O Do P NOHER u: ¢ 1 P T

sl := D~ d(f) () = m

Jed

EMITLOREICLD S A -9 HIE NS, SITA(f) IS f ORBEET, BR p t2HET 2
Gn DEOIBEE x .« 61T x, OKRB%E d, EHL I EILT B HITIMITE 16, 3SR -1
12528 (1") EHE&3 ¥ 5,

F, LORMk OBLEGL f(1) = t* + a5 4 ... 40, Tay £0 EMcT bDITHL

fuy:=a;ttt st
EED, ISICER ¢ — P ITHLTH
af)=ulf) (f€d)

LERT S, ROBEIIARBIKMIDOR S,
Lemma 1. An irreducible characler x,, of Gy is real-valued if and only if fi = p.

Kan % GL(n,q%) ERIBE G, OBANLETI. JOLEROPELSHMSNTINS,

Theorem 2 (Inglis-Liebeck-Sax] [6]). The permutation character (1, )% is multiplicity-free
and every irreducible constituent of (1, )¢ is real-valued.

ABTR. ROBXEBNT S,

Theorem 3. (i) If ¢ is edd, then we have (1x,.)% = 3" x,,, summed over p such that ||u]] = 2n,
= p, and both p(t - 1)’ and u(t + 1) are even.

(ii) If ¢ is even, then we have (1k,.)°" = ¥ x,., summed over u such that sll=2n, =g,
and p(t — 1)’ is even.

(iii) In either case, the generating funclion for the rank (i.e., the number of the irreducible

consliluents of the permulation character (1, )~ ) is given by

Y 1ank(Gan/ Kaa )2 = J] (1 - qt*)~! (2)

530 21
with the understanding that rank(Go/Ko) = 1. In particular we have
rank(Gan/Kan) = Z ¢
summed over all partitions A such that |\| = n.

B (2) Rid Inglis iIZX D REDFEEMOTEIEASATHEZ L5 HIMATE .



3 Sketch of the Proof of Theorem 3
ROZERIT, TN LEBHOREMNTHS,

Proposition 4. (i) If ¢ is odd, then we have
Dode = (" - )¢ —¢") ... (¢ - )

where the sum on the left is over p such that ||p|] = 2r, s = p, and both (¢ = 1) and p(t +1) are
even.
(ii) If ¢ is even, then we have

Ndu= (0" - - ¢%) ... (" - ™)
where the sum on the left 1s over g2 such that [[pll = 2n, s = p, and p(t — 1) is even.

BT B & Proposition 4 (3. Theorem 3 D THEXSHTHSEHFE. bORK DA, &
BRITER (1x,.)% ORBIZ—HTHILLERLTVS, ZOHMIE. Macdonald DEIZBREhT
WA ([7, p.289, Example 5.)) OH TN O THWAFEALNKER TSI LickhliBIshs,

Wi, Afline B BORHRBICIMT S Zelevinsky [9] DR ERNT S, 9 1, £ G, O
Affine LT3, THDE

T € G,.-.} .

w={0 )
weoon)e
(o 2)]-<-}

ERI—RLT H, OBIBEDINT, 1 LIIT 1noy 3 n— 1 KOWEATHIZRT, CDEX
Uny (2 H, OF[RIERESBT. H, 13U, & G._) DEAFIRINDS

E AN

&L, 26l Gy %

l’n = Un-l » Gn_|.

H, OBRFREIE Yittle group method” KL D REEITRRB IS, THLLE. GRy: ¢ — 2
Tlll < n ZW8TLOREILED S5 A-2HIIENEZ EHQREND (cf. [9, §13]) BiR v IS
HIET S N, OESBEEE M LRT LT3, BB, |p|=n -1 2 TER v ISHETS
B (&) 3 Guy = HofUno) OEBINE x, DSBRIZBSHS H, OBRMEEE—KTS
SEMGD D,

CIT-DOEBEBATE. uy BEv 20 20 P ~OF®RLETE, bLEATD fed Li>!
EHLTu(f) -1 <v(f) <plf) PEDUDEE, A EBL LTS, BUBIIIOFRH
Boph2vith2p(flz2v(f)> ... HETO fe @ It LTRUTIIELEANTH S,

Theorem 5 ([9, §13.5.]). (i} Let g2 : & — 2 be a partition-valued function such that ||p]] = n.

Then we have

Xn lﬁ:= Z C;(:n)



summed over v such that jlv|| < n andv - .
(ii) Let v : & — P be a partition-valued function such that ||v]| < n. Then we have

C.(;") gl ,= ZXA
summed over A such that |[A]l=n—1andv 4 A,
ROZEEE Thoma [8] Ik DABAZNIZ LD TH B, Theorem 5 2 SHIEHI BRI NS,

Theorem 6 ([8]). Let p : & — P and A : & — P be partition-valued funclions such thal
[ls]l = » and |IA|| = n — 1. Then the multiplicity of x,, in the induced character x» 1g"_, is equal
lo the number of v : ® — P such thalv - p and v A,

KIcKIAT 3 2 >OHEIL. Theorem 3 FHPT BRI EHLLR &K S,
Lemma 7. (1x,.)7 1§ = ¢ (Ix,,,) 2 15200

Lemma 7 i3, Mackey OEB L WM IH S,

Lemma 8. Let (14, )%~ = Z:‘ﬂ Xu, and (1, _ )02 = ;'=| X, Then we have
k i
X =) Y xe )
i=] |Ivll=2n-1 J=livl)j=n-1
DL/ A

Lemma 8 {3\ Theorem 5 ZAVTAH SN D, CITHEETREEELT, RZAE (3) DERDI
POT. il =1 =1 THD. #oThl Ay, BKHUDUSIHEH, HE I REFARt-acd
PHELT vt —a) C pi(t—a) (TEDLERETD £ > 1 20Tyt - a) < p{t — a)e I s
lgi(t—a)| - w(t—a)|=1. E6IZt—a LIALHLTD fe b ITHLTo(f) = u,;(f) BKILLE
Fhidi s,

PISMINDIZ ¢ % even ERE L. Theorem 3 (i) ZRMIEEMOTUHRT S, T n=0D
EEXRANTHID6n>0ET5, JOEEIMMEORBIZEY n—1 O&EEERIZELL, TH
bt

]
(lh’z--7)6h-’ = ZXA,
Jj=]
EARIN AL AR (A =21 -20 X = A0 ISITA(L-1) Heven ELBLINER
A:d— P ORUTH S,

RIT (1k,.)0m = i,y X, EARENIET B L Theorem 2 & D p, 725132 T real-valued.
DED = BT KL [ ENRTIRBYAR fed i f=1- 1 ZREIEDS,
Lemma 8§ KO BICKRIBON S,

Claim 9. [fv :® — 2 satisfies ||v]| = 2n - | and v 4 p; for some i, then one of the following
holds:

(o} v(t = 1) is cven and ir £ v,
(b) v(t — 1) has eraclly one odd part and v = v.

Moreover,
k

P B )

izl ||ujl=2n-1
v,

1s multiplicily-free.



EHIClaim9 kD, & SHLT u,(t - 1) @ odd parts OEEIL 0 F243 2 THS Z Lhrd
B0 BRI, HB i ICOLT, kit - 1) D odd parts DM 2 THH, IHIT Yp(t- 1)) > 2
THEETE, COEEFRL: ¢ P T vl=2n-1 b=v.v-dpy, DO p(t-1Y D odd
parts OHEEH3 LD HONFELTLEL, Claim 9 IZF[HT 5, - TR SHhS,

Claim 10. If an irreducible character x,, of G2, with js = yt is contained in (1x,, )¢, then one
of the following holds:

{a) p(t — 1) is even,
(8) pl{t — 1) is odd and l{put — 1)) = 2.

Claim 10 IZWT (b) PRI DWW EETTRWDIZ. B ., : & — 2 T ||| = 2n.
Bo=ps Op,(t-1)=(1%) (k>0) B HDE—DEEL. TSITHN) <2 A =2k &8
LTHBH e P, By, : 0 — @2 2RTRETS .

R
mm=y i =t-1

12.(f) otherwise
ZODEERIBMDONG,

Claim 11. Let A € & be as above, and suppose that x,,, is contained in (1x,, ). Then x,,, is
contained in (1x,,)C* if and only if X' is even.

Proof I(p) < 2. |pl =2k =1 %Mt B pe P ICHLER v, : & — P ERRICKRTER
T5:

) o= {p () =t -1

#.(f) otherwise

SDEE |yl =22 -1 b, = v, &L, BTy, BETE) RBbI S, £F. (1) K
{2 multiplicity-free THD van-ny A pamys voa-ny A ppuneay E8B I LML, X1, {3
(14, )6 KRNSO EH5H B, KIZ Claim 10 &9, (1x,.)%~ DHRICRNG DBLHEE X,
Trga-agy A EMRETODR xy oy ) BE X aac oy P2 UDEOSER DL Xy aams o, 1
(1, ) KBbNEIFILIE S0y, BUFRBkICL T (EfCRAHEIC L D) ERMFEha, O

ROFERIL. Theorem 6 BT Lemma 7 AT, BFEIC L DAIAZHh S,

Claim 12. Let1 < k< nandlet p, : & — P be a purtition-valued function such thet ||p.]| = 2n,
B. =, and p(t — 1) = (17%). Then x,., is contained in (1x,.)%.

By xp = u 2T Gy, OIEBEEET S, U pt- 1) #0h2Upt-1)) <245
{Z. Claim 11, Claim 12 & V. x,, H (1x,.)% {CROI B DU p(t - 1) ¥ even DYH, DX
DIGEICR B, X S{THDFARITDLT b, Proposition 4. Claim 10 £ 8 x,, 1t (1x,. )¢ (CHb
NGRS E03 5, # T, Theorem 3 (i)) HRIhi,
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MODULES FULFILLING THE STRONG GAP CONDITION

TOSHIO SUMI

1. INTRODUCTION

A basic problem for the theory of transformation groups is to describe the fixed point sets of
smooth actions of a given finite group on specific smooth manifolds. Oliver [02] has decided
completely for actions on disks or euclidean spaces. Spheres may be considered as manifolds
which have the next simple structures. However we do not completely know the fixed point sets
of smooth actions on spheres. Morimoto [Mo] has shown some results with respect to the fixed
point set of smooth action on spheres.

A finite group G is an Oliver group, if G has no scries of subgroups of the form P« H <G
where [x(P)| < 1, [n(G/H)| < 1 and H/K is cyclic. Here a(G) is the set of primes dividing the
order of G. Particularly, cach nonsolvable group is an Oliver groups. We denote by 07(G) the
minimal normal subgroup of G whose index is a power of p. Oliver [01) has shown that a finite
group G has a one fixed point free smooth action on a disk D (that is, D¢ = @) if and only if
G is an Oliver group. Laitinen and Morimoto [LM] has shown that a finite group G has a one
fixed point smooth action on a sphere S (that is, S¢ = {x}) if and only if G is an Oliver group.
They defined the G-module

V(G) = RIG] -R) - (P RIG} - R*©
pen(G)

to show this by using an equivariant surgery theory.

An equivariant surgery theory has been developed only on G-manifolds M satisfying the
weak gap condition. Here, it limits to indicating the strong gap condition. If a G-space M
satisfies the strong gap condition if 2dim M¥ < dim M” for any pairs (P, H) of subgroups such
that G = H > P and |n(P)] < 1. Let P(G) be the set of subgroups P of G with |n(P)| < 1
and £(G) the set of subgroups of G containing 0”(G) for some prime p. A finite group G with
In(G)| > 1is a gap group if there exists a G-module V such that the following two conditions
hold.

(1) V is L(G)-free, that is, dim V¥ = 0 for H € L(G).
(2) V satisfies the strong gap condition.
Such a G-module V is called a gap G-module.

If G acts smoothly on a smooth manifold M, then for any fixed point x € M, the tangent space
T(M) admits the structure of a real G-modules by taking the derivatives of the transformations
g: M — M determined by the clements of g € G. This module T,(M) is called the tangent
G-module at x.

2000 Mathematics Subject Classification. 51517, 20C15,
Key words and phrases. gap group, gap module, real representation, the aclion on spheres.



2 TOSHIO SUMI

Smith Isomorphism Question ([Sm]). If a finite group G acts smoothly on a sphere S with
exactly two fixed points x and y, is it true that the tangent G-modules T,(S) and T,(S) are
isomorphic?
Atiyah, Bott [AB] and Milnor [Mi] have shown that the question is truc if the action is frce
outside of Z¢ and Sanchez [Sa] gave an affirmative answer if a finite group G of odd order
acts smoothly on a homotopy sphere X in such a way that £¢ = {x,y) and for H < G, the
H-fixed point set £ is connccted or ¥ = X% On the other hand, Cappell and Shaneson
[CS1, CS2, CS3] gave counterexamples.

Two real G-modules U and V arc Smith equivalent if there exists a smooth action of G on
a homotopy sphere Z such that Z0 = (x,y) and as G-modules, U = T,(Z) and V = T,(Z). A
smooth G-action on a homotopy sphere I is called 2-proper if the manifold Zf is connected for
every element g € G whose order is a power of 2 greater than or equal to 8. Two G-modules U
and V are called 2-proper Smith equivalent if there cxists a smooth 2-proper action of G on a
homotopy sphere I such that £ = {x,y) and as G-modules, U = T,(Z) and V = T(Z). Petric
proved that for each finite abelian group G of odd order with at least four noncyclic Sylow
subgroups, there exist two Smith cquivalent G-modules U and V that are not isomorphic. In
1995, Laitinen posed a conjecture related to the Smith isomorphism question in the case where
G is a finite Oliver groups.

Laitinen Conjecture. For a finite Oliver group G, there exist 2-proper Smith equivalent G-
modules that are not isomorphic, that is Smy(G) # 0, ifand only if rg 2> 2.

The notation will be appear in the next scction.
In order to approach this problem, we would like to determine which group is a gap group.
In this note, we give a sufficient condition to be a gap group.

2. LAITINEN CONJECTURE

It follows dim T,(S)¢ = dim TS )¢ by the slice thcorem and the character of the tangent
G-modules at x and y agree on cach clement of G of odd prime power order by Smith theory.

Proposition 2.1 (Petrie). If a finite group G acts smoothly on a homotopy sphere T with ¢ =
{x, y} and the action is 2-proper; the character of the tangent G-modules at x and y agree on
each element of G of prime power order.

We denote by RO(G) the real representation ring of G, and by Sm(G) (resp. S my(G)) the
subset of RO(G) formed by taking the differences U - V represcnted by two (resp. 2-proper)
Smith equivalent real G-modules U and V. Let § mf‘®(G) be the subset of S 71,(G) obtained by
U - V represented by two 2-proper Smith equivalent real £(G)-free G-modules U and V. Two
elements g,k € G are called real conjugate in G if h is conjugate to g or g~ in G. Denote by
rg the number of the real conjugacy classes of (nontrivial) clements of G that are not of prime
power order. Sct

10(G) = ker| @D Resg: ROG) —» € ROP)|.
PERG) PEP(G)
Let LO(G) be the subgroup of /O(G) obtained by the differences U - V represented by two rcal
L(G)-free G-modules U and V which are isomorphic when restricted to any P € P(G). Note
that rank /O(G) = rg. (cf. [LP])
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Theorem 2.2 ([PS1). If G is a finite Oliver gap group, then
LO(G) = SmE9(G) ¢ Sm(G) € Sm(G) € 10(G).
Proposition 2.3 ([LP}). Let G be a finite group. If rg < 1, then Smy(G) = 0.

Theorem 2.4 ([PS]). For a finite nonsolvable group G,

(1) SmAG) =0 forrg < 1 and
(2) Smy(G) # 0 for rg 2 2, when G is a gap group with G # PLL(2,27).

3. Gar GrROUPS

Set D(G) = (P.H) | P € P(G), P < H < G} and D¥G) as the sct of (P. H) € D(G) fulfilling
[H : P} = [OXG)H : OXG)P] = 2 and O*(G)P = G for any odd primes q. For a G-module V,
we define dy: D(G) — Z by dy(P, H) = dim VF - 2dim V¥,

Proposition 3.1 (LM, MSY ). The followings hold.

(1) dy) (P, H) = 0 for any (P, H) € D(G).
(2) dvi)(P. H) = 0 if and only if either P € £(G) or (P, H) € D*(G).

Examples. Suppose that L(G) N P(G) = @.
(1) Any nonabelian perfect group is a gap group.
Q) fl{pen(G)|p 2 O%G) £ G} = 2, then G is a gap group. ((MSY])
(3) The symmetric group Ss on 5 lctters is not a gap group. ([MY}])
(4) Symmetric groups S, (n 2 6) are gap groups. {{DH})
(5) SuxCy(n=26)and A, x Cz (1 > 5) are gap groups. ({(MSY])
(6) If G is a generalized quaternion group Quy, of order 4a, then G is not a gap group but
G x C, is a gap group for all odd prime p.
(7) G x Dy, is a gap group if and only if G is. ([Sul])
(8) A finite group which has a quotient gap group is a gap group. ({Sul))

Theorem 3.2. A nonsolvable general linear group GL(n.q) is a gap group. A nonsolvable pro-
Jective linear group PGL(n, q) is a gap group if and only if (n,q) # (2.5).(2,7),(2.9).(2,17).

For a subset S of D(G), we let D be a matrix whose rows correspond to irreducible £(G)-free
modules and columns correspond to elements of S. This matrix is called the dimension matrix
overS.

dv,(P\.H\) dv(P).Hy) ---
D: dv.(szl'l?) dVJ(PZVHZ) e

Theorem 3.3 ([Sul|). Let D be the dimension matrix over D(G). A finite group G is not a gap
group if and only if there is a nontrivial solution x 2 0, x # 0 such that xD = 0.

Remark 3.4. If W is an L(G)-free module such that dy(P, H) > 0 for any (P, H) € DX(G), then
dwsdtimw+nvic(P. H) > 0 for any (P, H) € D(G).
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We define GE(G) as the set of elements x outside of 0%G) such that the order |x] is a power
of 2, and if x| > 2, then Cg(x) € P(G) and if [x] = 2 then 0*(Cg(x)) ¢ P(G). For a subset S
of G, let T(G, S) be the sct of elements outside of Ugeg S U O*G) of order a power of 2 and
set T,(G.S) = T(G,S) N GE(G) and T_(G,S) = T(G.S) \ T.(G,S). Note that these sets are
closed under the conjugate action. We define ENG.S) asthe setof (P H) € DZ(G) such that a
Sylow 2-subgroup of # is a subset of PU T_(G, S).

Proposition 3.5. There exists an L(G)-free G-module W such that

(1) dw(P.H) 2 0 for any (P, H) € D(G) and
2) dw(P,H) > Oifand only if (P.H) ¢ DX(G) or GE(G)NH\ P # @.

Theorem 3.6 ([Su2]). Let G be a finite group such that P(G) N L(G) = @ and let K; be gap
subgroups of G. If one of the following conditions holds, then G is a gap group.

(1) There exists an L(G)-free G-module V such that dy(P, H) > 0 for any (P, H) € EX(G.U;K;).
2) T.(G, D) is not empty and there exists an element x of G such that {x) has no Sylow
2-subgroup of G (as a subgroup), O*(G)x) = G and T_(G, UK} C Ugeg {(X)%.

Let S be a sporadic group. If S is not complete, that is, Aut(S) is not isomorphic to G, then
the index [Aut(S) : S ] is two. We can apply this theorem in the special case where X; = @ for
the automorphism groups of sporadic groups My, HN, J5, J3, ML, O'N, Fip, Fij, and He. In
the case where S = HS, by taking K, as the subgroup isomorphic to S x C,, we can apply it.
If G is either My, or Suz, then Aut(S) has a gap subgroup of odd index by Aras [CNPW] and
thus Aut(S') is a gap group. Hence we have

Theorem 3.7 ([Su2]). The automorphism group of any sporadic group is a gap group.

In the present, as for the automorphism groups of simple groups, which are not gap groups,
only Aut(As), Aut(Ly(7)), Aut(Ag), and Aur(L(17)) are known. (Seec Theorem 3.2.)
Furthermore we can find a gap G-module under the assumption of the existence of C below.

Theorem 3.8. Let G be a finite group such that P(G) N L(G) = @

(1) If there is a cyclic subgroup C such that O¥(G)C = G and OX(G) N C ¢ P(G), then G is
a gap group.

(2) If any subgroup K of G which is a supgroup of OX(G) with K}O*(G) cyclic is a gap
group, then G is a gap group.

For example, it follows immediately from this theorem that symmetric groups S, forn > 7
are gap groups ([DH]). Let S be a simple group listed in Amas and G a subgroup of the
automorphism group Aut(S) such that G > § and its index is a power of 2. If G docs not fulfill
the assumption of Theorem 3.8 (1), the group S is one of the followings groups: As, Ly(7), As.
Ly(17), L2(16), L2(25), Ly(4). U3(4), S4(4), U3(8), L1(8), Ls(11), 03 (3), 05 (3). Es(2).
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Abstract
In this paper we show that if X is an anupodu] s-distance set in R™ and X is
on p concentric spheres then |X| < 2Y%5g (™42-%-2

§1. Main theorem

A subset X in a metric space (M, d) is called an s-distance set if the cardinality of
the set A = {d{z,v) | z,y € X, = # y} is equal to s. If we have design theory on (M, d),
it is an interesting problem to ask how the cardinalities of s-distance subsets and the
cardinalities of designs relate. When M is a sphere S™-! in R™, this problem is studied
by P. Delsarte, J. M. Geothals and J. J. Seidel (|6]).

The upper bound of the cardinality of an s-distance set in R™ was first studied by
Bannai-Bannai-Stanton [2] and Blokhuis [4] independently. They showed that s-distance
set in R™ is bounded above by ("‘:"). On the other hand Euclidean design is defined
in the paper by P. Delsarte and J. J. Seidel [5]. They proved that the cardinality of a
Euclidean 2s-design on p concentric spheres in R™ is bounded below by ¥75" ("‘t;::'l"')
The first author of this article proved, in a joint work with K. Kawasaki ([3]), that the
upper bound of the cardinality of an s-distance set in R™ coincides with this lower bound
obtained by Delsarte and Seidel.

In this paper we study the antipodal s-distance sets on p concentric spheres in R™ and

prove the following theorem.
Theorem 1 Let X be an antipodal s-distance set on p concentric spheres in R™ . Then

m+s-—2t—2
X< 25 (MR,

_18_



Remark: This upper bound coincides with the lower bound of the cardinality of an
antipodal (2s—1)-design on p concentric spheres in ®™. If p = 1, then 2 5220 ’"*"2"2)

m-—1
2(’"*’“2 and the bound coincides with the bound given by Delsarte, Geothals and Seidel

m—1

for the antipodal spherical case.

In §2, and §3, we give some related known facts so that the reader will find out why
we consider the antipodal s-distance set. Please refer (1], [6], |5], etc., for more details.

§2. Spherical case
A set X in R™ is called antipodal if —xz € X holds for any z € X.

Theorem 2 (see [6])
(1) Let X be an s-distance set on the unit sphere in R™. Then

IX] < m+s—1 + m+s—2 .
m—1 m-—1
(2) Let X be en antipodal s-distance set on the unit sphere in R™. Then

X < 2(m+s—2) .
m-—1

In [6} the following definition of spherical design was given.

Definition 3 (see [6]) Let X be a finite set on the unil sphere S™! C R™. X isa
t-design if the following condition is satisfied:

1
J(€)dg = x| > f(n)-

n€X

1
|S™—1] Jeesm-1

for any polynomial f(z) = f(z1, Z2,..., Tm) of degree atmost t. Where |S™}| is the
surface area{volume) of the unit sphere S™~!.

Theorem 4 (see [6]) (1) Let X be a2s-design on S™!, then the following holds:

m+s—1 m+s—2
iz (e () m
(2) Let X be a (23 — 1)-design on S™"!, then the following holds:
m+s—2
>
xiz o(" 4 * %) @



If the equality holds in (1) or (2), then X is called a tight 2s-design or a tight (2s — 1)-
design respectively.

Theorem 5 (see [6])

(1) Let X be a finite set on S™', with |X| = "‘“") ("’“'2) Then X is a light
2s-design if and only if X is an s-distance set.

(2) A tight (2s — 1)-design is antipodal.

(3) Let X be a finite set on S™!, with | X| = ("‘*’ 2) then X is a tight (2s — 1)-design
if and only if X is an antipodal s-distance set.

§3. Euclidean case

For Euclidean spaces Delsarte and Seidel ([5]) gave the definition of design in the
following manner. Let X be a finite set in R™. Assume 0 ¢ X Let Sy, Sa, ..., Sp in R™
be the concentric spheres center at the origin satisfying the following conditions:

(1) XCSUSU---US,,

2 XNS; £0for 1 <i<p.

Let X; = XNS; for 1 <i<p. Let wbe a weight function X 3 2 — w(z) € Ryq. Let
w(X:) = T.ex, w(z). With these notation they gave the following definition.

Definition 6 (see |5|) X is a Euclidean L-design if the following condition is salisfied:

36T e 7O = T f01it),

Jor any polynomial f(z) = [f(z1, T2, ..., Tm) of degree al most t. Where |S;| is the
area(volume) of the sphere S;.

For the Euclidean designs the following lower bounds are known.

Theorem 7 (see [5])
(1) Let X be a 2s-design in R™, then the following holds:

Pl im4s—i—1
> )

i=0 m

(2) Let X be a (2s — 1)-design in R™. Assume that X is antipodal. Then the following
holds:
m+ts—2i—1
>
225 (M),

In [3}, the first author of this paper and K. Kawasaki showed the following theorem.



Theorem 8 (see [3])
Let X be a s-distance set in R™. Assume that X is on p conceniric spheres then the

Jollowing holds:
IX| < E (m +5— l) .

8§3. Conclusion and Examples

There are some arguments about what is the best way to define the designs in Eu-
clidean spaces. Our main theorem of this paper and the above Theorem 8 will give a
conclusion to this arguments.

The lower bounds for spherical (2s — 1)-design in Theorem 4, (2) are proved without
assuming X be antipodal. Our next aim is to prove the lower bounds for the Euclidean
(2s — 1)-design given in Theorem 7, (2) without the antipodal condition on X.

