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Euclidean designs, cubature formulas, and orthogonal
polynomials

WNZE— (Eiichi Bannai)

K - B

(Faculty of Mathematics, Kyushu University)

1 1L &I

ZORICEE 2 4B EE/ R L (200746828~ 30H) Dl
% OHP ORFEICE» TIREBRICEE L HOTY, ST, fiboTT U &
TV EoOFAL M ERDLETRAY,

Spherical designs,

Euclidean designs,

cubature formulas,

IZOWTD survey ZH XD Z &ML/ F L, (Orthogonal polynomials & PR 5
ZEITIITEALAND Z ENHIREHATLE,) BREBECEBEOSONIL L HDOHL
WEREBRELE, JORGEOEKRILRART L OXRFETT, #FLIXZ 0GR
DHARFORFLBMLTF XL,

2  Spherical t-designs
SHAORPICRI LT, KT S"! 2B 2 ROBRVWEHEF > AREE X %

spherical t-design &PFEUET, Z DB Delsarte-Goethals-Seidel (1977) TEM I N E
L7, +hbb,

X c S" N C R"),|X| < oo BEKDFRIFZHIT L&, splerical t-design &FEE,

| 1
— d = — ).
o [ o) = gy 3 56
for Vf(z) = f(z1,2. ..., %Za) polynomials of degree < {.

Spherical t-designs DA F & L TIXROHHH 5,



o RPIZBITAESMENTEOHEEITE Y72 1t I8 5 spherical t-design & #25, #ilx
IXIE 20 gk 12 HOTHADIRATE 5-design THHEWIILETH S,

 1IZER{LZL®) i3 T-design TH B,

o R {281 5 Leech ¥F ¢ 196560 £1¢0 min. vectors DIRE (L BAAREN & O
1 ICERELZH®) iX1)-design THD,

o RZIZBIAE L+ 1 fHED 1+ 1 SOTEOLEE (LbHAAKANHOMEME 1 (21
BEL=b D) (3 t-design TH B,

i > DiEE x5,

o HXIBE O(n) OFMREIBE C DB, 3 2DLX = {2 |g€ G}, LLTELD
spherical (-design 6N 5B, 2L n >3 OB, KEWLIZXLTR, 2O LI
DIFENRV, (ED X I LTHES spherical t-design 123t L Tix, H B f(n)
FELT, t<f(n) (BEL >3 THHZLEBRMLEATVS, (Bannai, 1985). Hext
TBE L MIFEELT (i 1y =19) 1 Sty ERDBOTHEHAWVAE TRENDH, EHK
BRTHD,

o —, VL, VLIZX LT S" ! {Z#51F B spherical t-design IXTEAET A 2 &BmLN TN S,
(Scymour-Zaslavsky, 1984.) L LI OFEBILFETIHTH Y, RIKA)2BRITEL W,

s i3G5 A LN L, n (X LT, |X| AHKD A& spherical t-design ALY,
Ezbhi-t, n IZF LT, Fischer MREX LTINS |X| OBARLRTRIMONTS,
BZ | X| BEDOTRE T HHE. X 1L tight spherical t-design Tdh 5 LIEIEN 5,
(Delsarte-Goethals-Seidel, 1977).

e 571 {2817 D tight spherical t-design (X, t = 4, 5, 7T DHEEREPH I TS,
(Baunai-Damercll, 1979/80). 1 =4, 5, 7 DEFSIXFOHERVBIE S ER LR o155,
FLOWESOMERA R btz (Bannai-Munemasa-Venkov, 2004). 772U, 572781
HEFH#ETHD, RBEROEXETH 2,

o X % S" ' {ZH1F B spherical t-design TH Y, »o s-FMRATHH LTS, (T4ed
L, X ORRLRD 2H>OEOMOEHMN s AL TD,) DL FTWMAKY IO,

(1) £ <25 (CoTHT (=25 B DT & L. X A tight 2s-design Th 5 = & 3R
iThHs,)

(2) X 5 antipodal DB, 1 < 25— 1. (ZZCEHFI=2s-1DRKVILHIEEL, X H
antipodal 72 tight (2s — 1)-design TH 3 Z LIXEfETH S, )

(3t 2252 MLV ALDE &L, X 1L HBEEX relations E LTI FR s D (Tabb%
BT s+ 1O relations 16723) 7V xT—varA¥—Lx{EDH, ELIZIDT I
T=2 gy AREF—Ahit, Q-FZMAT VY x—TarAF—Allt3,

Spherical (-design OB ZDHLE

Zhiz >\,

(A) KRB B BMEERD,

(B) 7Y A LNe#iAHr%3FT (Cubature formula %52 5).