There is an example of a 2-distance set with 45 points on 2 concentric spheres in R8,
The number 45 is the upper bound for 2-distance set in R® given in Theorem 8. This
example was found by P. Lisonék (see [8]). Obviously this set is not antipodal. This set
is proved to be a Euclidean 3-design in R® taking a suitable weight function. However it
turned out that there is no weight function which makes this set a Euclidean 4-design.
This means the design theory for Euclidean space defined by Delsarte and Seidel is slightly
different from that of spherical case. We conclude this paper with giving the following
example of maximal antipodal 2-distance set in R? on 2-concentric spheres which is a
Euclidean tight 3-design.

Example: X = {A=(1, 0), B= (-1, 0), C=(0, v3), D= (0, —V3)}

This set is a Euclidean tight 3-design with the weight function defined by w({A) =
w(B) =3,w(C) =w(D) =1
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B2 OKER SR Z O 2B IR IT D
HIEAE ZEZE S DHIE

EARFHEFFE T g

1 FIERIMARERS

U%ZAREEC ORYTRWEBILTD. GO LBHIRE RB (kA U)
EHRETHHLIKRD 25 ERIIENDZEEWVD.

(i) RGO UDERPEIMOFEENRRTHD : C=) gUr
(i) G-UDEBOTgIZXLT, g g=rr;' (r,r € R) DHIIRT
FENRTE DY HD.
&IF (i) LR C[G] PROFERTHREINS.

RR'=k+MNCG-U) (k=|R|)
ECRGOHEAEE X ICH LT X ' TX O xofigdsrR LTV 5.
EHILCORHERY 4V e CG) ERM—BVLTHIT Y &HLTHE. F
7o, S (i)(ii) & 9 KASDDB.

[G:U]=|R| = |U|x |G| =|UI*A (1)
RIIUABUBLYLIEERHEAERS L LTINS, LT TR/ A4
(kA U) EAFRTBLEN A E 2 F - 0AFEEE LTAVA.

A2 11 LOERBICBEOT (@) KT EETHEE, RIBU FFILERET

2% RS (relative difference set) EBFEND. (cf. [9])

Fl 1.2 (1) (I3 OKERE (a) K3V T {1,a%} 11 (2,1, (a?)) EHEETHS.

(i) (LB DT —~/BE (a) x (b) ~ Z4 x Zy 2BV T {1,ab,a?b,ab} ix
(4,2,(0)) ZHEATHD. 7=, (a) x (b)) x {¢) = Zy x Zy x Zy (LW
T (1,a,b,abc} i (4,2, (c) EME TH . Zg IitLIERABREMRE T

TEEL2V.
(i) (¥ 12 DEEORIIT . ERHSZR S IIFEL V.

CH(n,2n,U) EZMEELLCD U ~Z, THHLECRT7THFI—ILE
LBRHIN, DS an ROT Fv—nTRNRBLAS Z LA MON TV S

(s])-



HERRAHZ MR p-BE (p: B DL F IR LI LIFRIATY
5. ChpBtLk=p° |U=p&BL. ZOLERALMNIIG =p*+t »
S A=p""t ThHBD. GHER p-BED L & TROERIMTT & D ICHIENAE
FEELAE Lo LD 22T p-BE G DR exp(C) XD FE Y KE T 202V,

AMGEROKRES (TR p-BOEE)
TR 1.3 (A Pott [10])

(i) exp(G)<p® EeiX G~2Z4
(ii) exp(G) < peto-lil

T® 1.4 (SL. Ma& A Pott [7))

2fa, p>2 = exp(G’)Spl;_l

BE 1.5 (B. Schmidt [12])
2ta, p=2 = exp(G) < 2°F

¥ o oO—RWTTEEE Qo 13 exponent A3 27! TIEFIR 2-FETCHRRLKT
HEVEED n 2 3 IOV TERERRBRERE X FH-Z LML TV 5.
HoT, B\~ RIETR2-BOBESRILFTLLELL 2. 2@
BE Dy 24 2 fi{KBE SDon DHARKDOL S IZR2B.

BH 1.6 (Elvire-Hiramine [1]) G U ORED L £ THE G # Dan THY
G~ SDzn RO U~ Zg Thb.

BH 1.7 (Elira-Hiramine [2) 01 p-8 G THRE p OKBEEI 8L b
2&TB. Go U TEH UMY EEARMERS % THEROWTH
MASEE Y LD,

(i) G=Qau P U =Ty (+=THn>3 CHE)
(it) G = M,(p) > U=2Z, (n=3TRELHEE n>3 CILRRE)
(iii) G = My(2) > U = Z, x Z,.

RO BT ELIERE U 2 G Thnormal THH LWV I RfEDL L THG
NTW3, ZOERICEY Do TRHIEFEETHIN, KOFNTRT LU
MG Tnormal TH3 LW ISRTELX I FHTEEAES ZR SN ERICIFE
3.



1 1.8 (Arasu-Chen-Pott, preprint) 2 Eilkdt Dy = (z,y | z¢ = y? =
Ly tzy =z ) 1BV T (1, 2,22, zy} 1T (4,2, (v)-ERETH 5.

OGN U DESUERTE L2V DOTHIUL Dyn, M (2), SDon D& & ¥ Qo
D& EERKICETNAMELRSOBRBRIANH DO TIIRV M EOMEL
Fif-t 5.

2 Dynor Qu ITHBITAFEIERENEES

L<CHONTWAB L HIZ, B2 DKEIERIBEE b O3k 2" DIETH#Hh 2-
BE G 13 2 (K8t Dy, —RTTIKBE Qo F 2 HARE SDpa, F/2iE £V 2
5—2-BE Mo (2) DV ThDTHSD, ZOHEITH Dy E7243 Qoe HSEIERME
XEWRSE LW BIIOVTERS.

(1) 2B Dynss

208G = (z,y | 22" =y? = Ly lzy = 27 1) DB BITOVTEZS.
RGBS (20,22, U)EHELTD. CoU DL &L [2 OEENER
TEBDTOYP U LBEELTEV NG, 2EEBOHER L0 @2 EME
LTU=(z%,y) LEETES (t20). ZITROFRLAV5.

@ 2.1 RBBGCO (KANU)EMBAETUOEAIBREN NGO N EHET
435, ZDLE RIIRKEE G(=G/N) D (k,M\N|,U) ZEETHS.

SOYPEN =(z%) EBFHEGCONDPON CU LZOTHRE 2.1 ORI E
AT TRERSBEG (= G/N = Dyret) 15T (20,2540t [y)) A &
225, £oT, U={y) PBEEETEANTILV I EADLS,

WH22 X={(r,y|z¥® =y’ =1lyzy=z7!) Z(U¥4s D 2 WlkBEL T
5. ABZ () DEAMRELLR=A+By B, IDLE, RA XK
8175 (25,5, (y))-ERETHII-DOLEBETHERMHE B = (z) - A~ B2
AN (z) O Hadamard ZRE L 12D L THB.

MEIEEZ BT D Hadamard ZHESIE2WTIIROERAMON TW S,

T 2.3 (R.J. Turyn [13]) {3 22042 OF —~UBE A % Hadamard 488
ZbHTH exp(4) < 22V2 TH B.

HiMi22 CsA2REDHBILER23 LY s=2DLEFAREEIY S
5., Lo TRYIO2MERE G OYE TlL Dy = Dg D & E BTN
HB. 2EVt=2ThB. MEKX (L) Lo 2t > 22 THE,H
n<3NbND. n=3DFLEFENRENDONIDOTRERS.

WE 2.4 2EEMEGC = (z,y | 22" =y? = 1,y lzy = z~1) AR EREX
BREZLTHn=2TRIT (4,2, () £HESE {1,z,2% 2y} KFAATH 3.



28 2.5 Lo 2/ 0P TESRIEHEEBIROILEET S :
BCICBWTU, 2B E T REABMEEE R, & U 2RLBLET S
YERHAEMEE R, ARETH B LI GCNECRY e £ GO gMH-T
Ry = U(Rl)g hoU; = O'(Ul) EREDIEXZNS.

(2) —#% 4 TEHEE Qoo

—WATABEG A R & (20,20, U) EME L LTHLOL LRETS. GoU D
L& [2) R EATEE. G ¢ U LThuf—R4 TRBOE LY (U] > 2
MmoU D 2(G) = Z, Ths. #>T RIBEAE C(= G/2(C) = Dan) i&
BT (20,2041, T) ZIRA & 72 5. > TIOBAILHIN 2.4 XERTE 3.
LoTHEDHYEHS.

1B 2.6 (I O—MEATRBEG = (z,y |22 =yt vt =1,y by =
z-1) AREEAHAMZRE R % b THEROWTRADRY L.

() Ri% (27,27 1,{z®" ")) #£HE TH 5.
(ii)) n=3 TR (4,4,{y)) ZHE (1,z,2°% zy} KA TH 5.

3 SDyp Ff-1E M, 1(2) IZB T2 ERENEES

(1) %2 E&kBE SDyus

Y2HERC = (z,y |22 =¥ = Ly lzy =272, 2 =227 D
WBISNWTEXSD., REGKBITH (22,25 V) EMRBETSE. Go U D
EEINROERPBEHTEINT G U LRELTLY., £F|U| > 2
DWAEELD L2 MREDIHEL Y 2(G) C U Th oMb RiIRINR
G(=G/Z(G) = D) {ZBW\T (20,281 U) ZRB L 8D, #->TIDHE
I3 2.4 RBERATE Tn =3,G = SDy, U = (y,2) &2 FEFENRE
hoHLENE. EoT, G U =Zy D% EBEZNFELVZ &5, —F
$Dyuir @ central involution z2°~' LA%4® involutions i34 < TH#EThH 55
b U= (y) LIRETE 3.

W31 RE2G = SDgenr IZB1T D (20,207 (y)) ZMEL LR = A+
Bz +Cy+ Dzy &£BL. KL A B,C,DC H =(2?)(=2Zpa). ZDE&
EWRD (i)-(iv) BAEY L.

(i) AA=' + BB~' 4+ CC-' + DD~' =271 4 2" 1H,
(i) AB-'+CD"'+(A"'B+C-'D)z2 =2""1H.
(iti) AC + BDz?z = 272 4 On-2H,
(iv) (AD+ BC)(1 + z) =2"~'H.

R AIERIAS EME 726 Rg (Vg € G) b EAMAX ZBEELR DT &
EOR% Ry b EMATIA|+|D] < |Bl+|C] ELTEWA, &6

—_ 26 —_



CRLBRO Rry EEEBRIDBIEILEY A € |D| EEETES. 20
TEELEOHBICBVTEROMIOM TOBE A ST Licky
|A] =272 —2%-1 [C|=2""24+2%"! /D |B|=|D|=2""2 L LT
TERMB. LI n BB TRIIERS RV ENBPMNE.

MM 31X A'NC =B"1222ND=¢g THBLEZF-TVBD
T, kozetabdsne

C=H-A"' D=H-B 2272 (2)
MEY L2, THhEMME3IG)30) ICRAL TR EE5.

WH 3.2 (i) AATV+ BB =22y (2228
(ii) (AB=' + A=1Bz?)(1 +z) = (2"~' - 23)H

WiZ, #3223 T A BRLLAOANIFEX (LD C,DNEEY,
FNRAE3 253 0T (2,20, () ZIRAIMBRTES Z LIt
(2) V2T 2.8 Masr(2)

EFOaF— 2B C=(z,y|2¥ =y? =1y lzy=zxz, 2= 22"-I) DHE
KDWTEZD. REGIBITE (25, 22U) EhALTH. CoUD LA
2 PEENBATEIDTCp U LRELTE., TV25— 2-HOMUE
XY GO AULDOBABELT < T normal THEM6 |U| =2 &2
M, 41(2) D central involution z LA4+® involutions (L y & yz THIA I h
GIRBRTHEINO U = (y) LEETES. E->TKEES.

3.3 RYGC = Mun1(2) 2B 5 (20,25,U) ZHEE 2 HHKRDVTH
MPREIDHERETE S.

(i) n=3, R={l,z,2%, 2%y} 2 U = (y,2) ~ Zp x Zy.

(i) U = (y).

LOHBECLY T2 77— 2 HOBERU = (v) DEELTEEZNE+
FTHBENDND.

#WHMi 34 U=(y) CHDLLR=A+Bz+Cy+Dzy &< (A, B,C,DC
H={(z%). ZOLEROWTFAINEZ 5.

(i) AA"' + BB~ +CC~' 4+ DD~' =2n-1 4. on- 1,
(ii) AB=' -+ CD~' + (A~1B +C-1D)z? = 27~ H.

(i) AC~'+ A~'C +(BD™' 4 B~'D)z = ~2n-! 4 an-1j.
(iv) (A='D + BC~Yz2 4 (AD~' + B~1C)z = "\ H.

LEORBEIZHY 3.1 OB LBEBUOBEEZ L TWA I ENbME. ZOKL
FRDOHHE T DXV C = H—~A D=H-BzThY, |4 =
M2 237 || =272 428 |B| =D =2" "2 LRELTHL LW, &
HIZC, D 2 LEOHIMD (1), (1) ICRAT B Z LICL D RATEND.
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4% 3.5

(i) AA™' + BB~ =2""24 (22~ 21-1)H.
(i) (AB~' + A"'B2?)(1+2) = (2"~ - 2%)H.

(3) BAILE AB
Hli8H 3.2 & #il 3.5 12 dK 22! (m = §) OKERE H LMY 3R — D%
xBTS, > TUT TIRERLTREIBIZOVWTERD.

X = (t) = Zgou-s, m 22 3)

ABCX, |A=2"""2-2""1 |Bl=2"""2 (4)
AA™ 4+ BB =222 (P2 gmoh)X (5)
(AB™! + A'By)(1 +¢2777) = (2™t~ ™)X (6)

1022~V iR 9(£ £1) ISHL T X DISE x % x(t) = P 1L L W ERT
5. ThiZ X D2 OR% 2(= 2" 7") LB L & x e (X/{2)'.x # X0
AR x #EXB5LLRALTHE.

M 3.6 R (3)U)BE)DHLET a=x(A), B=x(B) LB LERMFKD
.

a = 2m—2(0r _ 03+l)' ﬂ — 2m-2(0r—l +03) (ar‘s € Z)

(GEB) : %l (5) & (6) IS & DA D L.

aa + BB = 2%m-2 (7)

af + apo? = 0, (8)

X 5T (o + B0)a + B6) = o= + BBYE -+ ofif + TBY = oF + BB = 22™2,

IDZEHLRAREND.

(o + B8) (o + B6) = 2°™~7 (9)

0% 1 ORSE2Y FiRET D, REXY 2<w < 2m — 1 THENER (9)
¥ERMEZO) KBV THATTAGE L TREHBS.

((a + 80))({a + 86)) = (1 — 6)*Z")@m-2)

IDZENLZ| DItk a+60 =27~ lr LREND. (OXLD || =1
ThHD. —HTRYBEBTHLLIEMNS |o(r) =1 Vo e Gal(Q(6)/Q)
MY L. Kronecker DEB LY r=0" Ir>0&HEND. - TE
amb. A

a+ p0=2m"1gm. (10)



(10) X% (T) IcfRAL T
BE =220 "B+ 5).
ThD, ZOXREEHBTHL
(8 - 2m~26"1) (B — 2m-267-T) = g2m—4

ERD. DL EERBRICL TEEZER s >0l LT 2" =
2m-29s L WiTDH. ThE (10) LY HELES.

WHER 3.7 &M (3)(4)(5) Db ET AB{F"™ Ty = (22m-2 — om-1) X AELD
3D,

(REH) - W36 £V 0" -0t (= 0(0 ! - 0°)) € Q(6%) 2 071 405 (=
0-1(6" - 9°+)) € Q8% THD. Lo Tr=s5+1=0 (mod 2) FfiX
r=s+1=1(mod 2) BV L. BIFEMKY L L &I +6°=02%
NB=0%,i2Y, FHRICEEDLZIIa=0L1D. LIEN>THIZaf=0
DD Lo, HiMiA R TIILR O Inversion formula” 2@ AL L.

Inversion formula
HR7 —~/VBE G OBR C[G) D T RWALHBELIAD G DB y XL
Tx(T) =0 &AL HDIWMER (TR L TT =cG ALY L.

Lz~ {X, A, B} ic% L T Hadamard Z# 84K+ 5. £¥—KA
FHBEQ =X{y) =Qunn £ 2 =2""", y My =t~ TEDB. KICQD
WAEE DA D=A+ By CEDS. “OLERAESCHIDONS.

DD~'= AA-' + BB~!' + AB(1 + y?)y.
IOZER DD =22m2 4 (22 LM )Q A WY AN DIIQ D
Hadamard & ThHd. ZIZITU =(y?) (~Z;) BT QU TQ/U
T 2mEHETHS. 280 Hadamard ZMRS IOV TIHROEHESMON T
W5,

®HE 3.8 (K.H Leung & S.L. Ma) {ir$k 22242 OBt G A {ir¥k 2° DIERES
BUTb<aTHHLDELDEEETS. b L G/U HKERED 2 FfkBE
72 64% G 13 Hadamard EM A HT= 0.

EOERA QICH L TEAL TKERS.
NEA 3.9 HiMiS6DEREDLE TIE m =2MEEY Lo,
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4 HEmEHZE
Wl 24,26, 39 2AVTHRBE LTROEREZ/S.

EH 4.1 G A 2OUBIHIEEEL LOETRZ LTS, CHEIREU
ICBT 3 ERANEES 2 L THROWThANAER Y L.

(i) C~Qau1, GpU(xZy),

(i) n=2, G~ Dg, G U(xZ).
(iii) n=3, G~Qis, GBU(xZy).
(iv) n=3, G~ Mi(2), GCGolU(x=Z).
(V) n=4q, G~ SD32, G D‘ U(:’ Zz)
(vi) n=4, G~ Ms(2), C¢tU(x=Z).

HILEE U OERMEDEELESA L TH Qouer DBELUNDOERRFITMFHI K

LB, (ifi)(iv) A8 4 OHBETEICEIET 55 (v)(vi) 22 OWKREHT
REM B,

8 4.2 p-RETHEAREXMERSOIENRTERIEDL2 TV HDIRKD 2
2Th5B.

o (Gluck (3], Hiramine [{], Ronayi-Szonyi [(11])
Z, x Zp, DEEREHERE D

e (Ma-Pott [7])
Zpr x Zp DEERREA EREDODE

p-BEC BT B R ERAMERSICONTIREL A2 TR I ERENL,
BEDT- DTS HNDBWARFEMMZE I W Tl o v Bbh 3,
Bekis, ZOFICHRETRELEZABHEEZBA I TV EE

128

© GxZpxZpxZy 2 U =2, (p>2) DHEAHBRIERS £ KT
5T &, (ThARRTNENE p? O planar B OREDEM L AFHR
TH5LEZD, of [7] p838)

o GZpuw XZpw MPU=Z, (p>2, m>1) (BDHFE?)

o M(p) E7=1% Ma(p) (p > 2) TRIELRES center T B & 5 7 R ERIIS
WG ENETH L. (ThABRTIIAE p* DIETTH p-BEIZ 517
HEENMBHERENRETEHLEZLND)

o M.(p) (p > 2,n > 3) THILREN center DI p DM THD L O 42
EERHAXIEREEZIBT D L. (BRFEFE?)
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Configuration spaces and root systems

J. Sekiguchi

1 Introduction

This is a survey of my recent works [13], [15], [6], [17] and related topics. The object which
I treat in this survey is the configuration space P(2, n) of marked n points on the projective
plane. Among others, I concentrate my attention on the spaces P(2,6), P(2,7), P(2,8),
because they admit actions of the Weyl groups W(Eg), W(E;), W(Es), respectively.
Moreover, I treat the configuration spaces on the real number field. In this case, P(2,n)
is the union of connected components. Let P, be the set of connected components of
P(2,7n). One of my interests is the determination of W (E,,)-orbital structure of P,

We now restrict our attention to the cases n = 6,7, because these cases are easier to
explain the results than the case n = 8. One of our puroposes is to clarify the relationship
between the geometry of 6 lines and 7 lines on the real projective plane P?(R) and the
root systems of types Eg and E;.

For a moment, the number n means 6 or 7. We introduce marked n lines ({),%, - ,1,)
on P?(R). We give conditions on these n lines:

I. The n lines i), 1, - -, I, are mutually different.
II. No three of {},1s,---,!I, intersect at a point.

1. There is no conic tangent to six of {;,{a,+++,Iy.

The totality of marked n lines on P?(R) with conditions 1, 1I forms the configuration
space P(2,n): the space P(2,n) is defined by

P(2,n) = GL(3, R)\M'(3,n)/(R)",

where M’(3,n) is the set of 3 x n real matrices of which no 3-minor vanishes. On the other
hand, the totality of marked n lines on P?(R) with conditions I, II, III forms a subset
of P(2,n) which we denote by Py(2,n). Both P(2,n), Py(2,n) are affine open subsets of
Rn-9). Permutations on the n lines {},13,- - - I, induce a biregular S,-action on P(2,n)
(and also that on Po(2,n)). It is stressed here that the Sp-action on Pg(2,n) is naturally
extended to a biregular W(E,)-action (cf. [12], [14]). Let P, be the set of connected
components of Py(2,n). The W(E,)-action on Py(2,n) naturally induces that on P,.

I now explain the motivations of the present study briefly. It is an interesting problem
to construct a tame compactification of the configurations space Pe(n, k) of marked &
hyperplanes on the complex projective space P?(C). In the case of n = 1, there is a



nice compactification of Pc(1, k), the so called Terada model {cf. [22]). We note here
that Pc(1, k) admits Sg-action. What happens if we treat P(1,k) instead of Pg(1, k),
where P(1, k) is the configuration space of k-points of P'(R). In [23], it is shown that the
Si-action on the totality of connected components of P(1, k) is transitive and that each
connected component in question is described in terms of “juzu” introduced there. On the
other hand, in the case (n, k) = (2, 6), there is a tame compactification of the configuration
space of marked six lines of P?(C) with conditions I, 11, I1I above constructed in [9} which
is called Naruki’s cross ratio variety and denoted by C. As an application of the results
of [9], [12], already shown is the result which we arc going to explain (cf. [17]). We
note that Py(2,6) admits a W (Eg)-action (cf. [9], [12]). Then the result for the case
Py(2,6) given in [17] similar to the case of Terada models is that there are 432 connected
components in Py(2,6) and that the W(Eg)-action on the set is transitive. My attempt
for the generalization to the cases n = 7,8 will be given in the main text.

Our results are related with the studies of Commings and White [2], [3], [24] introduced
in Griinbaum [7].

2 Root system of type E, (n =6,7,8)

We begin this note by introducing the root system of type E, (n = 6,7,8). The description
of roots is essentially same as that given in T. Shioda [20).

2.1 Root system of type Eg

Let E be an 8-dimensional Euclidean space with an inner product (-, -) and an orthonormal
basis {e;;1 < j < 8}. We define the following 120 vectors of E:

t = %(e|+82+63+E4+65+86+E7+eg)

r; = lL—-ej-—eg (1<j<8)

Ti; = .1 — €5 (1<i<j<8)
Tk = —€j-] — k-] (1<j<k<8)
Tijx = t,—e-_|—ej-1—€._)—~¢eg (l<’i<j<k58)
t; = —€j_) —€g (l<’i$8)

t; = ej-1—¢€g (1<j< 8)

Ly = ti—e- —e¢e (1<i<j<8)

The totality A(Eg) of £r;, £rij, £rix, i, £t;; forms a root system of type Eg. It is
clear that
T12, 7123, 723, T34, T45, T56, 767, T'78

can serve as a system of positive roots; its Dynkin diagram is given as

Pj2 —— T3 —— Ty —— Ty —— Tss —— Ter —— Tp

Ti23



Let s;;, sijx be the reflections on E with respect to ry;, rijx and let 7, 7;; be the reflec-
tions on E with respect to ¢;, t;;. Before giving the actions of s, sijx, 7i, 7i; on A(E3), we
note that

rijLre, T Lrige, Ty LT Ty Lty T L, v Ly,
Tijk L Tam, Tije L, v L&, 6Ly, & Lt

We note that here and hereafter roots with indices containing different lettetrs denote
different roots. The actions of the reflections with respect to A (up to signs) are as
follows:

8;; : permutation of the indices ¢ and j,
Sijk L Ty “ Tikty Timn “ tpq ({i,j, k, l, m, n,p,q} = {1,2, e ,8}), t,' L34 tjk
Ti HE T tj, Tijk € tjk,
Ty Tix b, T Ly, Tiim € Trpg ({i,jv k,l,m,n,p, (l} = {1121” . 18})'

The group generated by the reflections s;;, s;;x, 74, 7i; is nothing but the Weyl group W (Ej)
of type Eg. In the sequel, the symmetric group Sp is identified with the subgroup of W(Ejy)
generated by s;; (¢,7 = 1,2,---,8) unless otherwise stated.

2.2 Root system of type E;

For aroot o € A(Eg), the subset of A(E3) consisting of all roots orthogonal to o becomes
a root system of type E;. In particular, take {3 as a. In this case, roots of A(Ej)
orthogonal to o are

:|:1‘jk(15j<k<8), :I:rj“(lgj<k<l<8), :Etjs(ISj(S).

The totality of these roots becomes a root system of type E7. In the sequel, we denote it
by A(Ey).

2.3 Root system of type Fj
In this case, the subset of roots of A(Ejy) orthogonal to both of ¢; and ¢3 becomes a root
systemA(Es) of type Eq. It is easy to see that A(E;g) consists of

trp (1 <j<k<7), 2rjm(l1<j<k<l<T), =t

3 Configurations of n lines on the real projective
plane

We introduced marked n lines (I, 2, -, {,) on P?(R) with conditions I, II of Introduction.
We define p-gons for a marked 7 lines (!;)1<j<n. Each connected component of P?(R) —
U2, l; is called a polygon. If it is surrounded by p lines, it is called a p-gon.

The totality of marked n lines on P2(R) with conditions I, II forms the corifiguration
space P(2,n). Permutations on the n lines l;,l5,---,l, induce a biregular S,-action on
P(2,n).



We are going to define the action of W (E,) on P(2,n) in a concrete manner. Let
(!)1<j<n be a marked 7 lines. We assume that I; is defined by

i ay€ + agn+ag;¢ =0,

where (£ : 7 : ¢) is a homogeneous cordinate of P?(R). For the marked n lines (l;), we
define a 3 x n matrix

g &2 *+ Qin
X=1|ay @2 - aum
Q31 Q32 --- Q3

By a projective linear transformation, we may take l;,l,l3,l; as € = 0,7 =0,{ = 0,€ +
7+¢ = 0. Moreover, we may divide the equation of {; by a; (5 < j € n). In this manner,
it is possible to choose as a representative of any element of P(2,7) a matrix of the form

1001 1 1 - 1
X=]101 01 Ty T2 -+ Tnp-g
0 011 i Y2 o Yn-yd

Therefore P(2,n) is regarded as a quasi-affine subset of R*"~49 by the correspondence
10011 1 - 1

01 01 z 2 " Zpeg | — (1,22, -, Tacs Y1, Y20+ - - > Yn-a)-
001 1 wnni v -+ Un-a
We introduce the following n birational transformations oy, - - -, 0n,0g on (z, y)-space:
Ll L n e

ol:(I11I27"'axn-4)yl)y2|"':yn—4)_)(—1'—a"'1 ’ s ) ’
I I Tn-q T) T2 Tn-4

g2 (IllIZv"'vxn--hylvyh"':yn--i) } (yhy!y'”v.'/n—-hxhxm"':In-4)
r ! (] '} ! !
gz : (Ihx?v"'sxn—-Iiylly?y”"yn—*i) ? (1'171'2,""1',._4,!/1,?/2, "'7yn—.|)

1z Zna 1y Unes

0’41(1111'2,"',fn—hyl,!/z"",yn—-a)‘—)(—, ’ > ) y ) y
I, I L M n

Ok4a " Tk € Tpa, Yo S Ukt (K=1,2,...,n =),

1 1 .
O0:Ti = —, yi—=+— (i=1,...,n~-4),
z; Yi
where

e _TiTY = 7]

j=12...,n-4

5 = 3

IT 1y
The correspondence
S12 — 01, 8123 —* 0py,  Sjj41 — Tj-1 (j=3--,n-1)

induces a surjective homomorphism pwg.) of W(E,) to the group W(E,) generated by
81,1, Sn-1,50- In the sequel, we frequently confuse g € W(E,) with pw(g.)(9) and
subgroups of W(E,) with their images by pwg,) for simplicity.



Remark 1 For arbitrary n, it is possible to define W(E,). But, in the sequel, we mainly
treat the casesn =6,7,8.

Now we define a set of irreducible polynomials consisting of f;,---, fy with the fol-
lowing properties:

1. f| =TI.
2. Foreachi=1,...,N,j=0,1,...,n~1,

fi OO'J' = c'-jfl’nl . .me’
where c;; is a non-zero constant and my € Z(k = 1,..., N).
3. The set {fy,..., fx} is minimal under the conditions (a), (b).

Let Py(2,n) be the intersection of f; # 0 (j = 1,2,...,N) in R¥"~%). Then W(E,)
acts on Py(2,n) biregularly.

Lemma 1 (i) If n =6,7,8, then N = 15,35, 84, respectively.

(ii) Assume that n = 6,7. Let (I},13,...,13) be a marked n lines on P(R). Then
(h, 12, ..., 1n) is contained in Po(2,n) if and only if (1},0s,...,1,) satisfies the conditions
I, 11, II of Introduction.

Let P, be the set of connected components of Py(2,n). Clearly W(E,) acts on P,.
My interest is then the following.

Problem 1 Determine the W (E,)-orbital structure of P,.

4 Geometry of six lines on the real projective plane

The results of this section are based on the joint work with M. Yoshida [17).

4.1 Pentagonal sets and pent-diagrams

Let A be a set of ten letters a;;(= a;;) indexed by numbers 4,5 (1 <i < j <5).

Definition 1 (i) An injection f of A to A is called a pentagonal map if the following
conditions hold:

1. {f(as), flaej)) 20 Vayj, 005 € A.
2. For aj;,axy € A, (f{ay), f(aiy)) =0 if and only if {i,j} N {#', 5} # 0.

(ii) A subset U of A is called a pentagonal set if there s a pentagonal map f such that
U = f(A).



It follows from the definition that A admits a natural action of S;, the symmetric
group on five letters. If f is a pentagonal map, so is f o ¢ for each ¢ € S5. This implies
in particular that the set f(A) admits an Ss-action.

To a pentagonal map f, there associates a diagram similar to Dynkin diagrams which
we are going to explain.

Definition 2 (i} A pent-diagram consists of ten circles and fificen segments joining cir-
cles (as in the figure at the last page of this note) with the following properties:

1. There is a bijection between A and the totality of ten circles of the pent-diagram.

2. Two circles corresponding to a;j,apy € A are joined by a segment if and only if
{i,7}n {5} =0.

(ii) Let f be a pentagonal map. Then the pent-diagram for f denoted by P(f) is the
pent-diagram the circle of which corresponding to a;; is attached with the root f(ay;).

Remark 2 Pent-diagrams are usually called Petersen graphs in a litereture.
Example 1 There is a pentagonal map f such that S = f(A), where
S= {1‘12471‘126,7‘24517‘134,1‘156,1‘135,7‘235,1‘456,7‘236,7'346}«
It is easy to show the theorem below.
Theorem 1 The group W(E) acts on the set of pentagonal sets transitively.

Let G, be the subgroup of W (Es) generated by s;,41 (7 = 1,2,3,4,5). Clearly G,
is isomorphic to Sg. In our application, the Sg-orbital structure of pentagonal sets is
important.

Theorem 2 The set of pentagonal sets is decomposed into four Ss-orbits whose represen-
tatives are given below:

PO | {ri2, =723, T34, —Pas, Ts6, 16, —T123, —T156, —T 345, E78}

(1) Pl T 126, — 7135, —T145, — 7235, 246, T"346, —T15, T"26, — T35, 7‘45}
PIl | {—714s5, T3s6, T235, T"234, T"246, 7126, 1365 —T'24, T'16, —735}
PIIT | {7234, Tas6, T126, 7125, T145, 7134, T1365 T'356, T235, T2e6}

Remark 3 There is an Ss-action on a pent-diagram (cf. [17]).



4.2 Four types of systems of marked six lines

Given a system | € Py(2,6) of six lines {{;,---,ls}. Totality of the systems in Py(2,6)
which can be obtained by continuous deformations of the {; form a connected component
of Py(2, 6), which is a 4-dimensional cell. There are four Sg-orbits of the sets of connected
components of Py(2,6), refered to as O, I, II, 11I. Each orbit is characterized by the
numbers of polygons that any of the systems in it cut out (cf. [7]):

Types || hexagon pentagon rectangles triangles
0 1 0 9 6
I 0 2 8 6
II 0 3 6 7
111 0 6 0 10

A system of six lines is said to be of type T€ {O,I,II, 11T} if it belong to the orbit
T. You can see the arrangements of the four types above at the last page of this note.

4.3 A relation between the ten triangles of a system of type III
and a pentagonal set

Let { be the system of labeled six lines given in Figure I, there are ten triangles given as
follows:

123,125, 136, 146, 234, 246, 256, 345, 356, 145

where ijk means the triangle surrounded by the lines {;.;,x. You can find that there is
a one-one map beteween the set of ten triangles given above and the pentagonal set in
Example 1.

4.4 Naruki’s cross ratio variety

We define a map crg,,p, of P(E’) to CR(P)* whicl is actually W (Es)-equivariant. Here
E means the vector space spanned by the root vectors of type Eg and E' means the set of
regular elements. We frequently confuse E and its dual space. Let ' = era(g,),n,(P(E’))
and let C be its Zariski closure in CR(P)%.

Theorem 3 (cf. [9])

(i) C is 4-dimensional and non-singular.

(i) The W(Es)-action on C is biregular.

(iii) € — C' is a divisor with normal crossings. There are 76 irreducible components of
C = (' each of which is smooth.

We define a map F of P(E’) to R! by
F(t) = (2.1(2), 72(), 11 (2), 12(2)),



where

_ haa - haza - s - g hog + haas + hyg - hage

_)214'h|34'h25'h235, h 'h_ h 'h_ !
_ hag-hazg - hys - hygs h;: . hzl;: By - hf;:

Y t) = y t)= )
I( ) hl4 ¢ hl‘24 ) h35 . h235 y2( ) hH ) hl24 ‘ h36 ¢ h'236

where h;;, hijx mean the values of ryj, 7 at t € E, respectively.

Then I is W(Eg)-equivariant and its image F(P(E’)) coincides with Py(2,6) — Q,
where @ is a divisor of Py(2,6); a system { = (§),---,s) € Py(2,6) is contained in Q if
and only if there is a conic tangent to all of {;,-- -, .

We are going to write down the 76 irreducible components of D = € — ¢'. Each
component is described in terms of a subroot system of A(Zg). Noting this, we put

za(t) =

I (t)
@)

Yii = Yawg.0a({£75}),  Yix = Yaga).oo ({£riik}),  Yis = Yaqes).0, ({£t1s})

following the notation in [11). Then Y;; and Yj;x are divisors in C. Roughly speaking, the
subvariety Y;; is the image of k;; = 0 by the map cra(g,).0,-
We now take three subsets A, A,, A; of A(Eg) with the following condition:

Condition 1 (i) Each of A\, A,, Ay is a root system of type A,.
(ii) Ay, Aq, Az are mutually orthogonal.
(iil) The vectors of A, U A U A, span E.

Let Ya(gq).0.(8;) (7 = 1,2,3) be the subvarieties of C defined in [11]. Then as is shown
in [11], Lemma 3.5,

Ya(£e),0:(B1) = Ya(s),0,(82) = Ya(£e).0,(A3)-

We determine triplets {A), A;, Az} satisfying Condition 4.4. It is casy to see that
there are two kinds of such sets. The first one is of the form

Al = {iriﬂ'z’ :triziaa :trl'n'a}v A? = {iriqigt :trisisy iriqig}y AS = {irv iriﬁﬁ:’ irilisfo}'

form
Ay = {70000 ETigisier Tririsia }» B2 = {£Tizies TTisisier TTigisio }» D3 = {LTigigr TT41izisr £ iyinis }-
We write Z; i, isis.isis for the divisor Ya(g),p, (A1) in this case.

Remark 4 From the definition, we have the following:

(b) Zi|iz,l':|l'4.isl'a = Ligigiyiz,isis # Ziliz,isl'a.l'air



4.5 The main result for the case n =6

The following theorem holds for the case of systems of marked six lines.

Theorem 4 (1) There is a unique simply connected and connected component P of C'
bounded by the 15 divisors below:

Yis6, Y123, Yaas, Yase, Yaas, Yase, Y245, Yi24, Yide, Yias,
Z1346.25> 215,24,361 214,35,26» 216.23,45> £12,56,34-

(2) The group consisting of w € W(Eg) such that w- P = P coincides with Si.
(3) There are 432 connected components of C'; they are transitive under the W (Es)-
action.

It is easy to describe the Sg-orbit of P and connected components of C’' adjacent to P
(cf. [17]).

5 Geometry of seven lines on the real projective plane

5.1 Connected components of Cy(A(E7), Dy)

We start with introducing a 3 x 7 matrix

1 0 0 1 1 1 1
X=|110 -9 3/5 ~-17/10 -=3/2 |.
1 01 4 9/5 53/10 21/10
Then by taking the entries of the vector (1 z y)-X, we obtain seven lines L,,..., L
of the real projective plane regarding z, y as inhomogeneous coordinates.
By the seven lines above, we obtain ten triangles (7;) ( = 1,2, - - -, 10) surrounded by
the three lines

(1) LiLale |mas
(Ty) LiLaLs a3
(T3) LaLsLy |77
(Th) LiLeL: |mer
(3) (Ts) LsLeLs | ¥ses
(Ts) La2LeLs | 7268
(T3) LiLsLs | mss
(Ts) LaLsL: |77
(To) LsL:Lg | 738
(Tw) LiLzLg |m1s

Corresponding to these ten triangles, there is a 6-polytope of Ci(A(E7), Dy).




Theorem 5 (cf.[15]) There is a simply connected and connected component P of Ca(A(Er), Dy)
surrounded by the following divisors:

Ay || Y126, Yaer, Yase, Yass, Vi34, Yis7,
AZ Y2371 },1247 },1351 },4571
Az || Zag 145, Z237,4565 215,267, £37,246, 2126,4575 214,236,
(4) 257,046, 212,467, Z67,123, 246,357, 223,567 21243675
Ay || Wiaz.as: W3 26,57, Wa2.45, Wi 23 46, Wo 14,67, We.12,37,

As (| Wi 2345, Ws 1437, W310,87,
Ag [| X123, X145, Xasy

Let #(P) be the totality of these divisors. Then, for cach w € W(E;), w- P is
surrounded by the divisors contained in w - H(P).

We consider automorphisms of P in W(Ey). Let s;j, sijk, 7is be the reflections defined
before. Using this notation, we put

B = 512534857768, M2 = 835524556728

Then it is easy to show that
m-P=p,-P=P"P

Let Gp be the group generated by u;, .. Then Gp is isomorphic to S, the symmetric
group on four letters. This is proved as follws. First we note that

wi=1, pi=1, (p)'=1

Putting
v = pgmpst, va=p1,  v3= g pam,

we find that the correspondence
v = (12), v = (23), vy = (34)

induces the isomorphism between (1, 15, 13} and S;. On the other hand, since v vou3 =
iz, it follows that Gp = (11, 1a, v3).

Lemma 2 By the Gp-action, the divisors in A; are transitive (7 =1,2,3,4,5,6).

The center of W(E;) which is isomorphic to Z, acts on the 6-polytope P as the identity
transformation. Noting that A, consists of four divisors, we obtain the following.

Proposition 1 The isofropy subgroup of P in W (E3;) is isomorphic to the group Sy x Z,.



5.2 6-polytopes adjacent to P

To study the 6-polytopes adjacent to P, it is better to treat P' = $3482352365165s7 * P
instead of P. Then P’ is surrounded by the divisors in TABLE I below:

TABLE 1
Ay | Yig, Y127, V2, Ysg, Yau, Yeer,
Ay | Yo7, Yas, Yis, 11,
(5) Az | Zs1,305, Zo1, Z3as, 215,123, Z12, Z3a 561, Loty Zases 217, £123, Zaza, La3 456,
Ay | Wiazas, Wagse7, Wiar, Wiz, Wae 234, Wias as6,
As | Wier, Wi 2367, Wias,
Ag | Xo, X167, X123

Lemma 3 The following hold.

HP)YNH(s12- P') = {H € H(P');s12- H = H}

= {HeH(P),HNY #0}
H(P')NH(sez- P') = {H € H(P'); 367+ H = H}

= {HeH(P),HNYe £ 0}
HP)NH(sis- P') = {HeH(P);si3-H=H}

= {H € H(P');Han:; 96 0}
H(P')NH(suss - P') = {H € H(P');susn-H=H}

{H & H(P'), H N Wigr # 0}

{H € H(P'); 547856 - H = H}

{H € H(P'); HO W33 # 0}
H e H(P');us, - H = H}
HeH(P);HNnX, # 0}

H(P') N H(s47856 - P')

H(PYNH(us, - P') =

where u = (1765432) € W (E7).

As a consequence of Lemma 2, we find the following.

Theorem 6 The following statements hold:
(i) The 6-polytopes P' and sy, - P' are adjacent to each other and P'N s+ P C Via.
(#i) The 6-polytopes P' and sg7 - P' are adjacent to cach other and P'Nsgr - P' C Y.
(11) The 6-polytopes P' and s\3- P' are adjacent to each other and P'Nsy3- P’ C Z)2a.
(iv) The 6-polytopes P' and 514823 - P' are adjacent to each other and P'Nsy4593- P C
I’V561.
(v) The 6-polytopes P' and sq1556 - P' are adjacent to each other and P’ N sy7556- P C
Whs.
(vi) The 6-polytopes P' and us, - P’ are adjacent to each other and P'Nus, - P C X,.

This leads to the following.

Theorem 7 The W(E;)-action on Py is transitive.



5.3 Diagrams corresponding to 6-polytopes

Let P’ be the 6-polytope introduced in the previous section. From TABLE I, we find that
there are 10 divisors in A4,, A, corresponding to positive roots of type E7 below:

TABLE II

At | M2, M2ns V1 V56, Vads Yoo
Aa | Y%7, 723, Va5, 1

From these 10 roots, it is possible to construct a diagram similar to Dynkin diagrams.
Namely, the diagram in question comsists of 10 circles attached with the 10 roots in
TABLE II. Two circles are connected by a segment if and only if the roots attached to
them are not orthogonal each other. Then we find that there are 12 segments in this
diagram.

In the same way, to each 6-polytope in P, there associates a diagram which is called
a tetradiagram for the reason that in the case of P', the 4 circles corresponding to the
roots in A, of TABLE 1II are regarded as 4 vertices of a tetrahedron and the 6 circles
corresponding to the roots in A, of TABLE II are regarded as 6 middle points of the sides
of the reffered tetrahedron,

To avoid the complexity, we neglect the & signs of tetradiagrams. In this manner, we
finally obtain a tetra-diagram corresponding to each P” € P;. We denote by 7P+ the set
of tetra-diagrams.

We here note that the classification of the arrangements of 7 lines ({),{,:-+,{7) on
the real projective plane with conditions I, 11, Il is accomplished if we determine the
decomposition of TP; into S;-orbits.

5.4 Tetradiagrams

We have already introduced tetradiagrams in the previous section. In this section, we treat
them in the language of root systems systematic manner. (You can find the diagram at
the last page of this note.)

Definition 3 Let a; (i = 1,2,3,4), bi; (1 < i < j < 4) be roots of A(E7). (Assume that
bi; = b;; for alli,j.) Then the set

A= {a,-;z' = 1,2,3,4}U{b,‘j;1 <i<j<<£ 4}

is called a tetrahedral set if the following conditions hold:
(i) (@) =0 (i # ). o
(ll) <bij,bi’j') =0 ({211} '-Ié {‘l',]‘}).
(i) [{ai, bjx)| = 0 if and only if i & {j, k}.

Example 2 The set

U= {734517!23,7”6: Y256+ Y1355 Y167» 734717]2417236:7257}



is a letrahedral set. In particular, the correspondence

Tas — Ay 7133 — Bi2 T2e — Bas
Mz — A2 761 — Bis Y236 — B2
Te — Aj 7347 — B Y5t — By
Tse — Ag

induces a tetradiegram for U.

For a tetrahedral set A = {a;} U {b;;}, we put A = {%a;} U {£bi;} and call it an
extended tetrahedral set. Let A’ be also a tetrahedral set. Then A and A’ are equivalent
if and only if A = A’. In this case, we confuse a tetradiagram for A and that for A’, for
simplicity.

The G,-orbit structure will be also important. For this purpose, we will introduce
fourteen extended tetrahedral sets in TABLE I11. I A is a tetrahedral set whose extended
tetrahedral set has the name X in TABLE III, we denote by Ox the S;-orbit of A IfB
is a tetrahedral set such that B € Ox, we call B a tetrahedral set of type X. Similarly, we
call a tetradiagram for B that of type X.

We are going to give a classification of Sy-orbital structure of extended tetrahedral

sets. For this purpose, we define
L={A,B]l,..B5Cl,..,C4,Dl1,..D4}.

Theorem 8 The set T of extended tetrahedral sets is decomposed into fourteen S;-obrits
Ox (X € L).

It is clear from the definition that 7 and 7 P; are isomorphic. Therefore the classifi-
cation of S7-orbits of T is accomplished by Theorem 8.

TABLE 111
Name | Extended tetrahedral set Isotropy

A {345, 7123, V146, V256 V135, V167, V347» V124, Yo36, Vos7} | L3
Bl £ {345, 1123, V146, V2561 V25, V167, V347, Y34) V161 Y257} Zy
B2 = { Y345, 7123, V1461 V2565 V14, V25 V57, Vi2d, Y236, Y257} 1
B3 £ {714, 725, V146, V256, V135, V167, V347, V124, Y236, ’7257}
B4 £{ V345, 7123, Y146, V2561 V6, V167, V23, V17, V236, V45 }
B5 £{72, 7123, Va7, Y256, V135, V167, V3475 V124, V2361 V257}
Cl E{ s, Y24, 136, V7, Y25, T167, V17, V34, Vas6, V6 }

C2 {725, M4, V146, Y2565 V345, V5, Vo1, Va4, V16, Y257}

C3 {736, ¥72 V155 V24, V2465 V167, Y347; V3562 Y145, V257) Zy
C4 £ {6, Y37, Y146, Y2562 V157: V26, Y347, V34 V267, 15}
D1 £{7s6, 7123, V13, Y256, V136, V157> V57, V124 Y24, V1 }
D2 {747, Y123, 72, Y2561 V142 V146, V575 V6, V236, V23 }
D3 + {746, 7123, V146, V23, V14: V147, V367, V72 V25, V257 )
D4 £ {737, Y6, Y146, Y256, V157, V1365 V57, V124, N> Y24}

ot | ot |t | pomd | et

ot | gt | gt | gt | et

(Here x{315, 7123, T46+ - - -} is an abbreviation of {£734s, £7123, 7146, - - -}-)



6 Geometry of eight lines on the real projective plane

I first note that the results of this section are based on the joint works with T. Fukui [5],

[6].

6.1 A remarkable configuration of eight lines

From now on, we focus our attention to the case n = 8. In addition to conditions I, II,
IT1, we consider the following:

IV. Let P; be the point of P?(R) dual to !; ( = 1,2,...,8). Then there is no cubic
curve C such that C passes through all the points P,,..., P; and that one of the
points P,,..., P is a cusp point of C.

The totality of systems of marked 8 lines on P?(R) with conditions I, 11, III and 1V
forms a subset of P(2,8) which we denote by Py(2,8). Both P(2,8) and Py(2,8) are
Zariski open subsets of R®. Permutations on the 8 lines I, 5, ..., ls induce a biregular Sg-
action on P (2, 8) (and also that on Py(2,8)). Let Py be the set of connected components
of Py(2,8). The W(Eg)-action on Py(2,8) naturally induces that on Pg. Then it is
interesting to attack the problem below {cf. Problem 1):

Problem 2 Determine the W (Eg)-orbital structure of Ps.

The first step to attack Problem 2 is to find out a W({Eg)-orbit O of Py and parametrize
elements of O in terms of graphs attached with roots of A. TFor this purpose, we first
treat the following problem.

Problem 3 Find out such a system of marked 8 lines (l;)1<j<s that there is no hezagon
for any system of marked siz lines constructed from (1;)1<j<s by taking off two lines.

For a moment, we identify R? with an open dense subset of PZ(R) by the map (u,v) —
(1:u:v), where (u,v) is a linear coordinate of R?. We consider the 3 x 8 matrix

100 1 1 1 1 1
6) Xo=|11 0 -27/10 -9 3/5 -17/10 -3/2 |.
101 12 4 9/5 53/10 21/10

By taking the entries of the vector (£ # ¢)- Xo = (f ... fs), we obtain a system of marked
8 lines (l )1<j<s, where

(M §:f;=0 (1<5<8).

By the 8 lines (6), we obtain ten triangles (T;) (k = 1,2,...,10) surrounded by the
three lines given below (you can find the arrangement of the 8 lines at the last page of
this note.):



() BBG | rim
(To) B8R | ruwe
(Ta) BRI | riss
(1) ‘?lgl? T167
(T5) Iglgl? Tos57
(To) 120 lg lg T268
(T7) lglglg T34s
(Ts) lgl?lg Tars
(Ty) 121913 Ta78
(Tho) lglg[g 7568

It is easy to see that the system of marked 8 lines (6) gives an answer to Problem
2, namely, that there are no hexagon, heptagon, octagon for (lg)lgjgs- In the sequel, we
denote by AE; the system (I7). Let C4g, be the connected component of Py containing
AEg.

6.2 8LC sets and 8LC diagrams for the root system of type Ejg

In this section, we give an interpretation of the system of marked 8 lines AFs in the
previous section in terms of the root system A. For this purpose, we first introduce the
notions of 8L.C sets and 8LC diagrams for the root system of type Ej.

Definition 4 Let ¢; (i = 1,2,...,8) and by, b, be roots of A. Then the set
(8) A={a,-;i=1,2,...,8}U{b|,b2}
is called an 8LC(= 8 lines configuration) set if the following conditions hold:

1) (ai,0;) #0 if andonlyif i—j=0 or +1mod8.
(ii) {b1,4) =0.

(iii.]) {ai, b)) #0 if and only if i=1.

(i1i.2) {a;, b)) #0 if andonlyif i=05.

We would like to visualize each 8LC set by associating a diagram (similar to a Dynkin
diagram). Let A = {a;;i = 1,...,8}U{b;, b2} be an 8LC set. Then an 8LC diagram for A
is a figure consisting of ten circles attached with roots of A and segments constructed in
the figure at the last page of this note. An 8LC diagrain for A gives a complete information
of orthogonality condition of elements of A. Namely, let ¢, ¢z (¢, # ¢2) be roots of A, The
{c1,¢2) # O if and only if the circles corresponding to ¢), ¢ are connected by a segment.

For an 8LC set A = {a;;i = 1,...,8} U {b,b,}, we put

(9) A={ta;i=1,...,8}U{Lb,xb)}

and call it an extended 8LC set. Let A’ be also an 8LC set. Then A and A’ are equivalent
if and only if A = A’. In this case, we always identify an 8LC diagram for A and that for
A’ for simplicity.



Example 3 The set U = {r23,T146, 158, T167, T'257, T'268, T35, T'378, T'a78, T's68} is an 8LC
set. In particular, the correspondence

Tseg — T2z —3 az Tag — a3 Ta;g — G4
Ty — ag Tis7 — Qg Tas — ay T8 — Qap
riss — b T — b

induces an 8LC diogram for U.
Put

0 = 516538557724, G2 = 518527545T36, 03 = 523512354551455675167T8T18-

Then g1, 92, 3 generate the isotropy subgroup I sow(EB)(U) of U in W(Es), where U is the
extended S8LC set of U. In particular, Isowg,)(U) =~ (Z,)*. Note that g3 is the generator
of the center of W(Eg).

The following lemma is shown by a direct computation.

Lemma 4 If an 8LC set A contains {ri, T3, T23, Ta, Tis, Tse, Ter, T7s} (these
become simple roots of A), then A coincides with

{712, 21123, £123, £734, 745, 16, 767, L7175, L1, Tis ).