(C) ZTHAZ OB BRICE IR D,

REDOHEAEHS, IITEEIIZ (A) & (B) 251, (C) (ikfhhizvy, (A) OfFlE L
TR EAEREDLITE RS,



D(ICRY, p % D E® measure THY D LTERAXOMRPERENDESH, 2D
Lx. (D) 2R LT, X C D, |X| < oo 5% t-design T 5 L i,

1 1
B JRECE w0

for Vf(x) = f(ry, w2, ... 2,) polynomials of degree <, THDH L E L EHRT S,

3 Cubature Formulas (EE #7541 )

o S*1 DB,

XcS ! |X| <o
/\:X —’R>0,

ET5H, ZokE, (X,A) N S Lo cubature forinula of degree t Th D & i,

[ faotn) = ¥ J).

rcX

for Vf(z) = f(x1.72,...,7,) polynomials of degree < t, THH I L L E#T 5,
o BDOWPE,
D(C RY), u % D 1O measure THY N LTHUXDOMNNERIND LT D, £,

XcD. |X| <o
/\:X—’II>(],

EF5, ZoEE, (X,A) B (D, u) Lo cubature formula of degree ¢ Téh B &1,

[ 1whiutz) = Y 11a).

2cX
for Vf(x) = f(x1, 22, .., x,) polynomials of degree < t, ThDH I & L KT D,

KWL 2D EERD,

e (X,)) & S"! L cubature formula of degree ¢t & "5 & &, |X| O HARRTHNFAIT
BN TSR TV (1970 48, Delsarte-Gocethals-Scidel & #3712 7012 R 16
(Z0) ZOTFMILFENL sphorical t-design 23T 2 FRE 2L il—Tdh D, JiL cubature
formula of degree ¢t TH5 X IZxf LT, | X| BIOBARRTRE —BEFD L, N ITEHH
. $€-T X i3 tight spherical t-design THh D Z &M R&N D, #-T tight spherical
t-design D4 FiLERI $*7' @ LD tight 72 cubature formulas PYHLEZLDH I LI



.

o ARATHE GILIBEARG. SfEAZHT. HIF) IZBVTWAWAL (D, ) [ZXF LT, cubature
formula BRFELEN TV S, FORELIL, Gauss T THD Z EAHEBIZTEHL, EFIZS
KO (THFEVWZD) BLHHDLITHD, DIFLWAINIZEWVL 20hITFHIE. Gauss,
Jacobi, Tchebycheff, Markov, Szego, Sobolev, Mysoviskikh, Méller, Cools, Schmid, Xu,
Tchakaloff, Stroud,. .. 2 ¥ Y& RnwrtBbh s,

o —fED (D, u) I=%f L T cubature formula [Z2 T H, sphere $*1 OO0 & FERIC,
HOROPLIZE X b L IZF LT, cubature formula of degree t Td» 2 {7 (X, ))
OB E . |X| OHRDFEITHEINLDOERDBZETHB EMDbNS, -design (H
& L@ cubature formula) & 9 & cubature formula (fik & Y OF YA ) DIF 5 AEER
M b H < DOE L OB ENTWD EF 2 L.

ﬁ¥iﬁ'+l‘_:bb VTR WAWARZER] (D, p) 128 L TO cubature fornmlas AFE S H
TWEFA, = TS D, g 32 O(n) RERBOEEXH - LICLET, 0L
2. (D) % radially symmetric TH D EMUET, AEHE L TREOL ) 2 LOMR
HVET,

o D=5"" = FEHHE, (ZHLBEFHD S LD cubature formula & % MY spherical
t-design T9,)

e D=UP_ SM IREOKAZPOLLETHEOGEKROEZ Y, i3 ST LERME o |
Jp J(@)dp =3, fs_--l [(z)doi(x) .

e D=R"dy=eWdg,...dr,, (Z®pu % Gaussian measure &FER),

4 FEuclidean t-designs

AR~ & & LRk,

X C R, |X] < oo

A X i R)ﬂ,

¢T3,

e (X, A) % Euclidean t-design TH» 2 L, Kt LTOTEDE— A FHBET O(n)
T (EHRZEHR) ILEDAETHDI L LERT D, (ZOEHIZL B AHA spherical t-design
WL THMY O TH D) RfAERIT, KOBRIZ, cubature formula DETH
wRehd, b LESEERHT S,

X ERPBFEREPLLETORAOEN.E S =S (1<i<p) &T5, XnS, =X,
LB, bBBA, X=XUXu-- UK, 'CJ’D":.

(X, X) #% Euclidean t-design T % }_‘li\ Zk@%ﬁ:i’iﬁt")’: LRIz B,

*I(;Yl’ / J@)doz) = 37 M) (@)

xcX

Vf(x) = f(x1,22,- - ,I,.) polynomlals of degree < .
(Z OEHIL Newmaier-Seidel(1988), Delsarte-Seidel (1989) 12k 5, ZOBUSIIHKIE



{2317 % rotatable design OB E LIFEAYRILTHS, )
KOPTIBRECTH 5,

e (D. ) % radially symmetric Th5 &35, (X,A) (D, y) i2%9 2 cubature formula
of degree t THhiL, (X. ) ik Euclidean t-design THh 3.