In virtue of this lemma, the classification of 8LC sets is essentially reduced to that of
fundamental systems of roots of A, which is well-known, and we get

Proposition 2 Let A and A’ be 8LC sets. Then there ezists w € W(Es) such that
w-A=A.

Conjecture 1 Retain the notation in Ezample 3. Then g; - Cap, = Cag, (j = 1,2,3).
Moreover, {g € W(Eg); g-Cag, = Cag,} coincides with Isowg,)(U).

There are 14 S;-orbits of P; which are called of types A, Bl, B2, B3, B4, B5, C1, C2,
C3, C4, D1, D2, D3, D4 as explained before. We generated 1629 simple 2-arrangements
of 8 lines from the 14 simple 2-arrangements of 7 lines by experimental computation. We
classified those arrangements into 91 different kinds. For the details, see [6].

We end this section by noting the difference between systems of 8 lines with conditions
I, II and those with conditions I-1V. Two systems of 8 lines with conditions 1, II are
equivalent provided there exists a one-tg-one incidence-preserving correspondence between
their polygons. Then any two systems of 8 lines having an octagon are equivalent but the
set of systems of 8 lines having an octagon can be decomposed into at least 15 different
sets of systems with conditions I-IV (cf. [5]).
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Parabolic Burnside rings and symmetric functions

/A 3X{= (ODA Fumihito) *

1 ZL®IC

GiIHRE, X3bd55RMH (C), 2lil=¥ G ORHBOKL TS, — R/ S—VPAF
B Q(G, X) i Yoshida Io & WEFEM MG O [10). ARG & LTXFRRE, X &L
TED Young HRYHEEEX- L&, —R/ =¥ FRQYG,X), & G DIBHRL
OMIZRRBRSEEST S Z L OFEHAMN (10 i2H 5. ZDOFER % AT parabolic Burnside
rings (—RX/S— YA FR) DOMHBPERA BT 52 LAFHOANTHD. —f&
Re—rhA FRICBITSH, BEER, MREQRAACBITAMEERT I LHBEH
BRPETHD.

Sa 13 n WOMFFEE, D, 13 S, © Young BRHEUNLLDIHEETS. Aa BOAHR
Coxeter & W,_, ® parabolic Burnside ring II(W,_,) i—8&/<—> %A FBR Q(Su,Dn)
T&h5. A RO parabolic Burnside rings DR T & 8% Q = @325, Da) ET5. A,
B n OFTRTOR/FEEDO S D ZMBEL L, A = @2,A, ZXFFBAKRLE 5.
KROEREBEERTHS:

(4.4) Theorem. The two graded rings  and A are isomorphic.

A BHBEHORRBOAMIIBERETHI Z LiZRBLATWA (6], (2], 3], (8] =»
B3 Burnside ring OHSBRNGHERINDIEWVI LD E VR MONIFHETITR
Dol kI ThB.

2 The generalized Burnside ring
(2.1) Burnside homomorphism G [IHRE, G OHMABOK X 1154
if He X,then H € X, where H = gHg 'and g€ G

FBETLOLT S, HRIA X 8L |X] 1 X L83 EROBKERT. Q(G, %)
1, BETRBECELE {(G/H||(H) € C(C), H € X} #->b0L+5. 22T, CG)
i1 G DEHROXBEDK, (H) 12 H 288 C OBIMD G-#BHMTH5. C(X)

“BULRGSEP)ERE—BN B, odatoyama-nct.ac. jp




X IEEhIBYED G-HEFOKLT . AEEHRO|C(X) BOERMORE
UG, %) = [lisyeom Z TRL, X KBTS ghost ring LFEE, fEHO S € X KHLF
Bos : AGE) — Z, [X]— |XT| £EHS. 22T, X5 i3 SSAEAOMRATH
5. ZDEHIBoNDIMERL L‘Cd)ﬁﬂﬁlﬂq) = (V’S)(S) : Q(G,x) — Q(G, x), x+—r
(ps(z))s), % X {ZBIF S Burnside homomorphism LM%, ZZT, (S) e C(X) L ¥5.

(2.2) The generalized Burnside rings. R E’flﬁﬁ&'ﬂ"b. R-MBt R®z G, X) i
Burnside ¥R 1®¢ : Rz G, X) — Rz (G, X) HANMRBERIC D XS
B T4 B OROBENER SN D L & generalized Burnside ring LFFITNS.

(2.3) The condition (C),. M Q(G,X) #* generalized Burnside ring 27257 &
D X DEFIZHONWTIR~D. X BEBERHZ LD LV I BECHPVTHALTVWT, G %
BATVWBRGIE QG,X) ix Burnside ring Q(G) OBHARICHZDI I LICERTS. G
OWBHBEHIZHLT, H=n{Se X|HC S} #EDD. bL, H 28LLo5 X
DOTEBFELRVWEWIE H =G ¢33, Z4,) it Z 0R¥E p CLRFRLTS:
Zp)={a/blacZ, becZ-pZ} CQ BHEFTHRE A ICHLT Ap) =Z;) ®z A L#<.
ROZHEEEZ5:

(C), 9S € (WS),, SeX=>(g)S€X,

ZITC, (WS), It WS := Ng(5)/S @ Sylow p-B353BETH 5. p=oco IZH L TiL, &t
(C)p KD &S IEBHDPX B!

(O, gSeWS, Sex=(g)SeX.

& (C), & (C),, DPBHRIZOVTHET S (see (10]).
(2.4) Lemma. The condition (C),, is equivalent to the conditions (C), for all prime p.

ZOHDORKREBRRD=DICKOMEAL BHT 5. Yoshida i 34H (C), Db L TO
generalized Burnside ring OTFEME L —BiEEZ R L1=:

(2.5) Theorem. [Yoshida] (a)Under the condition (C),, (G, X)(;) has a unique ring
structure such that o® : Q(G, X)) — (G, X),,, is a ring homomorphism.
(b) In particular, under the condition (C)_,, %G, X) has a unique ring structure such
that ¢ : Q(G,X) — ﬁ(G, X) is a ring homomorphism. Furthermore, for a prime p, the
two ring structures on Zg) ® (G, X) = (G, X)) defined by (a) and (b) coincide.

(2.8) Inductions and restrictions. {LEDOHRY H (23 L T, Sub(H) CH D¥+~
TOWBHIBED O HZELEKT. TOLEZBRHAIIZOBIREIZHRTERATS. HoOR
BROED M H-EZIZHSOWTHALTWA 2 61T, 9 C Sub(H) L #L. Zoffizi@HL
T X XE0L 5% GOBAHBREDE, 2%V, X C Sub(G) &¥5. HNE Ce Sub(G)
EFNX={5N---NS|n 20,85 € X} CEHETS. ZOKILG 28L. &bIZ,p
IERE, 0 20T, co2BTVLDOLTD. REOH e nNX ICHLT, R Xy 2 Xy =



XNSub(H)={T € X|T C H} TEHS. EixpiHLTHHE(C), 2ilir-T b0 e+
%. [10) @ Corollary 6.6 iz £ 9, EEDX H < K € NX IZx L TKRD X 5 254 (MR
Bl BUTR) BEFEET S:

resf : UK, Xg)y — QH, Xn )y
K/T]  — ) [H/H0T]
g€[IN\K/T}
mdﬁ : Q(H, x")(,,) — Q(K, xk)(,)
[H/T]  +— [K/T).

EhIZ, HeNX L ge G KL T, HE/EMRL

conj; : QUH,Xy)p — QUH, Xon)y)
[H/T] — [eH /o7,

KLY EREND. ZIC, H=gHg ' TH 5.

(2.7) Parabolic Burnside rings. 'R Coxeter §#® parabolic Burnside ring o & #
DWW THkRS5. (W,S) HIR Coxeter system &1 5.. £BEDOHIELEE I C S LBHR
W,=(J)CW%EEXD. ZD& &, W, iXW O parabolic subgroup &L PRI 5. W-set X
M parabolic W-set T 5 &%, Burnside ring Q(W) D TC[X] = [W/W,] for some J C §
LRINDBZETHB. ZoD parabolic W-sets DA Q(W) DT transitive parabolic
W-sets IZHEENDZ LX< HMENTWVWS (see (1], {4]). BE {(W/W,]|J C S} ix
QW) DEBSRI(W) D Z-basis &72%. 20, TIIW) 2 W HB5Wid (W,S) O parabolic
Burnside ring & FEL (see [9), [1], [4]).

(2.8) Lemma. Let X be the family of all parabolic subgroups of W. Then the parabolic
Burnside ring II(W) is a generalized Burnside ring of W with respect to X.

PRrOOF. Let Q(W, X) be the Z-module of W with respect to X. Since X is closed under
intersection, the condition (C)_, holds, and so Q(W, X) is a generalized Burnside ring by
Theorem 2.5. Moreover, (W, X) is a subring of Q(W) because W is a parabolic. We
conclude that II(W) and (W, X) coincide. a

A% E L T A._) B parabolic Burnside ring I(W,,_,) DA %2E X 5. Thix, %
B S, DR TD Young IBAEE D, iZ-2V T D generalized Burnside ring (S, D,) £ @
BTHo. €IT, H(Wn—l) L Q(Sn;Qn) E‘ﬁ]—'ﬁ'f{)

GLHEZHRBLTS. G HOEBOBOBOEKE X, DIt L ExP={SxT|Se
X, TeD} +EDS.

(2.9) Lemma. Let G and H be finite groups. Let X and ) be families of G and H
respectively, where X and 9 satisfy the condition (C),. Then QG x H,X x 9)) is a
generalized Burnside ring.

PROOF. It is to verify that the family X x ) satisfies the condition (C),. By Theorem
(2.5), G x H,X x 9)) is a generalized Burnside ring of G x H with respect to X x 9. O



(2.10) The graded ring Q. Q, = QW,,D,) % A,_; 2D parabolic Burnside ring &
+5. ZTIZT, D, % Coxeter B (symmetric group S,) M3~ T D parabolic subgroups
(resp. Young subgroups) D¢ 35, WEFERQ 2ROBFDOL S ICERT 3.

(2.11) Proposition. Let Q = @22 ,1,, where §; = Z. Then Q has a graded ring struc-
ture.

PRrROOF. By Lemma 2.8, (S, X S, Dn X D) i8 a generalized Burnside ring of S, x S,
with respect t0 Dn X Y. Since P X D = (Dntm)s, x5m» We can consider the induction

indg"ts  from Sa X S, Dn X Drm) t0 D 4m. We define the product R, x Dn — Ynism,

denoted *, by the formula
[Sa/S] # [Sm/T) = ind37%%, (1(Sa X Sm)/S] - [(Sa X Sm)/T1), (211.1)

where - is product in Q(S, X S, Dn X Drm)- It is straightforward to verify that this product
is well defined, and makes Q2 into a commutative, associative, graded ring with unit. O

3 The ring of symmetric functions
[6], (2] 128> THAFRBEOBBIZOVTHR~S,

(3.1) Symmetric polynomials. m # E¥3, f(z) = f(z),....Tm) # mBRKOFEKX
ET35. . H5FA= (/\1 2 2 /\k) o3k L THEX

h,\(z) = h,\,(:z:) St h,\.(:z:), (3.1.1)

NBoIhB. ZZT, hy(z) I p'b complete symmetric polynomials in variables Ty, ey Ton
Thd. bz, EEBOIEHDY, power sums % B+ 5. py % Newton power sums

Pa(z) = pa(2) - o paul2), Pe(Z) =27 4.+ 2, (3.1.2)
LT3 8B 0) 20X

zA) =] m,! (3.1.3)

r

TEHS. ZIT, m BRAOTOr OMBFE LT 5. BABHSREEFEHRT DLz
L0, EEBm, n I8 L TKROSK%18S (see Lemma 6.1 in [2]).

ho(zy,y s Tm) = Z ﬁp,\(z,, verZrm ). (3.1.4)
AFn



(3.2) The ring of symmetric functions. n (RO M & 1%, EEBOEES micxt
LT, mEBEDOa#HERNK p(z),...,2m) ET 5. Antdn RAFHBELENESL D, Z-
fngE L 3 5. Complete symmetric polynomials hy 1T A, @ Z-basis & 7425, 2225L, A
nDFTRTOFEEMHL. £/, power sums (T Q® A, ® Q-basis &74g 5.

A= é/\,., (3.2.1)

n=0

R OKREITERETS. RAIITEH A, by, ... DETHXNOREF—-HEINS. =
OR—EIZHRBOL AL THEBRINS.

(3.3) The Grothendieck ring of representations. R, ¥ x#B8¢ S, D C LOERHD
EMiZBI+ 5 Grothendieck group &4 5. R = @2 R, % S, PFBED Grothendieck ring
ETAH. L, BIAR

[Va] © [Un] = [Ind§™23 (Ve ® Uin)] (33.1)

THEIZONBLDETS. 22T, |V,] & [Un] EENFR R, & R DROREEE T
%. ZOHH well-defined ThHHZ &, £, RV, BENH TR T 2R OREIT&
RTCHHILEBEARAINDZ LIRS AN TINS,

(3.4) The homomorphisms ¢ and ¥. nORF A XL M> % A ZHET 5 Young
HBoBY, OHALRKEAD S, ~OFEHKBR LT 5:

M} = Ind2(1) = C[S,] ®y, C. (3.4.1)

Complete symmetric polynomials hy 23 5FRSR A ORELRDIOT, MERE LTO
MEAMe : A — R BARK

o) = [M2). (3.4.2)

LD ERINS.

(3.5) Theorem. The homomorphism ¢ is a homomorphism of graded rings, and is an
isomorphism of A with R.

PROOF. We refer to reader 7.3 in [2] for the details. (u]
RMG A~DYFR Y BAK
1
WV =3 TII)XV(C(MDP“’ (3.5.1)
pkn

ICEVEREEIND. JZT, xv IRV OB, C(u) X plCHET 2B ET 3 (sce
7.3 in [2)).



4 The graded rings ? and R
(4.1) The homomorphism #. MR L LTORRR 7, : Q, — R, 22K

Ta(Sa/ Ya) = [M}). (4.1.1)

L OEDD.
(4.2) Lemma. The homomorphism =, is an isomorphism of rings.
PROOF. We refer the reader to [5] or [10] for the details. n}

IMERLLTOERBrE: 1= () : R — R, LEETD. 22T, n 3IFABK
2&EEH<.

(4.3) Theorem. The homomorphism # is a homomorphism of graded rings, and is an
isomorphism of  with R.

PRrooOF. Since n,(52,) = R, by Lemma 4.2, 7 is a graded additive homomorphism. In
order to complete the proof that 7 is an algebra homomorphism. Let [S,/Y)] € 2,
and [S,/Y,] € Q., where A and p are partitions of n and m respectively. Cousider the
definition of product in Q and the isomorphisms on the theory of G-sets

ind§rts (((Sn x Sn)/Y] - [(Sa X Sm)/Y,])

indgrtz (Y. [(Sa x S)/Y,0°Y1))
3€|YA\Sn xSm/ Yu]

= > indg¥s (((Sa X Sm)/Y,.N*Y5))
ae[Y,\\S..xSm/ Yp]

> [Samm/Yur?Vil
I€|Y2\Sn xEm/Ys)

[Sa/ Y] * [Sm/ Y

So we obtain

w(Se/a*Sn/Y)= D M (4.3.1)
3€|YaA\Sn xEm/Y.]

where A,’s are partitions of n + m corresponding the Young subgroups Y, N°Y, of Spym-
On the other hand, by the formula (3.3.1) and the Mackey’s tensor product theorem, we



deduce that

T([Su/Y2]) o 7([Sm/Ya))
= [Ind§7(1)] o [Ind3n(1)]

= Id$13, (Indf (1) @ Indz 5= (1))

sn+m

= Inddts Ind§ass (Resyhy, (1) ®Res§:n.n(1)))

(IG[Y‘. \SnxSm/Ya)

Sh m
= @ Tndy"A% (1).
LE(Yu\Sn XSm/Y))

We verify
7([Sa/ Yol * [Sa/ Vo)) = 7([Sa/ Yal) 0 7(|Sm/Yo]) (4.3.2)
by the formula (3.4.1) and (4.3.1). This complete the proof. o
UTHEEHRTHD.

(4.4) Theorem. Let 2 = @3, 2, be the graded ring of parabolic Burnside rings of type
A and A the ring of symmetric functions. Then two graded rings  and A are isomorphic.

PROOF. Let R = @&22,R, be the Grothendieck ring of the representations of the sym-
metric groups. Using Theorem 4.3 we have an isomorphisi of graded rings

T 0 — R
(ISa/Ya)wy — (IM2D)w)-

By the proof of Theorem 7.3 in [2], we can consider the inverse map ¥ of ¢ which is given
by the formula (3.5.1) as follows :

P R —_— A
2 (Ve — (ZTII\)XV.. (C(l‘))pﬂ)
(n)

pkn
Since the composite Yrr ¢ is the identity of A, the theorem is now fully proved. ]
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0 Introduction

Va—THHIZAR (= SUN)) OERBOHRKTEHERDOERELX5X 5
K= 2 LOBEEHHEZHAMBTHS. JHiZ 7M1 LDOHEBEARICE-TE
DEURMBIENEZ oNTWS, ZO7A4NDIEEANII AR ST, BE C
B DRRUHNBOEEEREEEZITHS, T TINLOMEESZDORIOD Y 51—~
THMBE LTEETS ([2]). SSTRERCBRECHDY 2 — 7T HHOMIZKY
MUOMRKEEZ S,
bEHEABDY 2 —TIEITH LTRD & 5 LLRAHE S M TS ((3],[5)):

52A(“’N.2) = 52,\(0)(“’?\')52,\(')(3’7\/)- (1)
S CT2h = (20,2),... ,20N) IE SU(N) DIEFE7 L4 FTHB. ZIT,
N2 = (xl)"' »yIN, —Tpy--- 7_IN)7
220 = (Mg, Ay, ), 20 = (A, 0,..0)
TH3. COBDRESRARELERIEITLTCHD Y o —THE (sc) 2%
ZABI LTS, THEABARIRDLIBIETHONS:
SCZ,\(Q:N.Z) = SCQI\(o)(.’B'IzV)SbQI\(|)(:B‘,2V). (2)

CETsbym (i BEDOY 2 —7HMTHS. ABIEABTHUIRTH-1:8% 4
B3 2 OMIZ ¥ 4 TORI BEMABNS. ZORFOEFEBILIZD (2) THB.



UTT, 275000 B iITHYT 5B TH S core & quotient IZDWTE
M43 Zhid, LEOIT A b2 D IRELIY, IV L—ROREEX
B1DTHS. FLZOBAROY 2 - THHEOMRELEHFUSRTAS I &K
5. 20%, HWHOBRH YA MIBETLEBEL, EhENOBDY 2 -7
M¥oEHEEXTS. £ LT (2) DIEMEER 3.

1 Quotients and Cores of Partitions

r %2 EOBYEANERY, m%Em > U HDO m =0(mod r) THSH L HI0HE
METH KDL SRSEERTS.

=k
My = (57216 = k(mod r))
my = “Wkl
€W = (¢W, ™), e My, (0<i<my), €8 > > e

ZLT, d,=(n-1,n=2,...,1,0) AT,
A0 = ) g
EHVVT A D r—quotient 2RO L HIZEHT B.
Definition 1.1. (r-quotient for ) r fHD5 HIDH,
A= (MO AW A=)

% A D r-quotient & X3¢ .

i,
Cr = {rs+kf0<s<m-1}
r—1]
c = o
. k=0 . ..
£ = (€,6..- &), GEC E>E> ... > 6,
L. £UT,

X=§=4,.
EBNTADr—core 2RO L HIZEHT 3.

_60._



Definition 1.2. (r-core for A)
AN EADr.coreEED .

—2FERTEL.
Example 1.3. ZZTid ) =(7,7,4,4,1) D 3-quotient 3K 3-core 2FHT 3,
BIC b6 = (5,4,3,2,1,0) EMB I EIZTH (BN =5 KD KRELIDE
BROMTHRM - EICEE) . T34,
£ =(12,11,7,6,2,0),
Mo = {4,2,0}, M, = {2}, M, = {3,0}.
DEIICRES, CHEFEHBYICHRET S E.
A0 =(2,1,0), AV =(2), A® =(2,0).
DR LT 3-quotient HKE 3. 3-core DH bREBKIZ L T,
Co = {6,3,0}, C\ = {1}, C: = {5,2},
£=(6,5,3,2,1,0).
o,
X =(1,1).
MEohs,
ROMULEHEENELTHL.
Proposition 1.4. X 238\ D r-core &35 ERME DAL .
X =0 = |A\| =0 (modr).
Proposition 1.5. Let X 253 EI A D r-core £T 5 ERHILAL .
XN=0e | M| =|M|=...=|M_|=m/r

UF, Ak B2, X =0 &RETS. €L T D r-quotient & Schur B¥ & D
Mi#ERSE. ROLHLRSEHET 3B,

Ty = (111127'-- 1IN)5
2y = (@525 17N)
v,y = (21,Z2,--.,Zen) (Tansi =7 (0< k<r—1,1 <i< N)).



ZIT,

w = exp(27v—1/r)
ELTEL. ZDzy, %y D “rinflation” EFI B a = (), 02,... ,0pm)
I UT, N x M 1751%,

Ao(®n) = (2" )1<icN, 1<5<M

ERC. AHMTHUTN x NTTAIZE,

:L’i\""N'l x;\z+rN—2 o :r;\'N
.’l'-:,\l+”v—l zé\2+rN—2 I-:,\'N
Axps pn(®en) =
MArN=1  _A4rN=2 Aen
oy z N cer TN

EEHTS. S TSchur BABODEREEZ 5.

Definition 1.6. A = (\,,...,\y), N <I(A) LT,

Arssy(Zn)

sx(zn) = A5, (@)

% Schur A8 EF 2.

3T, THD S Schur IO FOEHE r-inflation LTHL . 2F Y, Ayys , (en,)
EEZLBD.
UUF,
e = (r{fk) + k,rﬁgk’ +k,... ,r{%‘] + k)
EE<.
det Axys p(Tns) = Expdet(Ap(znsr), An (BN )yee . An_(ZNs))
SITE, I NErIIRTFT AT TH S,
PkAgm('-va)
k. k r
An.(zN.r) - wop A(-(")(zN)

wlm=Vpk Ay ()



DT

llv IN . e lN
In wly w"'lN
det Ayys, y(2n,) =éxr| In Wiln ... W DIy [ x
Iy WDy ... W=Dy
Po 0 A,\‘°)+Jn(m'I‘V) 0
pl A'\“)-HN(:::V)
0 P 0 Ayir- 485 (Z)

85, ST p = diag(z,,...,zn) EBRWVIZ. LEXY A D r-quotient &
A X)) KBRTEFEN GO NI, £0% Schur MBS 2 L L Tid~5.

Theorem 1.7. (Inflation for type A [5]) A % r-core DIEGH] (A =0) &L
1o & EROANKILT B

s,\(:cN,,) = e,\,,s,\(o,(a:yv)s,\m(a:;v) oo S’\(r-l)(a:'llv).

S ZTerr =éxsféor-

Proof. sy(zn,) DHFFIZBT 2RI, 3 FDHEEZ N = 9 LB ETHON
5. a

2 CROSBAR

COETREBRRSF, CROY . —THEERDTANVOIBEBARIZL > TE
#T5H ELTCHOY 2 — TN 2-inflation iIZL > TED I H IZAHTHD
M55,
A= (AL Ay) ELTHIGRORM Y =4 FEFIBLTHEL:

0}.
}.

Ava: PE ={xeZV N2 A

e 2 AN 2
By: Pho={xeZV|AN2...2:n20



SO(2N +1) DY BEBABTH S Spin(2N + 1) DFRFEV LA M
Pf ={reZ" ZN +1/72(1,...,1)| A\ > ... 2 Ay >0}
TEZoh3.
Cn: PE={2eZV|MN2>...2Av20}
Dyv: Py ={reZ"|X2=...2 ]|}
SO(2N) DEEWHEMTH 3 Spin(2N) DEFET A M
PE o={xezZ" ZV+1/21,...,1) [\ 2 ... 2 Pl
THEZohd. STINEHEFZATIANOEELREB~<L .

Proposition 2.1. (7AJDIHFEAF) BT A bIX = (A, ),...) TEX
oh3 A% B, CH, DHOHNBOMLEED (1,,... ,iv) EEBBRKN-35
AFEOHBRE LI ELERDIIIIEZ NS

A 4N=j
det(t.‘ﬁ J)l_<_i.j5N

A
7i(t) = -J :
det (1 TN<igen
N +N—j+1/2 ~(A+N-j+1/2
By = de”” T Ty, i
h —_ — — — 3
det(tfv iz _ t; (N )+|/2))15|_.J_5N
oy _ (let(t?"LN_j“ _ tf””LN'Hl))nsi.jsN
ax(t) = N+l = (N=j41) ’
det(t] - higii<n
oy det(t NI g7 BTN 4 geg(e VT 4 74N,
72(1) = N=7 5 ;~(N-7) '
det(¢; ™7 +¢; h<ij<n
COEBEREZT

Ba(mn) = (271 — 27" ionvgiem,
Colzn) = (2" - 1;(aj+l))15i5N. 1<<M -
DEHIATANEBOTRO LS IZEET S ([2)).
Definition 2.2. (Schur functions for type B and type C)
A=A ..., AN) ZSMon =(N-1,N=2....,1,0)&F 5. ZD&&x BRIRY,
CBOY 21— THHEXTEHRTS.
BA+6N(“’N)
BJN(‘BN) ’

shi(zy) =



TR C DY 2 —THHOSBLRER<LS.

Theorem 2.3. (Inflation for type C) A = (A1,... ,An) & 2-core WETH B LS
RAHET S, TOELEROANNKD I,

sea(@n,2) = exasbyo (24)scam (25)-
CITe RANCIKIFETAHETHS.
Proof.
Pa,(Ti) = 27" — 2.

CHVWTETRCHOY 2 —THHOEBRADFFHAORTAHL). T5E,

/ ‘P,\,+2N($1) <P,\2+2N-1(-'171) ‘Pz\uv+l(xl) \
onen(ZN)  enganai(zn) oo @agyer(EN)
Crtsn(ne) =
ean+2N(—Z1)  Paeenai(=T1) ... @aye(—T1)
\ Pu2n(—2N) waeanaai(=zn) oo @agar(—TN) J

THBEID, o = (267 + 1,262 +1,...,260 + 1) b2y = (261 4+ 2,26 +
2,...,269 +2) &< &,

det Cris,n(2N2) = Ex2det(Cro(xn2), Cry (Tiv2))

285 Lich-T,

Byoy (2
Coo(®Nn2) = ( ¢« )(:c,\;) ) )
— By (zy)
C 1 122
Cm(zN,z) = ( &l )( 2N) )
CE(I)(zN).
ThHab ThwZ
1 1 Bio 2 0
det Crys,n(®N2) = €x2 N N X )HN(xN) 2
—Iy 1y 0 Crmasy(®h)




E18B, sea(zng) PAEHE, A =0 LAVTEDOHEEZThITDIS. LlEEE L
HT,

C,\+6,N(3=N,2)

CJ:N(“’N.Z)

820045, () Bam g5, (TH)
€0,2Cs, (2}) Bsy (z%)

sea(®ne) =

= ex28by 0 (X )sexn (2X)

/5. 0

EOFHICBNETS, &0, I ETHBLILITIIOEEERIZLORNS DT
HY, TN EN LERETIVRFEGRTHDRT B ETe i3, NITI
KELRLSEAZ EITHEBLTHL.

EOICABCULT D BICH UTHMRARNENED 2 EAHKS ([6]). RO
FUEFIZNT Lie BABD ¥ 2 —TMBIR LI UTHAES Z LS. FHBAN
DIEA E UTIIXBRBBD plethysm DEHFIZAHTH 5 Z ENRS TN S ((1)).
oIl Ya—THHIEY 2a—T- 71 VEERLH L TERAEhOXBREATH 5K
HOBEOBMEMTH S Z LicEETHIT ((8), KrEIOERIZMTILXbH o
haZ&iTEELTHELS ([3),5).

FIZDMIZY 2 -7 D Q-BIRE LTHION AMFMHMD A RARBIES Z &bt
tHE S, ZDHEEL core & quotient IZH725 D & LT bar-core, bar-quotien &
EE S BT AWIEBRT 5 I EMIHKS ([5)).
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Morita equivalence of Isaacs correspondence for
blocks of finite groups

DTV I (RRAKRFEER)

§1. Introduction

Two rings R and S are Morita equivalent if there are additive equiv-
alences between the categorics of R-modules and S-modules. If S is
isomorphic to the matrix ring M(n, R) over R with degrec n. then R and
S are Morita equivalent.

Let (K, R, F) be a p-modular system such that X is algebraically closed,
and let A and G be finitc groups such that A acts on G via automorphism
and that (|A[, |G]) = 1 throughout this talk. We denote by Irr(G) the
set of irreducible K-characters of G and by Irr4(G) the set of A-invariant
irreducible characters of G as usual. It is well known that there is a one
to onc correspondence w(G, A), what we call Glauberman-Isaacs corre-
spondence, between Irrs(G) and Irr(C) where C = Cg(A) by [G] and
[T]. When A is solvable, n(G, A) is the Glauberman correspondence, and
when |G| is odd, #(G, A) is the Isaacs correspondence. Here we recall
briefly the definition of Isaacs correspondence.

Lemma 1 ([I, Corollary 10.7); [Wol, Corollary 4.3]) With the above nota-
tions we assume that |G| is odd. Let [G, AI'C < H < G such that H is A-
invarinat. Then there exists a bijection o(G, H, A) : Irr4(G) — Irrp(H)
such that for x € Irra(G),0(G, H, A)(x) is the unique A-invariant irre-
ducible character a of H with the inner product (xy,a) odd.

Definition ([I, §10 ]) With the notations and assumptions in the
above lemma, if C < G, then let

G=Gy>G,1>Ga>G3>--->G,=C

by Gi+) = [Gi, AJ'C, for i > 0. The Isaacs character correspondence
m(G, A) : Irr4(G) — Irr(C) is the composition map



U(Gn—la 01 A)G(Gn—27 Gn—h A) e G(G29 Gly A)U(Gy Gh A)
if C < G, otherwise n{G, A) is the identity map.

The Glauberman-Isaacs correspondence gives a correspondence between
the A-invariant p-blocks of G and the blocks of C as follows.

Theorem 2 ([Wal, Theorem 1], [H1, Theorem 1} and [P, Theorem 39])
Let B be an A-invariant p-block of G such that a defect group D of B is
contained in Cg(A). Then there exists a block b of Cg(A) such that B
and b are perfect isometric by n(G, A) in the sense of M. Broué [B].

Here a p-block of G denotes a block algebra of RG. b is called the
Glauberman correspondent and the Isaacs correspondent of B when A is
solvable and when |G| is odd, respectively. In fact B and b are isotypic
[Wa2, Theorem 3.6] and [P, Theorem 39). 1t is also known that b has D as
a defect group. Recently in [K-M, Theorem 3.1] S. Koshitani and G.O.
Michler showed that the Brauer correspondents of B and b are Morita
equivalent over F, and in particular if D is normal in G then B = F®z B
and b = F ®xz b are Morita cquivalent. Moreover in [H2, Theorem 1] H.
Horimoto showed that B and b are Morita cquivalent if S is solvable and
G is p-solvable by using a result of Dade-Koshitani-Michler in [K-M]. L.
Puig also proved it. In this talk I will show that if |G| is odd then B and
b are Morita equivalent. '

Theorem 3 Assume |G| is odd and let B be an A-invarient p-block of
G such that a defect group D of B is contained in Cg(A) and let b be the
Isaacs correspondent of B. Then B and b are Morita equivalent.

§2. Outline of a proof of Theorem 3

We prove the theorem by |G|-induction. The following results by Isaacs
and Wolf are important in our arguments as in [H1] and [Wa2).

Lemma 4 ([Wol, Theorem 4.6]) Assume |G| is odd. Let K = [G, A]
and let U be an A-invarinat subgroup of G such that K'C < U < G. Let
X € Irr4(G) and ¢ = o(G,U, A)(x). Then



(a) o(G,K'C,A)(x) = o(H,K'C, A)¥), and
(b) #(G,A)(x) = n(U, A)%).

Lemma 5 (|Wo2, Lemma 2.5]) Let N be an A-invariant normal subgroup
of G. Let x € Irtg(G), 0 € Irrp(N), T = Tg(0) the inertial subgroup of
0 in G, p = n(G, A)(x), and v = ©(N, A)(#). Then

(8) (xn.0) #0if and onlyif (pnnc,v) # 0,

(b) TNC = Te(v) and 7(G, A)(¥C) = (n(T,A)(¥))C for ¢ €
Irr £(T')6).

Our proof of Theorem 3 is essentially reduced to a fully ramified corre-
spondence case for blocks (see [H1, §1]). Here we recall the fully ramified
correspondence for characters due to Isaacs, using notations in [I}. Let
L < K <G with L 9G and K/L is abelian. Suppose that ¢ € Irr(L)
is fully ramified with respect to K/L and is G-invariant. Let 8 be the
unique irreducible constituent of ¢X, so that @ is G-invariant. Then
(G, K, L,8, ¢) is called a character five.

Theorem 6 ([I, Theorem 9.1 ; Corollary 6.4]) Let (G, K,L,08,¢) be a
character five such that either |G : K| or |K : L| is odd. Let W(K/L} pe
the character of G/ K defined with respect to the form <«,>»4 on K/L,
and view WK/L) g5 g character of G. Then there erists ¢ G-conjugacy
class U of subgroups U < G such that

(a) (VH/D(2))? = £|Ck/L(z)| for z € G, in particular UWK/D(1) =
VIK/LI;

(b) UK=G andUNK =1L;

(¢) U® is G-conjugate to U for all a € Aut(G) such that K* = K,
L® =L and ¢* = ¢;

(d) the equation xy = (VK/DYy¢, for x € Irr(G|6) and € € Irr(U|¢)
defines a 1-1 correspondence between these sets of characters, and

(e) |G : K| is odd, x € Irr(G|0) and € € Irr(U|@), then xy =
(UKL, € if and only if (xu, €) is odd.

The correspondence in Theorem 6, (d) is called a fully ramified corre-
spondence with respect to (G, K, L, 9, ¢).

Now in our situation let K = [G, A] and 6 be an A-invariant irreducible
character of K covered by B. By a lemma of Glauberman we have G =



CK and we have also C N K C K'. By the induction hypothesis we may
assume that D is a Sylow p-subgroup of G, and hence K is a p’-group.
Let I' = AG the semi direct product of G by A, K/L be a chief factor
groupof F'and U = CL. Then G = UK, UNK =Land U < G
because we may assume C < G. Besides a Sylow p-subgroup of U also is
centralized by A. Let xo be an clement of Irr(B). By (I, Theorem (10.7)]
and Lemma 1, therc exists a unique A-invariant consituent ag of xoy
with odd multiplicity becausc U > CK’. Let By be a block of U which
contains ag. Then By is A-invariant and b is the Isaacs correspondent of
By by Lemma 4. Hence in order to complete the proof it suffices to show
that By and B are Morita cquivalent by the induction hypothcsis for By.
Now let ¢ be an A-invariant irreducible character of L covered by By.
Then ¢ is a constituent of f;, and we can assume that (G, K, L,6,¢) is a
character five. Moreover there is a fully ramified correspondence between
Irr(G|#) and Irr(U]¢). Morcover since aq is an irreducible constituent of
xoy With odd multiplicity, ag is the fully ramified correspondent of xo
with respect to (G, K, L, 8, ). Suppose that 8 is extended to G and let 6
be an extension of 8. Let ¢ € Irr(U) be the fully ramified correspondent
of 8. Since 6(1) = /|[K/L|$(1), and 6(1) = /|K/L|$(1) by Theorem 6
(a), ¢ is an extension of ¢. Then we can sce that there exists a block B
of G = G/K such that B = M(8(1), B) and By = M(¢(1), B) where we
identify G/K with U/L. Hence B and b are Morita equivalent.

Let ep be the central idempotent of RK corresponding to 8. We have
an R-algebra isomorphism © : RKey = M(n,R) where n = 6(1). Let

G = {(g,u) € Gx(RKeg)* | (keg)? = (keg)* (Vk € K), (det O(u))!¥ =1}

where (R Kep)* is the group of units in RKeg. Then G forms a group and
Z = {(1,u) € G} is a central p'-subgroup of G of order n|K|. Moreover
G/Z = G. In particular (|G|, |A]) = 1. Let

K = {(k,kes) € G} | ke K}, L={(l,leg) € G |l € L}

Then we have K = K and L = L. As A acts on RKeg as an R-
algebra automorphism, an action of A on G via automorphism is defined
as follows : (g,u)® = (g%, u®) for a € A and (g,u) € G. Then we have
G = Cs(A)K and [G, A] = K. Now we regard 8 and ¢ as characters of K
and L respectively. Then (G, K, L,8,¢) is an A-invariant character five.



Let U = CG(A)f,. This is the inverse image of U of the homomorphism
G/Z — G. By Theorem 6 again there cxists a fully ramified correspon-
dence between Irr(G|6) and Irr(U|¢). Moreover when we regard xo and
ayp as irreducible characters of G and U respectively by the inflations, aq
is the fully ramified correspondent of xo with respect to (C’, K, f,,9,¢).

Now
6:G - GL(n,K) ((g,u) — O(u))

is an irreducible representation of G such that ©4 affords the character
8. Let B and By be the inflations of B and By to G and U, respectively.
By the above B and By are Morita equivalent. On the other hand we
have B & B and By = By. Therefore B and By are Morita equivalent.
This completes the proof.

See [Wa3] for a detail of a proof of the theorem.
References

[B] M. Broué ; Isométries parfaites, types de blocs, catégories dérivés,
Astérisque, 181-182(1990), 61-92.

[G] G. Glauberman ; Correspondences of characters for relatively prime
operator groups, Canad. J. Math. 20(1968), 1465-1488.

[H1] H. Horimoto ; On a correspondence between blocks of finite groups
induced from the Isaacs character correspondence, Hokkaido Math. J.,
30(2001), 65-74.

[H2] H. Horimoto ; A correspondence of the Glauberman correspon-
dence of p-blocks of finite p-solvable groups, to appear in Hokkaido Math.
J..

[1] I.M. Isaacs ; Characters of solvable and symplectic groups, Amer.J.
Math., 95(1973), 594-635.

[K-M] S. Koshitani - G.O. Michler ; Glauberman correspondence of
p-blocks of finite groups, to appear in J. Algebra.

[P] L. Puig ; On the Brauer-Glauberman correspondence, preprint.

[Wal] A. Watanabe ; The Glauberman character correspondence and
perfect isometries for blocks of finite groups, J. Algebra, 216(1999), 548-
565.



[Wa2] A. Watanabe ; The Isaacs character correspondence and isotypies
between blocks of finite groups, to appear in ”Groups and Combinatorics,
in memory of Michio Suzuki”, Advanced Studies in Pure Mathematics.

[Wa3] A. Watanabe ; Morita equivalence of Isaacs correspondence for
blocks of finite groups.

[Wol] T.R. Wolf ; Character correspondence in solvable groups, Illinois
J. Math., 22(1978), 327-340.

[Wo2] T.R. Wolf ; Character correspondences induced by subgroups of
aperator groups, J. Algebra 57(1979), 502-521.



Some results on the graded rings coming from coding theory

Kiili % (Manabu OURA)
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1. 3 [5] S22V T, SO TITEISHR (genus) 781 DHEDEY 2 FEX%
WHHS 2 &iciih 4.

Iy = SL(2,Z) KM 2BMERDE Y 2 SHEADOLTHRIZ, R
DTAE 254 BBEYr), C(r) CERTHIENTEET. SZTrid
FEFMEOSEHOobLET. R n OBV SKRFOT— 78, &
En2DEV2FERELDETH, 207 —) FEHUI, FFARBTH Y, ¥
FHiz 1 TY. CORXTIIROMEEZZ T

EHEN 1 TH5, FABRO 7 ) EFHERFOEX 12, 16 DE
VaSERELTRD L.
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65520
Cs(1) = 691 Z on(n emint

SIT, on(n) = Xy, arod FIL, WME 12 ORERK A(r) ZRDOT ) 1R
HERFLET:

A(r) = i 7(n)e*"inT,



ZITr(1) =1, 7(2) = —24, 7(3) = 252, r(4) = —1472, 7(5) = 4830,... TY.
XAV 2 FHRFOT— B EDIURIZ ‘

65520
Cs(7) + (720 ~ 691 ) A(T),

1753(7')

65520
Dps(7) = Efr)+ (1104-%) A7)
ERXDET,
o(r) ZEHH | OFARH T — VBB ERD, Tix 20TV 2T5EREL
¥ T5&

o(r) = sdg(r)+py (7)
65520

LB T EMTEET, SIT, s, t REEMTY. 4,
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AEBSNET. (65520,601) = 1 LB UET. #KIZRTOEMBE n 128 LT b(n)
PEEBHTHNIO DI TT. B n 12OV TR

b(1)
b(2)

1104 — 384s
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EnEd.
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P ko
Theorem 1in [5). o(7) ASEHH | DIERBH T —) LRYERFOEX 120EY

2R THLBDLEAFFRML, 384s ABHTH Y, HD-7086 < 384s < 1104
EWIcdETHD. ZDLHL o(7) 138191 HH 5.
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[5])-
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G U7 190 RSB &l 5.
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McKay’s 40 dimensional even unimodular lattice as
ternary code construction
UNEBTERS
(IR SF B2 3
3. July, 2001

1 Definition of the Mckay’s lattice My

Let p be a prime such that p = —1 (mod 4), and /[ be a Hadamard matrix of order p + 1
of theform : H =S — I and S is a skew-symmetric matrix. We put n = 2(p+ 1) = 8%. Let
M., be the lattice in R" generated by the rows of the matrix

I ([ (k+1)] O
Jhri\ S-2 1)

The Gram matrix of M, is

1 (k+1)1 ON[ (k+ 1) 'S=21\ _{(k+1)I -S—2I
G+l S-21 1 0 I =\ s-20 a1 )

Therefore M, are even unimodular lattices of dimension n { 7 = 16,24,40,--- ). Especially

oo L 6 0
o=\ s-21 1)

In SPLAG p.221 Conway and Sloane give a slightly changed generator matrix of My by
negating the first column of the second half in the original generator matrix

1 {6l 0
M40'%(B l)v

where B is given in the saina page of SPLAG.

2 Interpretation of My as a ternary code construction

It is easy to see that Ay contains the following shape of vectors

1 i
P = = 0,"',0,6,0,“',0 13340,
g \/5( ) J



and
2041

1 i 21 .
hi= 3a07"')033’0""10a3a0v"'101 3101'”!0 2S1S20
\/6_( )

the lattice J4o generated by the vectors £g; (1 < i < 40) and *h; (2 < i < 20) is proved to
be isometric to the scaled root lattice D;? with the scaling factor +/3. We form a system of
mutually orthogonal 3-vectors (norm 3 vector) :

1 1 2
f = %(3,0,m,0,§',0,---,0), = 2 (3,0,:-,0,-3,0,---,0),

1 22
f3 = '% (073107"'101232101"’90)1 f4 = 76" (0$310v"':09—3101"'70)1

1 20 . 1 20
f‘39 = % (01"'101 3101"'|013)1 f40 = % (01"'107_3101"'1013)

Remark 1 The vectors £f; + ; generate Jqo, bul each f; € M. We see that f; + f; =
gnfa+fi=gz-- fao+ fao=goofi — 2 = g1, f3 — f4 = g2z, -+, f30 ~ fa0 = Eao.

Here we express each row of the generator matrix of Mgy by means of f;,:--,f,. We have
already done with g;,-- - . gzo.
The 21st row X, has the shape

20 19
1
X = "\/—E (Q'mvm)

It is verified that the equation
1
X =z (Bfi + 24 --- + )

hods. The 22nd row x; is expressed as

X2 = é(f] +f -3+ +h-fr—fg—fo—flo+ T+ 2+ fia+fig+His+Ne+ N7+ fig— Mo~ 20
+ f21+ 22 ~ £23 — 20 + 25 + f26 — f27 — F28 — f29 — f30 — fa1 — faz2 - fi33 — F34 + fas + f36 + fa7+ £33 — f39 — f40)
From x5 till x5 they are produced from x; by twice cyclic shifi process of the coordinates
3 to 40. For instance

1
Xa= ol 4o —f—fi=fs =3+ fi+ fo—fo— fio— fiy — iz + .

Consider the lattice A4 generated by Jyo and 2x; (2 < j < 40). Combining the arguements
and theorem in our 1989 paper [5] we can prove

Theorem 1 The quotient K,/ Jyo is isomorphic to a lernery self-dual [40, 20, 12] code whose



generator matriz is given by

OL11111111011100110112200011111111111111
( 1120112222111111112211221122222222811122
1122201122221111111122]112211222222221111
1111222011222211111111221122112222222211
11111122201122221111111122)1221122222222
1122111122201122221111111122112211222222
1122221111222011222211111111221122112222
1122222211112220112222111111112211221122
1122222222111122201122221111111122112211
1111222222221111222011222211111111221122
1122112222222211112220112222111111112211
1111221122222222111122201122221111111122
1122112211222222221111222011222211111111
1111221122112222222211112220112222111111
1111112211221122222222111122201122221111
1111111122112211222222221111222011222211
1111111111221122112222222211112220112222
1122111111112211221122222222111122201122
1122221111111122112211222222221111222011
1111222211111111221122112222222211112220

Theorem 2 My = Ky + ZXx,.

Remark 2 The second helf rows (Bl) of the matriz in the definition of Mckay's lattice also
defines a self-dual termary [40,20,12] code. We verificd that these two codes are equivalent
to each other.

Here we write a part of the complete weight enumerator of the ternary self-dula code Cjyy
obtained in the preceding discussions (we may say this code as Mckay's ternary code) for
the later utility.
CWep(z,y,2) =
140_*. 191.28 12 + 57128 1022 + 2280128J923+ I5JJ128y824 + 1368128J725 + 9234128 6 6
+1368228y°27 + 1539228 y%28 + 22802%%°2° + 57228720 + 1927812
+ cee
+J:y39+57.1:y28 3] + 191'y27 12 +684:ry26 IJ+6841y25 l4+22231y23 IG+20521y22 l7+
2282y 2" + 3972zy%%2"° 4 39722y'?2% 4 2282y'82" + 2052zy'72%? + 22232y'%2% +
684zy"2% + 684zy"32% + 192y'22%" 4 57xyM 2% + 22%°

3 Minimal vectors in M,

According to my early paper [5] the minimal vectors come from codewords of weight 12 and
weight 39. We set Ay(Myo) : the set of 4-vectors (i.e. vectors x € My such that {x,x)=4)
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The lattice vectors are given by
(3 ((-n*® =3 1

{ (128 (_])Il _3) (ln (_1)28 3) 57
(1'27 (_])123) (11'2 (_1)27 _3) 19

1 (126 (=1)** =3) (1" (-1)*®3) 684
— X (1% (=1)"3) (IM(-1)® -3) 684
viz (17 (=1)3) (1 (<1® —3) 2223

(12 (-1)'7 =3) (1" (-1)*3) 2052
(% (=1)'"3) (1"8(-1)* -3) 228
(12°(-1)® =3) (1" (-1)*3) 3972

4 How to distinguish ternary code construction from
binary code construction

4.1 Appealing to the analytic invariants of the lattices

Such as Siegel theta series or Jacobi theta series.
To compute analytic invariants it is necessary to know the values of the inner product
between many vectors in the lattice. In the case when the lattice is constructed from the
code the knowledge from the combinatorial polynomials are of great help for that purpose.
Let L be an even unimodular lattice of dimension n (n =0 (mod 8) ). Theta series for the
lattice L is by definition
0(T,L) = Z c:u'(x.x)-r‘

xeL
where r € H = {7 € C|im(r) > 0}
Theta series associated with the extremal even unimodular lattices of rank 40 is

040 = | + 39600¢% + 878592004° + 20779902000¢" + - - -,

q = €%"". Since theta series is unique for the extremal even unimodular lattices of rank 40,
it does not serve for our present problem.

Let Az be the sct of vectors x in L such that (x,x) = 2m holds. For any y € Ay, Jacobi
theta series of index m is defined to be

0y.L = Z e:vi((x.x)-r+2(x.y)z},
x€L

here z € C.
Fact: Any Jacobi theta series of weight 20 and index 2 associated with an extremal lattice
of rank 40 is expressed as 0,02 + a¥, where

002 = 1+ g*(t" + 7904t + 23790) + g°(7904¢° + 1525056¢% + 20186400¢ + 44420480) + - - -

and
(2 =4t +6) + ¢ (—42 — 2402 + 1320 — 208) + - --.



Here ( =¥, ' = '+ ¢ i=1,2,--. a = #{x € Ay |(x,y) = 2},7904 —da = #{x €
Ag|(x,y) =1}, 23790 + 60 = #{x € Ay | (x,y) =0} .

Lattices coming from Binary codes

We give the resulls of computing of Jacobi theta series of index, where the lattices coming
from binary codes. However we do not give Lhe process of the computation, nor we give the
generator matrix of the binary codes used here. The reader may consult [4].

Ex. 1 Ll
1-(i) There are 36560 y € Ay(L,) with

0.\!-14
= 040‘2 + 152\1’
= 14 ¢*(t" + 15288 + 7296t + 24702) + - - -.

1-(3i} There are 1520 y € A4(L,) with

oy-lu
= 0403 + 4409
= 1+ ¢*(t" + 440£* + 6144t + 26430) + - - -

1-(iit) There are 1520 y € A,(L,) with

o.YJtl
0402 + 536¥
1+ ¢*(¢* + 53622 + 3760t + 27006) + - -

Ex. 2. Lg

2-(i) There are 20480 y € A (L2) with 8y 1, = 0402 + 152¥
2-(ii) There are 15360 y € Ay(L2) with 0y 1, = 0402 + 248Y¥
2-(iii) There are 3440 y € A4(L;) with 8, 1, = 04,2 + 440¥
2-(iv) There are 320 y € Ay(L,) with 8y 1, = 0502 + 824¥

Ex. 3. L3

3-(i) There are 30720 y € Ay(L3) with 8y 1, = 0402 + 248¥
3-(ii) There are 8720 y € Ay(L3) with 8, 1, = 0402 + 440¥
3-(iii) There are 160 y € Ay(L3z) with 0, 1, = 043 + 160¥

Ex. 4. L,
4-(i) There are 38400 y € A4(L4) with 8,1, = 0402 + 376V
4-(ii) There are 1200 y € A4(Ly) with 0y 1, = 0402 + 952¥

A Lattice coming from Ternary code



(eZat A+ a1Zyg AV + (1 Z g A + 2 Z 0 AIBT+ 6o Z + geALeeX + - +

{(,ZoA+,2,A) 182+ (1 ZA + Z A)E6+

02 A8LE6 + (7oA + :ZA)80TT + 1, Z61 + L A6} X + 1
=(ZA'X0HNO)r W

aaey am G 14S1OM Jo N spIomapod Jo ZE81 10d (Al)

{(,ZyA+,2,4)088C + (5, ZA + Z 1 A)96

aZ g ATEV6 + (Ze A + ¢ Z6A)80TT + (112 + 2, A)0C e X + -+

{9ge + ZABVSY + (cZ + A)820C + . Z, AVLI9 + (,ZA + 2, A)2181+

eZe AT + (3Z + o A)2L + (Z A + 12 A)S01 + 2, A8V + 5, Z + A X +1
=(Z'A'X‘nHO)rp

aney am g1 1yStom Jo n splomapod Jo (89¢ 1 1og (II1)

{(,ZeA+.,2,A)088C + (,ZA + Z o A)96

oZ o ATEV6 + ((Z oA + cZsA)80TT + (2 + 41 A)0T e X + -7+ +

{oge + Z AzL8b + (7 + ¢ A)STOT + ;Z, ARC19+ (,Z A + Z, A)z1CT+

¢Ze AT + (32 + JA)eL + (Z A + . Z A)B01 + , Z AT + 1 Z + Al X + 1
=(ZA'X RO W

aael] am Z1 14Stom jo n spromapod Jo (ggk 10 (1)

{(,Z,A +,2,A)8082 + (5, Z A + Z,, A)891

0Z9A9866 + (s ZcA + (ZAN0T6T + (12 + 11 A)9S e X + -+

{90¢ + ZAVOLY + (oZ + A)0T6T + ,Z AVES9 + (,Z A + Z,A)2811+

cZeAVSST + (32 + g A)91E + ,Z, AbS + 1 Z + AL X + 1
=(Z2'A'XnNO)rw

aary 9a Z[ 1B1oM Jo N spromapod Jo 0z¢T 104 (1)

{2 10} = ()40 (P2t Tatia) = AX(Om .. i) = nao) {op S 1511 ="'
=tiog =f‘t="n| i} =alenpue o) >SS [giof =t ="} =AlxnapY
afel D
‘stanZarenAnX K =(Z°AX NORON W

suoniuya(

27y apod [enp-j|as A1eu1dy [Z1 ‘g ‘0]

Lo Ul 68 Jo g YBM Jo N SpIOMIPOd Yjim pajreldosse s[etwoufjod iqoder paylpojy
-su01903s Suipadaid Yy ut paipnys apod AIeusa) ayy Jealy 0y Futod aae om 3SIN0d §(



~- 16 -

*$2p0> |RUI31)XD [RNP-J|os
Areulq wolj Suiuod $33193¢[ [RUOCISUSWIP (f [RUI2I1XD JL[NPOIUIUN UIAD I1[} 01 Jua[eatnbs 1oa0u
are sapod [enp-Jjas £1eild; ulol) Sulod $3D117R[ [BUOISUDWIP (p [RUIDIIXD IR[IPOWIUN U3AD
e} MOLS O} JUeM apy “uoldasqns Juipasard ay) ul sajdurexa any 1M JUIIUOD JOU SIT M

uorjeandguod dwjawoad oY) Suisn Ag TP

"19430 yord o0 usfeainba jou are sadn1ef 3say) Les ued

am Obgy Jo suoneinduiod ay) s UOI1D3S SIY] Ul § 0 [ sajdurexs ay) Julieduiod joe) uj
‘sapod LIeuiq ay) woly Suiulod 3or1ye] ay) o) judeainba jou si
orpy 30139 Ay vey A8pnl Leut om ‘ases siyy ul suoljeindwiod ayy paja[diuod aavy om UM
‘6¢ 1YT1am [0 SPIOMapoD wodj TUIOd g X3PUl JO $ALIIS WIIY] IqOdR[ PIURLISIOP J0U aARY I

oo ¥ (Zgree + 19189 + 222 + () D+ 1 = hTLz + T

. uiloj ayy jo g xXapul Jo sollas )19y lqooe(

pea] Porym Z1 1dom jo spromapod wolj Fuiuwred (O vy 3 £ s101aa (G| 21 219y ([])
pue

oo+ (8GCYT + 1T6EL + 8TT + 1)\ b+ 1 = ASgl + T

! UWLlof 2Y3 Jo Z Xaput Jo $allos 3] 1qOde[
pea] Youym Zi 1 Siom jo spioamapod wiolf Sunwod (Mpy)ty > £ s101004 0pggI d1e a1ay) ()
Je) 93ndwod am spennoukjod asays jo dpy a1 Y
gprow {op S5 1g="n|}# =(a)7y
Yor > 1S5 10='g="|1}ff=atenfop S 135 [0 ="a'T =" | 1}# = A% napyn
D34
‘(A)l)/\A'-l\ﬂAt-nA1AL.nZAl.u/{(/\))mx z

1onpold Jauur 21y uo suotjeuriojul 9s1921d alout e azi[ele 0} s|eIOUL[O]

{61Z61A9606 + (17291 A + 91200 AVEVSE + (o Zcr A + 6125, A)0801

(g2Zo1 A t 01 Z e AN0T + (1 Z g1 A + 61 Z 12 A)081

F(uZp A+ 2 Za AN+ Z + g AdgeX +0 -+

{LZ A +,Z2,8)89L8 + (WZA + Z i A)102+

0Z 9 A86001 + (7oA + 7 A)0081 + 5,261 + 5, 429} X + 1
={(Z2A'X ‘NN e

aaey am Gg N[Bom Jo m spiomapod Jo 0zS1 10 (Al)

{61251 A008L + (3, Z o A + 123, A)SSVY + (5,200 A + (1 Z AIVTTI
(222 A + 0125 AVE6 + (1226 A + 171, A)T61



For this the following remark would be an important clue .

If an even unimodular extremal 40 dimensional lattice Lo comes from a binary self-dual
extremal code, then by construction Ly must contain a sublattice Dy isometric to the scaled
root lattice D;{F . If we take an clement y € Do, (note that (y,y) = 4 ) then Jacobi theta
series of index 2 8y 1, associated with y and Lo must have the shape : 0402 + a¥ with
o > 152, and such o exist at least 3120 in number.

If we could show that a totality of Jacobi theta scries of index 2 associated with each cven
unimodular extremal 40 dimensional lattice coming from ternary self-dual code has not this

property, then we would attain our objective.
It would be a closing time to report an unsubmnitted work before going too much further.
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1 Introduction

We shall report recent developments in the study of the decomposition of vertex operator
algebras associated with V2 times the root lattice of type A;, Dy, or E; as a module for
a tensor product of Virasoro vertex operator algebras.

Let L = V2A,, V2D, or V2E; be /2 times the root lattice of type A;, Dy, or E
and Vi be the vertex operator algebra associated with L (see Irenkel, Lepowsky, and
Meurman [8] for the definition of ¥.). It was shown by Dong, Li, Mason, and Norton
[4] that there exist ! + 1 mutually orthogonal conformal vectors in Vi. Then, the vertex
operator subalgebra T generated by those [ + 1 mutually orthogonal conformal vectors is
isomorphic to a tensor product of {+ 1 Virasoro vertex operator algebras. As a module for
T, Vi is completely reducible. That is, the vertex operator algebra V is decomposed into
a direct sum of irreducible T-modules. 1t is natural to ask which irreducible T-modules
appear in V as direct summands. We collect known examples of such decompositions in
Section 3. Then in Section 4 we shall discuss some applications of these decompositions.

2 Highest weight vectors

We shall quickly review some notations concerning a vertex operator algebra (V},,Y,1,w)
associated with a positive definite even lattice L and introduce their highest weight vec-
tors. We refer the reader to Chapter 8 of [8] for the exact definition of vertex operator
algebras and the detailed construction of V. First of all, recall the notion of a vertex
operator algebra. Roughly speaking, a vertex operator algebra (V,Y,1,w) is an infinite
dimensional vector space V over C and for each u € V, a vertex operator

Y(u,z)= Z upz™ ", u, € EndV
neZ

is defined, which satisfies a certain axiom. Here z is a formal variable. The coefficient
u, € End V of 27"~ is called a component operator.
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A Virasoro algebra Vir is an infinite dimensional Lie algebra with basis {L(r), n €
Z} U {1} over C and commutator relations
m

[L(m), L(n)] = (m = n)L(m + r) + m—m

12 5,,..,.,,‘00, (2.])

where ¢ is a constant called the central charge.

A Vir-module W is a vector space over C equipped with L(n) € End W which satisfy
the above relations with [L(m), L(n)] = L(m)L(n) — L(r)L(m) n End W. In this article
we always assume that the operator L(0) is semisimple on W. Thus W is a direct sum of
eigenspaces

Wy ={we W|L(0)w = Aw}
for L(0). The eigenvalue A is called a weight. We shall write wtw = A if L(0)w = Aw.

Definition 2.1 A vector v in a Vir-module is called a highest weight vector with highest
weight h if

(1) L(0)v = hv, and
(2) L(n)v =0 for all n > 0.

A highest weight module W is a Vir-module which is generated by a highest weight
vector. The parameters ¢ and h are said to be the central charge and the highest weight
of W respectively. Note that if v is a highest weight vector and W is generated by v, then

W =span{L(-n;)- - L(-n)v|0<np <---<m,k=0,1,2,...}.
If the vectors
L{(—-ny)---L(=ny)y, 0<m<---<my, k=0,1,2,...

are linearly independent, then W is called the Verma module. It is uniquely determined
by ¢ and h and is denoted by M(c, k). Every highest weight module for Vir with central
charge ¢ and highest weight £ is a homommorphic image of M(¢,h). Moreover, there
is a unique maximal submodule J{c,h} in M(c,h) and the quotient module L(c,h) =
M(c,h)/J(c, k) is a unique irreducible highest weight module with central charge ¢ and
highest weight A. In case of & = 0, L(c,0) has a vertex operator algebra structure. It
is called a Virasoro vertex operator algebra or a minimal model. For any h, L{c,h) is a
module for the vertex operator algebra L{c,0).

A Vir-module is said to be unitary if it possesses a nondegenerate contravariant her-
mitian form. Not all L(c, k) are unitary. It is well known (see for example [14, Proposition
3.1]) that

Theorem 2.2 If L(c,h) is unitary, then ¢ and h salisfy one of the following conditions.
(1) ¢>1 and R >0,
6 _((m+3)r = (m+2)s)* -1

2 R [ — h: rs =
@) e (m+2)(m+3) and e, 4(m + 2)(m + 3)
legersm, r,s suchthat m>0 and 1 <s<r<m+1.

for some in-
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Case (2) is so called the discrete series.

We now turn to vertex operator algebras associated with positive definite even lattices.
Let L be v/2 times an ordinary root lattice of type A;, Dy, or £; with inner product (-, -).
Denote by II the set of simple roots of type A;, Dy, or E;. Let Vj, be the vertex operator
algebra associated with the lattice L defined by Frenkel, Lepowsky, and Meurman (8].
Then

V, = M(1) @ClL]
as a vector space, where M(1) is the symmetric algebra of
span{a(-n)|a €ll,0 < n € Z}
and a(m), m € Z are operators which satisfy the commutator relations
[a(m), B(n)] = {a, BYmImin,o.

Moreover, C[L] = span{e®|3 € L} is the group algebra of the additive group L with
multiplication e®e? = e°+8,

For v = ay(—ny) - - ax(—ni) ® € € V, the weight wtv of v is given by

1
wtv=n, +---+n,+ §<ﬂ’ B).

By convention, the weight of the zero vector is considered to be an arbitrary number.
Then the set of all vectors of weight m forms a subspace, which is called the homogeneous
subspace of weight m, and Vj, is a direct sum of those homogeneous subspaces.

The vertex operator algebra V;, possesses a special element w called the Virasoro el-
ement. Let L(n) = w4, the coefficient of z7*~2 in the vertex operator Y(w,v). Then
these operators L(n) satisfy the Virasoro relations (2.1) with central charge {. Further-
more, the homogeneous subspace of weight m is the eigenspace for L(0) with eigenvalue
m. Thus the weight of a vector in V, is nothing but the eigenvalue for L(0).

Definition 2.3 A vector v of weight 2 in Vi, is said to be a conformal veclor with central
charge c if the component operators L,(n) = v,4+1 € End V, satisfy the Virasoro relations

[Lu(m), Lo(n)] = (m — n)Ly(m + n) + m31; =

6m+n,0C-

Theorem 2.4 ([4]) In the verter operator algebra Vi associaled with a laltice L = \/24,,
V2Dy, or V2E,, there exist I + 1 mulually orthogonal conformal vectors w', ... ,w't" such
that w' + -+« + Wt = w.

Let ¢; be the central charge of a conformal vector w' and Vir(w') be the vertex operator
subalgebra generated by w'. Recall that two conforinal vectors w' and w’ are said to be
orthogonal if the component operators (w'), and (w'), commute, that is, (W' )m(w),. =
(w)n(w)m for all m,n € Z. Since those conformal vectors are mutually orthogonal, the
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vertex operator subalgebra T generated by w',i = 1,2,...,{ + 1 is isomorphic to a tensor
product of Vir(w')’s:

T = Vir(w') ® -+ ® Vir(w'*").

It is known that the vertex operator algebra associated with a positive definite even
lattice possesses a nondegenerate invariant form. In our case this means that
(a) Vir(w') = L(c;,0),

(b} V. is completely reducible as a T-module.
Now, any irreducible T-module is of the form (see |7])
Lic),hy) ® -+ ® Lciyr, fuyy) (2.2)

and it is generated by a highest weight vector v = v(h,,... ,u4y) for T. Here highest
weight vectors for T are defined as follows.

Definition 2.5 A highest weight veclor v = v(hy,... ,huyy) Jor T is a vector which
salisfies the two conditions:

(1) Who=hv for1 <i<l+1,
(2) (W)v=0forn>2andl <i<l+1.

Note that the weight of v is b, 4 -+ + hyyy since w' 4 - - + w'*! = w. Such a highest
weight vector is unique up 1o scalar muitiple in each irreducible T-module of the form
(2.2).

We want to know the decomposition of V}, into a direct sum of irreducible T-modules.
For this purpose it is enough to determine all highest weight vectors for T in V. In the
next section we shall present some known examples.

3 Known examples

EXAMPLE 1. L = v/2A,. This is the smallest case. In this case ! = 1 and ¢; = ¢c; = 3.

As a T-module, V5, is a direct sum of two irreducible modules:

Viia = (L(%,0)® L(%.O))ea (L(%, %)@ L(%—, %)).

EXAMPLE 2 ([13]). L = v2A;. Inthiscase ¢, = L, c; ='F, ez = $ and V5, is
a direct sum of 8 irreducible T-modules. The list of (h;, A2, hy) for the hlghest weight
vectors v(hy, hs, h3) are

0,0,0, (0,28 (s 035
(%) 'Ilav %)) (%) :%) 0)’ (0) 0) 3)) (%) gy 3)
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EXAMPLE 3 ([5]). L = v2A;. In this case ¢, = L= E =3 c=1and Vg,
is a direct sum of infinitely many irreducible T-modules. All of the irreducible direct

summands are known.

EXAMPLE 4 ([20]). L =2A;,{>4. In this case

6 .
izl 1<,
«=l-Groavay '5°°

{

Cr41 I+3

Only highest weight vectors of weight at most 2 are known in this case. We note that
V. /34, is generated by T and the highest weight vectors of weight at most 2 as a vertex
operator algebra.

The conformal vectors w',... ,w'*! discovered by Dong, Li, Mason, and Norton [4]
are not unique. In fact, they depend on a sequence of sublattices of L. In case of type D,
or E;, there are some possible choices of such sequences.

EXAMPLE 5. L =+v2D,, 1> 4.

Case 1 ([6]). If we take sublattices Ay C A, C A3 C Dy C--- C Djof L/V?2 = Dy, then
the central charges of the corresponding conformal vectors are

L7 4
2s € = loy C3 = 5,
In this case the decomposition of V5, into a direct sum of irreducible T-modules is
known.

Case 2 ([21]). If we take sublattices Ay C Ay C ++- C Ay C Dy of L/\/2 = Dy, then the
central charges of the corresponding conformal vectors are
1 - 0 if 1<i<i-1
(+2)(:+3) - - ’
a=q2=1) if =1
[+2 ’
1 ir i=1+1.

= =1 4<i<i+1

In this case only highest weight vectors of weight at most 2 are known.

EXAMPLE6. L = /2Es. There are two typical sequences of sublattices of L/v/2 = Eg,
namely

(a) Ay CA; CA3C A4 C As C Es,

(b) A1 CA2C A3 C Ay C Ds C Es.

In case (a) the central charges are

1 7

_ M _ 6
27 Cz—my C3—57 C4—'7y Cg = — Ce = ——

) =
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and in case (b) they are

-3} oo
~lo

y 4=z, =5, =5, =

(2
[~]

i
YIS
STR=
~3| oo

In case (a) all highest weight vectors of weight at most 2 are known. The list of
(Ry, b2, hg, hy, ks, he, h7) for the highest weight vectors of weight 1 and 2 in V. g, are as
follows.

There are 6 highest weight vectors of weight 1. They are

b ©0 0 0, 6/7, 1/7)
0 0, 0, 0, 3/4, 3/28, 1/7)
0 0, 0, 5/7, 1/28, 3/28, 1/7)
0, 0, 2/3, 1/21, 1/28, 3/28, 1/7)
0, 3/5 1/15, 1/21, 1/28, 3/28, 1/7)
1/2, 1/10, 1/15, 1/21, 1/28, 3/28, 1/7)

There are 15 highest weight vectors of weight 2 in VJEE;' They are

0, 0, 0, 0, 13/7, 1/7)
0, 0, 5/7, 15/28, 17/28, 1/7)
0, 2/3, 1/21, 15/28, 17/28, 1/7)
3/5, 1/15, 1/21, 15/28, 17/28, 1/7)
1/10, 1/15, 1/21, 15/28, 17/28, 1/7)
0, 2/3, 10/21, 3/28, 17/28, 1/7)
3/5, 1/15, 10/21, 3/28, 17/28, 1/7)
1/10, 1/15, 10/21, 3/28, 17/28, 1/7)
3/5, 2/5, 1)1, 3/28, 17/28, 1/7)
1/10, 2/5, 1/7, 3/28, 17/28, 1/7)
0, 2/3, 10/21, 5/14, 5/14, 1/7)
3/5, 1/15, 10/21, 5/14, 5/14, 1/7)
1/10, 1/15, 10/21, 5/14, 5/14, 1/7)
3/5, 2/5, 1/7, 5/14, 5/14, 1/7)
1/10, 2/5, 1/7, S/14, 5/14, 1/7)

—
S~

-

-

b —
S~ ~

N S S p— O O~ — p— p— p—  —, p— p—
— o
~ ~
_‘MONOOMOJ\DOOMOOOQ

There are 50 linearly independent highest weight vectors of weight 2 in V}iss' They



are

A p— p— p— p— p— p— — — — — — pp— p— p— p— p— p— g— p— p— p— g— p— g — g — p— — —

—
~
N

—
~
.‘OI\DQ‘:

-

-

-

Mo oSS

-

—
~

-

— — —
~ ~ -~
- e - e e e

-

p—
~

-

-

1/2,

1/10,
1/10,

3/5,
1/10,
3/5,
1/10,

0, 0,
7/5, 0,
7/5, 0,
2/3,  4/3,

1/15,  4/3,
1/15,  4/3,

0, 5/7,

2/3, 1/21,
1/15, 1/21,
1/15, 1/21,

0, 0,

0, 0,

0, 5/1,
2/3, 1/21,
1/15,  1/21,
1/15, 1/21,

0, 5/7,
2/3, 1/21,
1/15, 1/21,
1/15, 1/21,

2/5, 1/1,
2/5, /7,
2/3, 10/21,
1/15, 10/21,
1/15, 10/21,
2/5, 17,
2/5, 1/7,
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-

5/4,
5/4,
5/4,
3/4,
3/4,
3/4,
3/4,
3/4,
3/4,
3/4,
3/4,
3/4,
1/2,
1/2,
1/2,
1/2,
1/21

SO OO O COOODOC OO0 o
Nt N N e N e N N e e S o o S o N S S e o

o O O
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and

0o, 0, 0 0, 0, 9/7, 5/7)
0o, 0, 0 0, 3/4, 15/28, 5/7)
0, .0, 0 0, 3/4, 15/28, 5/7)
0, 0, 0, 5/7, 1/28, 15/28, 5/7)
0, 0, 0 5/7, 1/28, 15/28, 5/7)
0, 0, 2/3, 1/21, 128, 15/28, 5/7)
0, 0, 2/3, 1/21, 1/28, 15/28, 5/7)
0, 3/5, 1/15, 1/21, 1/28, 15/28, 5/7)
0, 3/5, 1/15, 1/21, 1/28, 15/28, 5/7)
1/2, 1/10, 1/15, 1/21, 1/28, 15/28, 5/7)
1/2, 1/10, 1/15, 1/21, 1/28, 15/28, 5/7)

0, 0, 0, 5/7, 15/28, 1/28, 5/7)
0, 0, 2/3, 1/21, 15/28, 1/28, 5/7)
0, 3/5, 1/15, 1/21, 15/28, 1/28, 5/7)
1/2, 1710, 1/15, 1/21, 15/28, 1/28, 5]7)
0, 0, 2/3, 10/21, 3/28, 1/28, 5/7)
0, 3/5, 1/15, 10/21, 3/28, 1/28, 5/7)
1/2, 1/10, 1/15, 10/21, 3/28, 1/28, 5/7)
0, 3/5, 2/5, 1/7, 3/28, 1728, 5/7)
/2, 1/10, 2/5, 1/7, 3/28, 1/28, 5/7)

L e W e N i T B N e e s I e Sy

Note that

0 0, 0, 3/4, 15/28, 5/7)
0, 0, 5/7, 1/28, 15/28, 5/7)

. 2/3, 1/21, 1/28, 15/28, 5/7)
3/5, 1/15, 1/21, 1/28, 15/28, 5/7)
1/2, 1/10, 1/15, 1/21, 1/28, 15/28, 5/7)

— o — — —
N OP oo
o=
N
S
&=

are of multiplicity 2.

4 Some remarks

The study of vertex operator algebras as modules for their subalgebras isomorphic to
tensor products of Virasoro vertex operator algebras was initiated by Dong, Mason, and
Zhu [7]. In [7] it is shown that the Monster module V¥ contains a subalgebra isomorphic
to a tensor product L(3,0)* of 48 copies of the smallest nontrivial Virasoro vertex op-
erator algebra L(3,0) in the discrete series. The Monster module V¥ has a nondegenerate
invariant form and so V¥ is completely reducible as a module for this subalgebra. The
decomposition of V¥ is also studied in [7]. Such a decomposition, especially together with
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fusion rules among irreducible modules for the subalgebra, is very useful for the study of
V! (for example, see Dong (2], Dong, Li, and Mason (3], Huang [9], Miyamoto (16, 17]).
Furthermore, Miyamoto [18] obtained a new construction of V¥ as a combination of those
irreducible modules.

In 1998, Dong, Li, Mason, and Norton [4] discovered other subalgebras in V which are
similar tensor products of Virasoro vertex operator algebras. In fact, as already appeared
in Section 2 they showed that the Virasoro element w can be written as a sum of { + 1
mutually orthogonal conformal vectors w',... ,w'*! in Vi, where L = V2A;, V2D, or
V'2E;. The vertex operator subalgebra T of V,, generated by these { + 1 conformal vectors
is isomorphic to L{c;,0)®- - - ® L{ci41,0), where ¢; denotes the central charge of w'. Now,
assume that { is a divisor of 24. Then the orthogonal sum L®2/! of 24/! copies of L is
contained in the Leech lattice A. Such an embedding is not unique in general (cf. [4],
see also Kitazume's recent work). This embedding implies that a tensor product of 24/!
copies of Vy, is contained in Vji; (V)®%/' C V4, and it follows that

7!@24/’ C VA+ C vh.

Hence we can study V¥ as a module for T8/,

Ift=1,then T = L(},0)® L(3,0) as in EXAMPLE 1 in Section 3. This case is treated
in [7). The cases ! = 2 and 3 are studied in [10] and [12] respectively.

Recently, Shimakura [19] studied another kind of tensor products. Let L = Za be a
rank one lattice spanned by a with {a,a) = 2k, where k is a positive integer. In [19]
it is shown that V¥ contains a subalgebra isomorphic to a tensor product (V;¥)®% of 24
copies of V;} and that the decomposition of V¥ as a module for (V;})®?! can be described
in terms of an extremal Type II code of length 24 over Z,;. Using this decomposition and
the fusion rules for V;* (see Abe [1]), Shimakura also obtains 44 clement or 2B element
of the Monster according as k is odd or even respectively.

Some other applications of the decompositions can be found in [11, 13, 15].
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Intertwining operators in orbifold theory

i 1

(Hiroshi Yamauchi)
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Graduate School of Mathmatics
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1 BE

4 EIOFETIE VOA OXRBRRICEIT S Zhu OHBEA—ET + )V FERICEA
L. [DLM2] & [M] THRONTO SR EILRT 5, AT VOA OBHIXRE D
DHBONIRYTE LU —XMBEHUPORL. Eho THEONSEMNREY 25—
B SLy(Z) DFfEATARICIED &3 [Z) KB WTHRRIIIRENI, TDIHRE
LTHCHAETARELSME,» oG o 3 EMRKT) —EDOEXBRTIE twining
character & LTHISNT O AREFF & b LU — X [HEOFREHA [DLM2] TREH
720 THIT [DLM2] TIRA—E7 +V F VOA OEBBLEHEN. V1 X b7
F =B BREATE ML — REBOREE SRIFIANO N TN S, —H. M]
TRESEHEEZ-BIELIC LD TH S ZMEIEMFE (intertwining operator) %
WTiHoh3 FL—XEHORBENGEH IR, ZhoDERIT (2] O—ARL
THhirEEZ NS, AL, [DLM2] TRRACHBEZ ERICIH T [Z) DEREL
RLTHY. M) TRAFAEELE—BILLTHLOEEZBTHS, 40 AZRS
EXARERARERMICEZ L EICED IO DRBEESISII—RIETE/DT
ThEHE Lo, BROERNITEIE DLM2), [M] &b (2] DbDERERIZ
RUTHB0. INoEREHIEZ S EXITIIREDBONENS, [Z), [DLM2]
Z LT M) OFTRAGLZNEFNOBHZREMIICER LT 50 HERE
EXMAEMAELERBFITHR S & &iITid, ACAR THREBHERE R RbI
FITE ST, CNIRASEREEZBIFAEORNERBRL TS, i
BHERREOEX EDITLTRIFHEI DY) RO TEY, A—ET 4V F
VOA DRBAD—DDRFHITHIL > T3,
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2 YA X IRIERE

V % VOA &75, E8ED N-REMFEMBNRLVHTHSLLE. V 2FE
BE)e KBRTREVYLIAMN J VLA MNEBODHETH V IERRTHS
ERET B, [DLMI1] iIZBOTHEY VOA OEFHMBIFIRMATH S - LHTE
hTua,

VA X MNBEE O EHED—RVTERIL [X] TEZ o TS 40
DHETIZACRY & OMEEMEIZT A 1HICBEEEMA I EHEENT S, He
DEHITY A R M LOHAEARDO—BILIZH -5,

g, h € Au(V) EZENThHRUBTEINCARELDET B, VD g-V MR
FEERIMBFORBH BN SILEEEM, ETHEE M, LT h OBRIIER
PEZohb, (M,YM)e M, &T5L%. M LOTRBEEHEYM IHL

(Y™ o h)(a,z) := YM(ha,z2)

LEDBE (M, YMoh) bE T o-BEH V-MBHIE 5. COEMTAI V-IBE M
(M, YMyoh THY, “hiI M, DEDENDERBUZII->THBEDT, M,
Lz p I3l E UTYERRT %0 $RS (M, YM)oh =~ (M, YM) 155 L& (M, YY)
* h-REBEMS, ZHIZROZMELGI-THILACHE ¢, € GL(M) W FHET S
ZEERWKRT S

YM(ha,z) = ¢;,YM(a,z)¢,:' for Va e V. (1) -

IDLIREH ¢, *REBBCRREFRII LIZT S, EWD S EHERFEH
ADTHEEABCRBII—FITIIEF SO, Schur DFlii»h o 275 —&%
BOT—EICEE 5,

(U = @2 Unsho, Y°) % - KLY V-IIBEE Ul ¢, € GL(U) % (1) %l
THDET D, ELT (W] = @2(W))lnpioren, Y') (i = 1,2) ZBt# gV A X b
V-IBEET 5, BOICKELATRY ¢, £ESULT 5. Schur OFEDI S ¢ € C
THBIENDIN D, &k (1) TRAN T —ERAINTHEDOT, HWEIZRY
FfEF Btk gl =1 ELTI SDEE ¢, 13 U LITEBISIIZ /A
U. ROXIHiCU BEFERSBET 5,

U= UO@UI @...@Uisﬂ—l, Ur = {u el | ¢g.u = e21rir/|y|u}'

ZDRIIEBTIT - 10 ¢, DIEBULDHEFITHET HZ LICHEET 5, ZOH#H%
BIZU x W= W2 BID ¢,-7 A R P RMERAHEERDRICERT So
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T 1. U x W) - W2 BIOXMERKETH S L3, METR

I: UW! - W2z}

u@uw! I(u,z)w'=z:(u,wl)z'"l
seC

TH->T UTOLRBERKI:THLDTHS;
1° velUr,w' eW, LT

I(u, z)wl € I/V;((z))z-'/lyl—ho—hﬁhg;

d
2 I(L(-1u,z) = -d—zl(u,z),
P a€V,ga=emblg {20 UTRD twisted Jacobi identity AR Y ILD;

16 (i"ﬁ) Y?(a, 2,)/(u, 25) — 2516 ("22 t "") I, 7)Y (a, 2,)

20 20

=218 (Z' ~ z°) (Z‘ — 20)-r/|9| 1(Y%(a, zo)u, 22).

22 22

EEN O LORKEMEL U OFROMEFITKIFELTE Y. JhidKE(RBS
RR ¢, DIESLIZHK > T B, PPRTHHNIERL TEM V D gildB
EH it %

V=V'gV'g...g Vbl
ETAHEE. EBOERMIZ VOMBRELT V & U ODBIZIZRD T 22—V a v
A
Vr x Ua = Ur+.s
PEROADZEEZBH L TR I L ERAMTH 2. COMFREWARTEI-HDICE
y (4= FACEE Y IAVAR
LD 1138V A4 X M LOTEA/ER K L Riralikik

(z = w)NY?*(a,2)](u,w) = (z — w)" [(u,w)Y'(a,2) for N >0
HICT I ENMHRBTE 5. Uik U x W) - W2 RIDY A X M RRIEMKEE

DI TR ENE u(ﬂél) <
g
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3 ERIMEE A, (U) &V A4 X FSTHRIERIR

[Z) BWT, B ol VOA V HSZORZEME LTHEERE A(V) DR
Ehiz, £ UTEEH A(V)-INBEEBLE V-BEORIZIE——MEdtHh 5 2 LAUR
Ehi, Vo AV) EMERT5FRSE V-IIEE W IKBOTHRCITIC &
ATE. AV)-FIRIEE A(W) DHREND (cf. [FZ])o SEBOMCEED 1(,%,)
HOXMIERAFRERRT 5 LI o F . AW) ZHNBIEIKLDZD—f
feH 72 2ROFIA Li IS > TRENTVS [L);

FIE 1. (L) V BERBTHS & XBBEME LTROFBIE D I-;

W?
I(WU wr) ~ Homav) (A(W“)A% ) w'(o),w’(o)) X
ZIT W)W Dby TURIERT,

COFRBEEBEFHLU/I VAR MIBRLDOY A X MEBEAFDOLHEITE TH
B9 5, 2T T AV), AW) ITHIGT 3 bDEEETILBENH 3. A(V)
DYARME A, (V) 1IBEZ [DLMI1) iIZB0THRIhTEY., Bt¥ ¢V 1 X b
V-INEE EBER A (V)- IO — R —EhH 5 2 ENRENTHS, £2T
V-IO S A, (V)-INEEEHKT 3,

(U, d,) % g KR V-MBEET B, ZDEE U I ¢, OEATEHBTENS BT 5.
BL U= {uelU|gu=e"lbly} LLT

U=UaU'g---@U"!
ESET B, R ¢ DIEAT V bEIFEWSHEETS
V=VeoVig..-g Vb,
acVi,uelU ELTV DU ~DERZEUTDLICERKT 5,

(-l + z)wta— 14 m'l'&r,o
zl+6r.0

YY(a,z)u.

ao, u:= Res,

ZLUTaeVo5uecUiTOoNT

(1+2)" YY(a,z)u

(l + z)wla—l

a *, u := Res,

YY(a,z)u

1 ¥4 a := Res,

EEBT Do I T Res, IERNAMETH®RL. ' DFEBELBILET S,
ELUTH o, #HVT U ORHEN%E

O,(U):=(ao,u|aeV, uel)
EB L& g=1 DEEDHWBE L TROEBRMNEKD LD EERLI,
- 19 -



TR 2. MWLM A, (U) = U%/0,(U)NU° iz LTEHLIAEM «, TAL(V)-
mAne &L 5,

Ag(U) EROT YA R MO T 2~ ¥ 5 Y BAIBRETE Do Wy = Doy
(W), EB# ¢V AR b V-IBEET B, ShED by TN (W), %
Wi(0) THFo [ DU x W) » W2 ROXKHEMETHEEE. U D [IL5
KBAERDEM (Fo'—F) o £EX 5, of by TLNNVIZHBLTELS
b ZhUZ WH0) 15 W2(0) NOBRISIE > T B, SDEHae VO, ue U
&ELT

o'(a *, u)lwy o) = 0¥ (a)lwz0)0 (u)lw; (o)
o' (u *4 @)lwio) = o' (u)lwy 00" (@)lwy(o)-
o' (04(V)) lwy) = 0
MDD, B, ZONFERN SROBEIKILT 5,

HE 1. (L) oo 3HRESR

w?
(i ) = Homan (4,0) 8, i), Wi0)

25234, Aol OB4IIBNTH 5,

LOMIIE Vv BEREOEZIZBRBEEEZZ I ENRES, ZHiX L OF
B (L)) DY A R PRIBEMBEANDILIRIZIE 2T 5B,

EH 3. V % g-rational VOA. W}, W2 HBEH¥) g-twisted V-module £9°5
EEHET = o ICKDROBBAERY 3L -

Ww?
fe (U l:/yl) = Homa,) (Ag(u)m?v)llVgl(O),W:(O))

4 FL—XEI

G % Aut(V) OFREIBE. W 2 B v-mBEET5, B8O ge GiItHLT
Wogn W THBHLEE. W £G-LKETHBEND, CDEEST ge GITHLT

YW (ga,z) = ()Y " (a, z)é(g)"!
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PEED a € VITOOTHRY LD ¢, € GLIW) BEHET S, B ge G ITHLT
Plg) FROTHELTH, TDEE W DEEHENS $(gh) = A(g, h)d(g)d(R)
LB Mgh) eCHG D25 g, h ZEBMTHEE S, 2D Mg, h) 132G LD
2AYA T >THD, é(g) EAN T —EEBRNT—EICEES I EN D A
DEHSIHED Y —DORMEFIE—TICEE 5. JOHFEHETUCMELT DY] KK
BT V D G-invariants VC & A I2ELB G OV A4 X MERIE W L dual pair %
BLUTED, VMR ELT W BRERIMIZESZ ELEMNREINTNS, ZOD
LI G-REIEMBHIF —E 7 NV F VOA OXBE U THRICHURENDDTH
50 Glil. G ELTHWITHRL 27T g,h % Au(V) o ED. Tho MK
TAHUREE (g,h) DEFBEER D, U % G-KELES v-InBEE L. (1) ¥
TCOU LOACHBERE ¢:C - GLU) £ET 5, —BUT (@, dn) 1 (g, h)
DU LOGEEBEEZ BH. ZZ TRV 7 ANRENICL 3846, BlH#EY
KAARTEEBTIEICLD ¢ FBHERE ¢ : (g,h) - GL(U) 25A5HD
ERET R, W% g- VAR D h-ZH V- IBE. ¢, 2FD h-KELCHCEEEL
T (%) BO YA X PRMIEMETRORMELEW LTV BE bDEEZ B,

i,bhl(u,z) = l(q&hu,z);bh. (2)
CDLIUERIEM#E 1 XMNOTRTEHZINS W LD L —AMMEEZ 5.
Sl(u,T) = z‘""tr‘w l(u,z)l,b;'q’“"'clu.

Db - MBI DBRETIE ¢ 2AETE LTOERNNBRMTHIN. U
HBABRFHEEWITEEITUT + ZREEEFHROSE LT = 7 EAT
B ETIERIMBUCIR T B EMmRE S, ERLBDN ODDDERERLT
k<,

EE 2. (V,Y(—,2),L,w) % V04 &T 5, CDEEEHEBRINITHSSE

m#
Y(a,z] = Y(a,e* = 1)e*®)* = Za[n]z""_'

n€z
LT (VY[ 2 Lo =w—£0) BEI V04 &85, INEHRBEE
VOA &FR3%,

UMNgRKERV-NETHE EE, CHhiZBEEEIN/ - V- THH 5. ¥
LWy Svoimo OREERE YD, 2] = Y, Linle"! @ L[0] IZBF 5K
BB ENAEIRT U = 02Uy ERTIEIKLTSE, CCTRIBUDMYT
VARIVD (Le-) 7 214 b TH B,

ROFMEHMIT M) THAZLT,
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EFE 3. U M Clz'o]-ﬁ#’&?ﬁt LTiha&id C[g'(]](U) = (a[_glu,blolu |a €
Vbe Vel 4 e U) EBLEE. dim(U/Cprg(l)) < 0o THBZ L&
T3,

CODEHLBFESN S C,- 2L VPFHRYTHS, COHREEDI LK
ik I

FE 4. U Cpg BB LTS E& Si(u, ) (FHE LRF@ LOE
ARSI IUR S 3

fU—ZMBORENUEEZ HIZEENOHRFOBHEEZHA~LIFNIIT S0,
RA Y MIK b LU — PR ST MBI ERZIN D 5 B MBERIC, (g, k) DITIT
BBILERTEZATH I HMIERLILEOUME EADBEILI DI
TiIHERET 5, FLCIZDLMZ), [Y) ZBBLTHSE L,

EE 5. U*% (g,h)-fﬁﬁﬁfﬁ"‘] V-iEL L. C[g'ol-a&””&ﬁf\: LT3 &
KET 5. W % h-BE g- VA X D V-IMBELIEEZ. UxW S W BO
VAXMKIERE | THRE (2) ZHLTHELE 1 hoBohb L —
Xﬂﬁﬁ Sl ‘i Cl(g,h) o)ﬁ‘:f&‘6o

TEL DXMBER C, (g, h) DHOPROUTTH 5,

a b

B’ 6. SeC(gh)y= (c )

) € SLy(Z), u € Uy LT

Sh(u,7) := Sley(u,v) = (cr + d)™*S(u,v7)

LSEDBEE, Sy € Cy(g*he, g*hd) THBo

CDEEMNG a,b,c,d € Z % a =d =1 (mod lem(]g], |k])), & = 0.(mod |g]),
c=0 (mod |k]) & LTHTF (Z 3 LDIET SL(Z) DESIE%E (g, k) £T 53

E&Cy(g,h) W [(g,h) TRETH B ENGINB. T, L b L—2MHK
2 Cy(g, k) EH->TWIIL b L — 2 MHDRE B EMORBBITIN S,
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5 FREM

PR DIRS ZEROFRBPELRTICIE ST O5C(g,h) 2B->TWBZ
EEFFHIEROI LRNHITR U, Ci(g,h) DETTIEH AP HFERNLH LT
1'5‘9\ Frobenius-Fuchs DRI S EDRIIH A BEBURMITHES T T EAtTE

5 (cf. [DLM2][AM])o &2 THE S OREBNE S ET C)(g,h) DITT b
V—ZMBOMTHREINE I EXFTTENIDH Zhu DIT»7cRETH B,
T B DOHHEITH, KBORS HABEXORIL

T(u,7)=gq Za /|9| lobq)‘

n=0
LS BOMMOBERITEE NS, O by POEM a0 U — C A A (U) &
MiEL TIN5,

Ml 1. BiTEOT op IROHHERZT:
(i)ga=a,ha=¢a,a€V,pa=a,¢pra=Ca,uel, (e CITMLT
ag(a *, u) = €716 1a0(u %4 a);

(ii) u € Oy(U) 12X LT ap(u) = 0;

(iif) AN > 0 s.t. D u € U IZH LT ag ((w*, —¢/24 - A)Nu) = 0.

CORBNS ap 13 A (U) DS C ~DBREBRTH B Z LD 5, E5ICLD
i (3), (i) D OROHMEERTILNTE S,

A 2. BIEER oo (. (2) FWITE RN g7 € X HINEE (W, )
LOSEAE 1 € 1,(,,) EMLT

ao(u) =) citrw, o0 ()

LFzIhs,

:@ﬁﬁ@‘:ct 27T Qo ‘i HomA,(V)(Ag(U)®A,(V) W(O), IV(O)) @7—5‘:4:6 I‘ -
AP TRINS, > THICER I ZAVEILICEDT Oy TOREDI S
XBOM - ABEBAIWENS, T EZD MU —ABEBOEEW-~12bD%E T/ &
L& JObyTHLEL T ERUSHIE 1 £2#HLTEY, VDS
N>AEWaTND, JoTIDIMyTHEZEZLZLIZLD, T IIHID b-&K
gV A R MIBLD FL— 2 MEESATNEZ EHIN B, 4. Vid g HE
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RTHENS. h-RFE ¢V 1 X MMBOBITARTH 3, TDH. COEED
HRETIEE SHIFUIR SN, MH T FV—AMBOMTERSINSDTS
3, Thwi. ROEFHIH SN

BE 7. U %M#H (g, h)-KHE V-MBEE U Cpo-REEEWILTNSELT
Bo (W), ) }imtm & h-BRE g-FA X b V-IBERIKE Us 1 € 1(,"F)
% (2) BT ¢V A X MEMIEMFLTBLE, ZOLIE [ 15
ns b L— M

S'(u, T) = 2"t [(u, z)t[);' yglo—c/2

itg=em ELTreHEBLTIORL, COML—-XMHTESNS
ZEW (S]) 1 I'(g,h) DYETAETH %,

CDFERIZLD [DLM2] BLU M| THONTW RN —DOFEE E L TH
~5h3, M) TREEMIZAZEZS TR - AMEI SH SN SREERES
ZTWABN, A2 DEREICHTE 3 BAKEIIFD > THIEN, VA X FIRED
EAMIEHERS L O —RICHENIZEAF DHARZ I ENTEX S,

2P

[AM]  G. Anderson and G. Moore, Rationality in conformal field theory,
Commu. Math. Phys. 117 (1988), 441-450.

[DLM1] C. Dong, H. Li, G. Mason, Twisted representations of vertex operator
algebras, Math. Ann. 310 (1998) 571-600.

[DLM2] C. Dong, H. Li, G. Mason, Modular-invariance of trace functions in orb-
ifold theory, Commu. Math. Phys. 214, 1-56.

[DY] C. Dong, G. Yamskulna, Vertex operator algebras, generalized doubles
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[FZ) 1. Frenkel and Y. C. Zhu, Vertex operator algebras associated to rep-
resentations of affine and Virasoro algebras, Duke Math. J. 66 (1992),
123-168.

(L] H. Li, Determining Fusion Rules by A(V)-Modules and Bimodules, J.
Algebra 212, 515-556
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M]

[X]
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[2)

M. Miyamoto, Intertwining operators and modular invariance, q-
alg/0010180.

X. Xu, Intertwining operators for twisted modules of a colored vertex
operator superalgebra, J. Algebra 175, 241-273.

H. Yamauchi, Orbifold Zhu’s theory associated with intertwining opera-

tors, preprint.

Y.Zhu, Modular invariance of characters of vertex operator algebras, J.
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Cosets of extremal doubly-even codes of length
24n + 16 and 1-designs

88— 8
HBEREFEBFER
tanabe@math.tsukuba.ac.jp

1 Avbragso 3y

C % Zjtik F, LDEX N = 24n + 16 @ extremal doubly-even self-dual code &
LEd, JORBTCHROBEMEUTEAIEFHELE T,

FRLUEV2M b dn+2DC DIy P T VA b dn +4 ORERIE
WbDETE, ZOB, {ue U |wt(u)=1) (Vi) R 1-THFA1 287,

UT. BEICEDR TS MBL ZOMBEZEZLHREMA LTHEES,
FY O8a%EE C 28 FSENET. v = (u),v:= () € FY {IIHLTu
DT xA b wt(u) = ){i | ui #0} & u & v EDPIEE (u,0) := T, wiv; B5E
#ZlLEI.Ct={veFy|(uv)=0 ueC} %C@ﬂﬁﬁﬁtb\hi'ﬁ‘o
C=CtiiidFen self dual TH 3 é:“?":fhi';o FEEDueCciTHL
T wi(u) D4 O L > THBFFE C i3 doubly-even TH 2 EIEHThET,

FSCLHLTEOR/NE# I(C) ;= min{wt(u) |0 £ ueC) *EHRLZE
o C Htdoubly-even sell-dual TH B HEICIE d(C) 130 LT LER:

d(C) < 4[%1 +4.

Ao THET (cf. [5])e d(C) D LDORTLIRICET S B1L extremal TH
5ERINET,

75 CICITB/MEEE S SN B R LTINSl p(C) BERINE T,
p(C) FREFI-TRE » OB/MEE LTEBESh T T

FY = Uecl{a €FY | wi(a—c) < 7).
p(C) {IZRD LA S TUVT Delsarte bound EFHENR T E T,
EHE 2 [2)
P(C) < Hwt(u) [0 £ ueCH).
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WEER p(C) KHLT
p(C) = max,epyminegcwt(a + c).

AT 5 ENMBIEIDSNET, COXNSEKBFY/C DETOR
a+C(2Ey b EFTHS) ISHLTY 24 M3 {wi(u) | u € a+ C) DEET
EFhid. p(C) RETESZ &MY ES,

BEFEEOEZR NS, TOMAUNIWFFIZR%RDH B3 DIF T, Extremal
double-even self-dual code DR Tid. #EBERAS Delsarte bound & Y FiZ/h&
CIEBHAN 2000 FICIWERFDFHE &/ [4] IS K > THHTHEL S E L7,
COFH Cio PEZIT40 T, ZOMWAD Delsarte bound 12 8 THhp(Ca0) =7
EL->THET,

R oItk >T. ZOFBFO I v Mt LU THHKEWNREN L Ih
L7,

EIE 3 (4] Cepo i3, V2 A 6Dy FTY x4 b 8DIERIILHHDY
6 b2, URZEDLI LAy pO—2ETEE, {uecl |wt{u)=i) (Vi) 13
1-7HA 28T,

CCTAEy U DV 2A MEwt(U) := min{wt(u) {u € U} TE#ELT
WET, FEEFYAM VOBBIIODOTRROER 4 Rk AMohTH&Ed, O
ty MIHULTER A OBUESA. LROBEOFHNEI Ly PESFHDOH
POEZINER S - DOHBFROITT

TEIR 4 (cf. [5]) C 2&E N D extremal double-even self-dual code £ %5, Z
O, FED i iZH LT {ue C|wt(u) =i} Ft-THFAL %Y, ZIT

5 if N=0 (mod 24),
t={ 3 ifN=8 (mod24),
1, fN=16 (mod 24).

THb.

EH 1 2B 4T BEEEANS (LB EEBORMEN/I-T Aty MBS
FETAIDEA5D? bLES B SBEBEENNSLFSORFICRILIL N
PELHZEATOELL. LAL, Bl WEKFORER ENMKEDOFHITL -
THEFENTOFET. ZOXI NIy PERLLEORAIBEIhTUEN,
HREBFRLEBMREONVRRTHAI LMD E LI,

BT Y DRBEE—ICRINLTEZET, V% {1,2,... ,N) OS2
BORUNSIEAIREEL. X; = {AC{L,2,... , N} ||A|=i) &B&ET U
TV EFY 2HRCA-BLTHEEY,

ERL1LINEI<i{iEWTEORBETS, BC X; &5, EED T e X,
KHLT U eB | TCUY = ADEDIADEE, Bidt-TY1 v ERTh 3B,
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2 TE1OIAADAT v F

X,V OFEERIEET D R LORZ FVEMRX,, RV 2ENENELET
f=Tpex, f(@)a €RX, KHULT f=3, x fu)ue RV %

fw) =3 fa)
a€ X
aCu
TEHELET. MDy: Xk = X, (F=0,1,...,n) Z 2z € X {THLT
| W= 3w
YyEXio, yC:2

TEHZELET. £ Harmy = Ker(ylrx, ) ZEBLE T, UEORFBHBOTTUT
OERIVFMONTNE T,
WMEAS B)itF0<t<i<nidMITREETS. BC X £ET5, ZOK,
BRt7T¥14
& Yoesfla) =0, Vf € Harmy, 1<k < L.
Bachoc[1] {Z & » THEA Eh 72 harmonic weight enumerator Z#F5+ LE T
B2 U EFY OBHUWEET S, f € Harmg &T B0 U & f D harmonic

weight enumerator %

Wus(z,y) = Z Fa)zN —wH@) et
uel

TEHT 5o

Harmonic weight enumerator {ZXf UTR®D Macwilliams BIDFHXAWILL
7

e CEEINDODHFEL. aeV T3, feHarme £95. ZDBF, K
DEXNK YD M

Z (_ l)uai(v)xl\'—wt(u)—kywt(u)—k

veC+
(=2)*
IC|

Z f(u)(:l: + y)N'“"(")"k(z - y)m(“)""',
uga+C

FH | DAHOBMIEE 5 T, C ZFEE N = 24n + 16 D extremal doubly-
even self-dual code & U\ U = a+ C 2 EH 1| O&HGEMcT3ty FEL
¥7. Harm; = Spang{2b—2b' | b,b' € X} IZIEELE T, U &&TO f =
2(b — b), (b5 € X,) LIkt LTHIE 6 OROGD 0 i% Lz Edmahn
I, HE s HhoFBHEINEIhE ST, ZIT f(v) = (=1)* - (-1)*" £,

D" f(w) = (-D*(=D" - (-1)**)
(_l)(a-i-b)v _ (_1)(a+b')u.
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&fdtb i-d_n *fi‘ﬁﬁﬁ 6 % 1 € Harmo ‘Ciﬁm'd_?:) &:\

Z (_ l)v(a+b)£N—wt(v)ywt(v)
veC

1
= T 2 ety ey,

ICl ugatb4C
EBET, SHSERNT fF=2b-b),(b 6 € X)) & U M3 288 6 DRD
LREHRLTOEET,

() 5 5 Fu)e+ N @ gy

uc€atC
= Z(_l)uaf(v)l,N—wt(v)-lywl(u)-l
veC
= Z(_l)"(‘"‘"b)IN-Wt(")—lywt(u)—l
vEC
- Z(__l)"(¢+b')zN—Wt(u)—lywt(u)-—l
veC
N zl_lcyfl S (@ )N (g - )
u€atb4C
- X (r+y)N“"(“’(a:—y)w‘(“’)-
u€a+b'4C

/EJ, #HiZ wt(U)=4n4+2&EU BT 21 Fdn+4 DRERFHIINZ Eh o
Z (z + y)N—wt(u)(a: _ y)wt(u) — Z (x+ y)N—wt(u)(: _ y)wt(u).
u€a+b4C u€a+b’'+C

PREINDZDT, () BOIFLWHI g Ed, LH->THIES ho
EEIREIhFE LI,
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On Frames of the Niemeier Lattices
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Abstract

In this manuscript, it is shown that every Niemeier lattice contains
a (4k? + 2k + 6)-frame [or cvery integer k.

1 Introduction

The 24 even unimodular lattices in dimension 24 are called the Niemeter
lattices, which are remarkable lattices. It is a fundamental problem to de-
termine if a fixed even unimodular lattice is constructed from some self-dual
code by Construction A. An even unimodular lattice L is constructed from
some code over Zj; if and only if L contains a 2k-frame. Hence the above
problem can be reworded as lollows: determine if a fixed even unimodular
lattice contains a 2k-frame.

Problem. For a fixed k, does every Niemeier lattice contain a 2k-frame?

Since there are only nine inequivalent binary doubly-even self-dual codes
of length 24, the answer in the case k = 1 is negative. Recently, the problem
in the case k = 2 have been settled in [3] (see also [8]). In this manuscript,
we have the following:
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Theorem 1. Every Niemeier lattice N contains a (4k* + 2k + 6)-frame for
every integer k. In other words, every Niemeier lattice is constructed Jrom

some Type Il code over Zsz yox45-

This is a partial answer of the above problem.

2 Preliminaries

Let Zy. (= {0,1,2,...,2k — 1}) be the ring of integers modulo 2&. A code
C of length n over Zy; (or a Zg-code of length n) is a Zy-submodule of Z3,.
An element of C is called a codeword. We define the inner product on Z3,
by z-y = 2151 + -+ + Taln, where 2 = (2,... ,2,) and y = (y1,. .-, Yn)-
The dual code C* of C is defined as Ct = {2 € Z3, |x-y =0 for all y € C}.
A code C is self-dual if C = C*. The Hamming weight of a codeword is the
number of non-zero components in the codeword. The Euclidean weight of a
codeword z is Y i, min{z?, (2k - z;)?}. The minimum Euclidean weight dg
of C is the smallest Euclidean weight among all nonzero codewords of C. A
Type 11 code over Zy; is a self-dual code with all codewords having Euclidean
weight divisible by 4k. It is known [2] that there is a Type Il code of length
n if and only if n =0 (mod 8).

A (Euclidean) lattice A is integral if A C A” where A™ is the dual lattice
under the standard inner product (x,y). An integral lattice with A = A~
is called unimodular. A lattice with even norms is said to be even. An
n-dimensional even unimodular lattice exists if and only if n = 0 (mod 8).
The minimum norm of A is the siallest norm among all nonzero vectors of
A. Up to equivalence, there are 24 even unimodular lattices in dimension 24
(called the Niemeier lattices) and one of them has minimum norm 4 (called
the Leech lattice).

We now introduce Construction A to construct even unimodular lattices
from Type Il codes over Zy,. Construction A was first defined for binary
codes (cf. [3, Chap. 7]), and was generalized to codes over Zy (cf. [2]). Let C
be a Zyi-code C and let ¢y, ... , €, be an orthogonal basis of an n-dimensional
Euclidean space satisfying (e;,e;) = 2ké;; where §;; is the Kronecker delta.
Then we define the lattice Az (C) obtained from C by Construction A as

A(C) = {2—11: Zm;e,- x; €Z, (x; (mod 2k)) € C} .
i=1
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In general, the set of vectors fy,...,f, in an n-dimensional lattice L with
(fi, ;) = 2ké;; is called a 2k-frame of L. Clearly Ay (C) has a 2k-frame
€1,... y€q. Conversely if the lattice L kas a 2k-frame f,,... , f,, then L is
obtained by Construction A from some Zyi-code C’ which is defined as

C'={(c1y...,cn) €ZY | ci = (v, f;) (mod 2k), v € L}.

If C is a Type Il Zyy-code with minimum Euclidean weight dg then Ay (C)
is an even unimodular lattice with minimum norm min{dg/2k,2k} [2].

3 Proof

The aim of this section is to give a proof of Theorem 1. We want to emphasize
that our proof is unified by using the result (1) of Dong, Li, Mason and

Norton.

Let H be a Hadamard matrix of order n, that is, an n by n matrix of
+1’s with H - HT = nI where H7 denotes the transpose of H. A Hadamard
matrix H is called skew-symmetric if (H — )T = —(H - I).

Lemma 2. Let H be a skew-symmetric Hadamard matrix of order 24. Let
h; denote the i-th row of H. If N contains h,[2,... ,hyy/2 and the 4-frame

{Cl = (2,0,.. . ,0),82 = ((),2,0,... ,0),.. 4 €24 = (0, ,0,2)},
then N has a (4k? 4+ 2k + 6)-frame for any integer k.

Proof. Let k be any integer. We will show that {/,/2+key,... ,haa/2+kea}
is a (4k% + 2k + 6)-frame in N. For any i, j,

_ o b 1oy oy ) KR+ hy) i # g,

where h;; denotes the j-th coordinate in h;. Since H is skew-symmetric,
hij + hji = 0 if i # j. The result follows. 0

Recall that the torsion part C'? of a Z,-code C is defined as

cel, =0 (mod 2)}

c® = {-i—c

where C? is regarded as a binary code.
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Lemma 3. Let C be a Type II Zy-code of length 24. If C? contains some
code equivalent to the extended Golay code Gy then C contains a skew-
symmelric Hadamard matriz of order 24

Proof. Let H be a Hadamard matrix with the i-th row h;. Then the binary
code generated by (1/2)(hy — h;) (2 <7 < 24) is classified in [1, Table 7.1]
and is equivalent to one of the six Type Il codes Ay, Cas, Day, Eay, Faa, Gou.
In particular, if H is the Paley skew-symmetric Hadamard matrix P (see
e.g., [1] for the definition), then this binary code is equivalent to G,4. We
denote by p; the i-th row of P. Then we may assume that p, is the all-one
vector.

Suppose that C? contains some code equivalent to Ga4. Then C contains
some codewords obtained from p; — p; (2 < ¢ £ 24) by some suitable permu-
tation. Here we regard the vectors p; as codewords of a Z;-code. Moreover
it is known that any Type Il Zs-code contains some codeword whose entries
are +1. Hence C contains all the rows of P - M for some monomial matrix
M. The matrix MT . P- M is a skew-symmetric Hadamard matrix whose
row vectors are contained in C. O

We now are in a position to describe a result by Dong, Li, Mason and
Norton [6], which is an important key of our proof. They showed that there
exists an embedding

(l) 1\24 2 \/5]\/ 2 2A24

of each Niemeier lattice N into the Leech lattice Ays. The following lemma
is obtained as a consequence of (1).

Lemma 4 (Bonnecaze et al. [3]). Every Niemeier lalticc N contains a
4-frame.

Indeed by using (1), it is proved that V2N contains a coordinate frame
(in the sense of [5, Chap. 10]) {gi,... ,g24} of Az, which is an 8-frame of Aq,.
Hence {¢\/V2,... ,gg../\/f} becomes a 4-frame of N, and thus N is written

z; € Z, (z; (mod 4)) € C} .

N = A,(C) = { Za,y'

from some Type Il Z4-code C by Construction A.
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We will show C 5 G4;. The construction of the Leech lattice Ay from
the binary extended Golay code G4 and the coordinate frame is well known
(cf. [5]). From the construction, Ay, contains a sublattice

24

1 i
Lp(Ga) = { ) Z 1.%

24
2i € Z, (; (mod 2)) € Gy, Y_2: € 42}

i=1

constructed from G4 by Construction B. It follows from (1) that N contains
the sublattice
24

\/QLB(G,N) = { :11'2 23’;%

This together with the 4-frame {g,/v/2, ... , g21/V/2} generates the sublattice
A4(2G4y) where 2G5, is regarded as a Zy-code. Hence C contains 2G,4 and
thus we have proved the following:

24
x; € Z, (z; (mod 2)) € G“’Z 2z; € SZ} .

=1

Lemma 5. For any Niemeier lattice N, theve is a Type 1l Zy-code C with
As(C) = N such that C? contains Ga,.

The above lemma together with Lemmas 2 and 3 shows that every Niemeier
lattice N contains a (4k® + 2k + 6)-frame for every integer k. Therefore the
proof of Theorem 1 is completed. It is worthwhile noting that the authors [§]
have constructed a Type II Z,-code C satisfying the condition in Lemma 5
by giving explicit generator matrices.

We end this manuscript with giving the following remarks:

(1) Recently it is shown that there is a 2k-frame in the Leech lattice for
every positive integer k > 2 [4] and [7]. By (1), every Niemeier lattice
contains a 4k-frame for every positive integer k.

(2) Montague [9] found ternary self-dual codes such that all the Niemeier
lattices are obtained by two construction methods which are called the
straight construction and the twisted constructions in his paper. By his
construction (Section 4 in (9]), every Niemeier lattice V contains the
sublattice equivalent to /3 times the root lattice of type D, generated
by e; 2 ¢; (1 <4,3 < 24) satisfying (e;, ¢;) = 34;;. Hence N contains a
6-frame

{i=eatenfi=e —er, fs=es+eq,..., Joa = €23 — €}
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(3) It follows from [4, Lemma 5.1] that if N contains an n-frame then it
also contains an mn-frame for each positive integer m. Therefore every
Niemeier lattice N contains an m(4k?* + 2k + 6)-frame for an integer k
and a positive integer m.
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A combinatorial problem in SL(2,q)

Sachiyo Terada

Abstract

For a power ¢ of 2 greater than 2 and each natural number A not divisible
by ¢ — 1, it is shown that the subset If of involutions does not divide ASL(2,g).
Moreover, it is conjectured that, for an orbit X of an involution by the conjugation
of a Singer cycle of SL(2,q), X does not divide ASL(2,q) if A is not divisible by
g+1and g#2

1 Preliminaries.

For a finite group G and its non-empty subset §2, the Cayley graph ['(G,Q) is the graph
with the vertex set VI' = G and the edge set EI' = {(g,k) | gh~' € }. A subset C of
the vertex set VI of a graph I is called a perfect e-code if, for any vertex v of ', there
is a unique codeword c in C such that d(c,v) < e. Perfect e-codes in the Cayley graph
I'(G, ) are perfect l-codes in the Cayley graph I'(G, X), where X is the set of vertices
z with d(z,1) < ¢ in ['(G, ). So when we consider petfect e-codes in a Cayley graph,
we may assume ¢ = 1.

For a subset X of a group G, we say X divides G (with a code Y) and write XY =G
if there is a subset Y of G such that each element of G is uniquely described as zy with
zeXandyeY.

Note that X divides G with a code Y if and only if G is covered by the disjoint sets
{Xy | y € Y} in the metric space ['(G, X). If X contains the identity, Xy (y € Y) is a
sphere of radius 1 and so Y is a perfect 1-code in ['(G, X).

Examples. (1)} (Symmetric group 53) Let X, be the set of transpositions and X,
be the alternating subgroup Aj:

Xi:={(12), (23), 13)},
Xy := {id, (123), (13 2)}.

Each of X| and X, divides S3 with a code Y = {id, (1 2)}.
(2) (Dihedral groups ,,) Take generators a and 4 of D,, such that a® = " = |
and aba~' = b~'. Let X; (j = 1,2) be the conjugacy classes of involutions of size n:
X;={ab® [i=0,1,...,n —1}.
Then each of X, and X, divides Dy,with a code Y = {1, a, b, ab}.

Rothaus and Thompson [RT'] give a necessary condition for a perfect 1-code to exist
in a Cayley graph ['(S,,T) for the union T of transpositions and the identity in the

symmetric group S,.
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In general, for a subset X of G and a natural number A, we say X divides AG (with
a code Y) and write X-Y = )G if there is a subset Y of G such that each element g of
G has just ) descriptions as zy = g with z € X and y € Y. We say X trivially divides
AG (with a code Y) if X divides A\G withacode Y =G or Y = {y} for some y € G.

Proposition 1 (An analogue of [RT]). Let G be a finite group, X a non-emply sub-
set of G and A a netural number. Assume that G contains a subgroup H with property

that
(1) the order | X| of X does not divide \|H|, and

(2) the matriz P(X) is non-singular, where P is the permutation representation of G
acling on the cosets H\G aend X is the sum of elements of X in the group algebra
C|G] over the complex field C.

Then X does not divide AG.

Proof. Assume that X divides AG, that is, there is a subset Y of G such that X'Y =
AG. Then P(X)P(Y) = P(AG). By the assumption (2), there exists the inverse matrix
P(X)~*, which can be described as a polynomial of P(X). Since P(G) = P(z)P(G)
for any z in G, we have P(Y) = P(X)~'P(MG) = aP(AG) for some complex number a.
Then, by multiplying the last equation by P(X) from left, we have a = |X|~'. Hence
we have

A

1 A H|

P(Y) = —P()\G) = —P(G) = ==,
(Y) |X|( ) IXI() IX]
where J is the matrix with all entries 1. This equation contradicts the fact that the
matrix P(Y') has integral entries. O

Lemma 2. If a subset X divides A\G with a code Y # G, then the Cayley graph I'(G, X)
has an eigenvalue 0.

2 The case where the subset X is closed under con-
jugation.

Let us assume the subset X is closed under conjugation. Then, for an irreducible repre-

sentation R of a finite group G, R(X) is a scalar by Schur's lemma and the condition of

Proposition 1(2) can be checked easily.

2.1 Symmetric groups S, and transpositions.

Theorem 3 ([RT]). Let Ty be the set of transpositions of S,,.

(1) If1+n(n—1)/2 is divisible by a prime exceeding \/n + 2, then T := Ty U {id} does
nol divide S,,.

(2) If a prime ezceeding \/n + 2 divides n(n — 1)/2, then Ty does not divide S,,.
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Remark ([RT]). The numbersn =1, 2, 3, 6, 91, 137, 733 and 907 are the only inte-
gers less than 1,000 which do not have any prime satisfying the assumption of Theorem
3 (1), that is, n is one of the above if T° divides S, (n < 1000).

Note that the symmetric group Sz is not divided by T since the sphere packing
condition fails with |T'| = 4 and |S3| = 6. Moreover, we can prove that T' does not divide
Se, using a combinatorial argument or the fact that the graph (55, T) does not have
cigenvalue 0, that is, the graph ['(Sg, Ty) does not have eigenvalue —1.

2.2 Symmetric groups S, and three-cycles.

Theorem 4 ([Ta]). For a natural number n, let X be the union of three-cycles and the
idenlity in the symmetric group S, and let np :=max{t | n > (31 — 1)i}. If a prime
ezceeding 1 + nfng divides | + n(n — 1)(n — 2)/3, then the sel X does not divide S,,.

Remark ([Ta]). The numbers n = 2, 3, 4, 14 and 4,065 are the only integers less
than 40,000 which do not have any prime satisfying the assumption of Theorem 4, that
is, n is one of the above if X divides S, (n < 40000). For n = 4 and 14, however, X
does not divide S,, by the sphere packing condition. For n = 3, X divides S3 as in the
example of Section 1.

2.3 Special linear groups SL(2,q) (¢ even, ¢ # 2) and involutions.

In this section, let ¢ be even and ¢ # 2.

Theorem 5 (Te). For a nalural number A not divisible by g—1, the sel U of involutions
does not divide ASL(2,q).

The character table of SL(2,q) is given in Table |, where § (resp. €) is a primitive
{g — 1)-st (resp. (g + 1)-st) root of unity in the complex number field C.

Table 1: The irreducible characters of SL(2, q)
Class name 1 U T;

(=120nla=2/) (=12 0f)
Size I _a-1  aqlg+1) a(g—1)
Xo 1 ] 1 1
X1 q 0 i -1
(m=12fe-2/1) | 9T 1 ] §mi g §m 0
¥n i i
(n=12,....9/2) g-1 -1 0 ~(e™ + e~™)

Take a matrix representation R() affording 7 for an irreducible character # and set

R := {R(xo), R(¥m), Riwa) | m=1,2,....(¢=2)/2, n=12,..,q/2}.
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Lemma 6. Take a Singer cycle S of SL(2,q) (that is, S is a cyclic subgroup of order
g+ 1). The sel R coincides with the irreducible constituents of the permutation repre-
sentation P of SL(2,q) acting on the cosets S\SL(2,q). Each representation in R 1is

conlained in P with mulliplicity one: P = @grer R.

Proof of Theorem 5.  For cach irreducible representation R of SL(2,q), we have
R(U) = ¢l for some ¢ € C by Schur’s lemma. From the character table, R(U) is non-
singular if and only if R contains R since trR(U) = ¢ - deg R and ¢ is nonzero. This
implies that the matrix PU) is non-singular for the permutation representation P of
SL(2,q) acting on the cosets S\SL(2,q). Since |U| = (¢+1)(¢—1) and |S| = ¢+ 1, the
theorem holds by Proposition 1. (]

Suppose X is a non-trivial closed subset under conjugation and divides ASL(2, q)
(g =2/ > 4). Then X is one of the below with A divisible by A’ in the table.

Subsets X by
U g-1
G\U (q—1)?
Ujes S; 170

Uier, VU (Ui Si) | 1X1/(pog)
LUU U (Uier, T) Y (User ;) | 1X1/(r1q)
Uierr T 1X1/(p'q)

(Uiezr T) U (Use S5) 1X1/(#'9)
LUU Y (Uier T Y (Usesn, S) | IX1/(7a),s

where I, (resp. Ji) (k = 0,1) is a subset of the index set T := {1,2,...,(q — 2)/2}
(resp. J = {1,2,...,4¢/2}) such that

I+ =~k (resp. Y (€Y + &™) = —k)
€Ty 1E€ETK

for some m € Z (resp. n € J), I’ (resp. J’) is a subset (possibly empty) of T (resp. J),

po = ged(|Tol, q=1),  p = ged(|T'], q- 1),
r, = gcd(l+|I||((l+l),‘l“l) and
r' = ged(14[Z'|(g+1), g 1).

Problem For each X in the table, determine whether X divides ASL(2,q) or not.

Note that if a subset X ¥ 1 divides a group G with a code Y, then |Y] is even. This
fact and the list above settle the perfect I-code problem in SL(2,q) with A = I, that
is, for a subset X closed under conjugation and a power g of 2, the special linear group
SL(2,q) is divided by X non-trivially if and only if ¢ = 2.
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3 The case where the subset X is not closed under
conjugation.

Let A be a natural number and let q be a power of 2. Take an orbit X of an involution
by the conjugation of a Singer cycle of SL(2,q). When does X divide ASL(2,q)?

Conjecture.  For ¢ > 4, X does not divide ASL(2,q) if A is not divisible by ¢ + 1,
that is, X does not divide ASL(2, q) non-trivially.

Remark. Let A is 2 natural number which is not divisible by g+ 1. Using Proposition
1, we have checked that X does not divide ASL(2,q) for ¢ = 4, 8 and 16.
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BIRBOREE L TOHERLRR EDH

TRRERERARBENER
L0 8

1 Introduction

HIREE G OEREROLKIL Z-ZTREERL, HCHNERSEN Z- LK%
BRLUTWS ZERI<SAONIZEFNLREATSHS. T L THREROMEZHAXDS
7=, BEROBOBEMBEANOR RO TFRAREEAONTEL. £0—D2&L
T, BRIEROMTE ORI OBBEALBRVBEICDONT, G OMGEEERT 5.

UTGE2BRBELL, InG T G DEMHEERE2KZ, Ind 12X 5T, 18k 0 OB
BREREREDTODETS. Tk, HERONTUL (-, ) L/ T EITL, 0 THEER ¢
DEEIRITIEEE TS,

2 Character products with few irreducible con-

stituents

G DEAIIEEE  ITRL, #lmy HHHTAENE SRS BEIE G OMEARE
BT EHEID TOS [1),[7).

Theorem 1 (Isaacs and Zisser) fifRlit G DREBLHGE x T
#Irrx? =1

ZHETOHOONEET DL E, G W cyclic 2-BETRMED central type DBEDIE
i P L

Remark 1 8 H A% central type &13, H DEEIRER v Ty2(1) = |H: Z(H)| %
WeTHLONFEETZILLETS.

Theorem 2 (Isaacs and Zisser) ffREE G DEBELBLKHEE x T
#Irrx? =2, Irrx? = Irrg?

EWLTOONEETDEE, G 13 WA 4 D cyclic 2-BF EHFEEOBOE
Btckasns.
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E5IT G ZHHY 5 & T, BIRIL EMELM RS 2 ENaM o7z (8. G
DRMETHEDIT, UTOHE2ES.
HEROIZHLTG TQIZODEBlEFRMLIEEDQ OREEHABADEKE

K Q/QO) nAu7iEkd.
G DEEORRER x T LT,
o 1X (x=x)
C lx+x ( otherwise )
TRE#EL,

RIrrG = {x|x € IrrG}
&EBL.
Theorem 3 (Kiyota and Suzuki) x 2Bt G OBRELITHBELELTS. 20
EE x A

r
)22=b-lc+a)2+c21ﬁ.-,

i=1

“Is‘i = {1‘/;1)1‘2,21‘”’431'} (a,b,CEZ, l&l”ﬁz""’,ﬁremrrc)
25l G IRRDSBWLWIFhhENT.
1. K EIREE [F Y.

2. Frobenius BE CEDHIMIIHREN K p Tp=x(1) =2r+1 Zl7=7.
3 3XRAFRRE LAY,
4. binary polyhedral group &[RRI

5.5 REARMF & FRIM.

3 Representation daiagram and Q-polynomial as-
sociation scheme

RIZ association scheme &DBIHIEIZDVNTIERD. X = X(X, {Ri}ocica) &
commutative association scheme &9 5.

Definition 1 X 7% Q-polynomial TH 5 &L, X D Bose-Mesner algebra D primi-
tive idempotent IZHES ZHIT, i BB D idempotent % X¥ i O C HEEHKIC
1 &#B D idempotent ZRALTHSNB L LT3, /L, 2HRAICKRALEE
ZDITHIOFUT Hadamard KIET 5.
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ql; % Krein parameter &35 & &, D*(X,h), (1 <h <d) %{0,1,...,d} % Rl
BElgl, #£0 2T (i,j) ZAEITDAMIS5T7ETS. ZOD(X,h) A
&3 X DERRTFTEER.

Proposition 4 X 4 Q-polynomial THBI & &, HD 1< h<d LD X OXK
BT 5 TH path THB I IR,

& T group association scheme %% Q-polynomial &78% &%t Theorem 3 &#ET
DL T EEMUWITIRNRSD.

G O group association scheme % X(G) LB &, RERT 57 D*(X(G), h) &%
BK, CHIETS x, &5 G ORBRYFTELERUD (G, xp) TRY. HOXRBY
J 713 relation &#{EFIEBHFBEOBSMMIELTVHDT, RUIRE%E InG T

Theorem 3 TH, InrG 2B L TWBHDTRRS S 7 bbb €5, X(G) =
(G, {Rogica) KHLT,

Ri=R;U'R;
EEBL 'f(\G”) = X(G, {E}) B e 'f(\G”) {1 symmetric association scheme &7
5. L Tx € RInG ZAEL TRIG ZRE, (XX X5) 0 DEE (i, x5) &
BEFTBY57% DG, %) EBLZEXTBE, X(C) M Q-polynomial THD
&4, Proposition 4 185 D*(G, %) #% path BB T ETHD, ISICKRY 5 I

1 X U/ O O

ERBDEMNS,
F=b-lg+ax+ch, (a,bc€Z, X,¥€RING)

BT ENDND.

——

Theorem 5 (Kiyota and Suzuki) G ZHRMETSHLE, X(G) »t Q-polynomial
1251, G RROWThh LR,

1. ¥ B3

2. 3 KXHFRIE

3. 4 KRB

4. 3 ek L 2 KT BREIB I
5 ¥ 21 @ Frobenius B

E 517, path LIRBIDORRNBIBRDOERY 5 7 & HHRNBIGRZRDBRNHIE
TEHEHTFTHL.

Theorem 6 (Suzuki) G ZHMRPELTD. ZDLE, G 4% {0,1}-sharp taEEFF
DI E LB x T D*(G, x) #F star fi.e. 1 SEBRWTATOAMN>TVDH
OEKIEE & 5 E 1 @THKS) L3 bONEFET S T LA,



4 Examples of Representation diagram

ETMNABERY 57 O0ERTHSE (ZHILIL nonreal valued character % &
%Y35.)
D*(Z/nZ,x) x(1)=1

x
O
O

>
O
O

1g X © ©) O
or
lb )2 @ ot @ O

Theorem 3 B EIZHTELBIZCDOWTERICHELTHS L

—

D(Sa%) x(1) =2

1 X @)
DAy, %) x(1) =3
1 X ©®

D(Far, %) x(1) =3 (Fa 343 21 O Frobenius £f)
lg X O

D(SL(2,3),%) x(1) =2

1 X O O O)
D*(As,%) x(1)=2 o
1(, X O O o] O O QO
D*(SL(2,5),%) x(1) =2
O

s X <

@

— 145 -



Z 2 ETIZEATWAN sharp JEEEEDBE LT Ly(7) 2HELE.

D*(Lo(7),%) x(1)=3

5 Complex conjugacy character

HUWERIISE R EZBL TW/2/< &L T, Theorem 3 IZHWT G MHH8
TERLRERELUTImy? & Irxxy E2ENTEHEHILZEZOROEBMIERITNE
W EMBFSND. BIT #lrryk ANE T A, Frobenius BIOBIESE 5 AT
5EBbHND. T T #lrxy NN E<ED G IZDODNWTERTHE.

Proposition 7 x AR G OBELRBMRE LTS, #lnxx=1425E G 1
W EBE.

Theorem 8 x #HMREE G OBRERBMHER LTS, #lrrxx =2 THA %) #0
MDD Z(G)=1715EG 1K Ly(7) &FEE.

BREE #Irrxx =2 & (X% x) # 0 M5 x OIRL Alty i x TREINBH I EMN
BHETEDDT, x(1) =3 2185, TLT, #HRKKOWMHEREL Z(G) =1 &1,
Sylow 3-#7 F & TP IMEBB L CIERLENRETE S, T 5IZ3-I6& Sylow 2-
¥4 BED central involution TOEMEH TE, TNICE > TR 7 OBLXBEE 6
FENVWA DS, BURBRBOBREERE Z(G) =1 &£, Sylow 7-#fa2 8t & Z 0D
DB, ERIEIEB LU |G| KRBT ES. TLUT #InG MHBAL, 16+0 KX G D
Sylow 7-B2 R EANDRBICLDERDBIRIBRERD T ENND, G ~ Ly(T)
HWrEhs,

ZITG EZRETELDIT Zassenhaus HEE R DI EEH W EICLEDMN, T
{3l Zassenhaus BHT #Irrxx =2 ERBDE I RUNHDEASIM? H#iF G, K&K
SZEMNETHIT, 8tk LD Suzuki BERBE/Z L TNWB I EMNaho -,

X €ITS(8) X% = lg+ (A} + Ay + A3)

¥e X I/O O
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EDEK D(S(8), %) DAKA RImS(8) 2 G, THHNL TRILHICET 2 HF
TOMDDEERL O THD. AORFIRIZOLITSENIHOEEOBEKT
H3.

728 #lrryy = 2 ZUATHIIRICBREDOUAZHBHFET D EMIMH T
W3,

P&

{1] H.L.Blau and D.Chillag: On powers of characters and powers of conjugacy
classes of finite groups, Proc. Amer. Math. Soc. 98, 7-10 (1986).

[2] E.Bannai and T.Ito: Algebraic Combinatorics I Association Scheme, Benjamin,
California (1984)

[3] P.J.Cameron and M.Kiyota: Sharp characters of finite groups, J.Algebra 115
(1988), 125-143.

[4] W.Feit: Characters of finite groups, Benjamin, New York (1967).

[5] D.Gorenstein: Finite groups(2nd. edition), Chelsea Publishing Company, New
York (1980).

[6] 1.M.Isaacs: Characters of finite groups, Academic Press, New York (1976).

[7] 1.M.Isaacs and I.Zisser: Squares of characters with few irreducible constituents
in finite groups, Arch. Math. 63 (1994), 197-207.

(8] M.Kiyota and H.Suzuki: Character Products and Q-polynomial Group Associa-
tion Schemes, J. Algebra 226 (2000), 533-546

- 147 —