€T, Euclidean (-design {3H(# @ radially symmetric 72 (D.g) (2% 3 cubature
formula of degree ¢ @ master class (H7y) ThHhHLEx 5, #~->T, @4 D radially
symmetric 22 (D, 1) #5258V I, euclidean -design TEZ LS LW I DAL D
VTH B,

Euclidean t-design @ |X| DBARLTFTRIZDOWVT

XCR,D=8=5X)=85USU---US, ¢T2D, X =X,UXoU---UX, THY,
4\’,’ C S, ThHbd,

(X, A) % Euclidean t-design O, +72b 5, cubature formula of degree t @ & & RO A
HRHRY 2o,

o X 7% Euclidean ¢-design with ¢ = 2e 42 51,

|X| 2 dim(F(S))

ZITC. PS) X R D e-RKU FOLPRLRINTEASE S ICHR LI LODES Y
PEMERT, (ZOKRRIBESTHY, ELOAXVIMLIIBGOA TS, 22T
HFEBORYIOEE (X)) % tight 2e-design in S(X) LML LIZTS,)

o FELWVRBIXEBE Y 525, ¢ =2e+ 11T LTH, JEMIC—MRAY72 A AL T HA5 Moller
(1976,1979) itk D LT3, (41 antipodal £ W RED D & T, tight (2e+1)-
design #EX THI L TFRLZHB TV, EELIOTFRII—ET S L O antipodal 1272
B LS Moller DEERIIMS RN o,) TOTFTREERENOLEL &, 2dim(P;(S)) &
BVt 2dim(P(S) -1 THABAS, (ZITHEORY L-LE (X,)) # tight
(2e + 1)-design in S(X) EFELZ LT D) RAFBECHAEET L =2+ 1 DRED
Moller DEREMOL Mo Tz, ZOBRIZHOWVWTIE, AWEBXREORERE & FRFFH
ENOEATH 7=, Thzill L TAHFONY TOEZL ORI HH L S KTV RTH
5, Moller DR EDFELVWZ Lid, ZOBGEHROBEMNRFORFLESBEINT,

R* DI/E

o (D, ) A radially symmetric 2358 O tight (L = 4k + 1)-designs ($#12 O € X OHE)
iL. Verlinden-Cools (1992) IZ L VLR Eh TV S, WML (D,u) . FlAE
D =R p=eldrdry- - dx, DESIL. tight ¢ = 4k + 1 design OYE (¢ > 5 DI
BOFGFE) PrEN TS, (Cools-Schmid, 1993).

e —Ji. Bajnok (2006, Advances in Geom.) i3 R {IZHWT, p AOR.LH S(X) o
tight t-designs ZHEMIZ A>TV D, (2L p XD AML W /DEVEE,) KiZED LD
RLOBRENRTERMTHD I L LREND, H>T, DL 22 tight Euclidean (-designs
IIHDIFERR LTS, (Verlinden-Cools (1992) HbABEMIZRIL Z & 2R »>TWD, 7272
L Gaussian design D{FED DO LHE&HE LTENSE2H TH Y . Euclidean (-design
ELTHFELTWDEWV D RIFITL TWievy,)



5 Euclidean t-designs IZ DWW TOREDTEDOBN

Tight Euclidean t-designs DR ESAICEAL T

Bannai-Bannai (2006, J. Math. Soc. Japan), Etsuko Bannai (2006, J. Algebraic Comb.),
Bannai-Bannai-Suprijanto (2007, Europ. J. Comb.) Etsuko Bannai {preprint) 72 & %
R NV, KWLV LR, ZOWERORNR TOREE LAY, Bajnok
(2005, Advs in Geom.) X R? OWEEF LIV o T A, %72, Bajuok (2007, J.
Algebraic Comb.) X W (13,) PIADOEHFE UTHMINKS Buclidean (-designs & TF5E
LTED, £2OLIICLTILEL L HHD tight Euclidean {-designs L L T 5,

Victoir (2004, SIAM J. Numer. Anal.)

LOXRLR, FROBEKMOHA T,
LOBXTIRPZITRD L H#RH> T B,

o W(B,) AER (D,p) 12 LT, cubatwre formula of degree ¢ T, n 12X 60 (L
OHIZED) B W(B)-FLAOSIHES L LTINS LORHFEET I L, (Zhid
Sobolev DEEREX A 5,.) £, FLAOLERA BN PL2WAKROLS CEEBRAT
fH65h 5 cubature formulas B{FETHZ L % L ( 2 2 T Tchakaloff DFEREAVS),
HEHEH EFOUSERNT AL 28 2T, DSV AL X0 Euclidean
t-designs & BREKEFITHE L TV 5,

EERE

L. 52 b7 Euclidean t-design (X, A) IV T, 1N degree ¢ O cubature formula
1222 0TV 3 & 9 22 radially syinmetric 72 (D, ) BOHDIFET 202 AZIED=R"»
D p AP OOWRE r (ZBT HliRME L 42D L5 2 b oAV KBS R D
7?) LV HBIOMYAHEVE B,

BUTEICEB VT, WD REBON TS LS ThAN, FICIZEHA LTS
TWBbITTidiev, 1 % r OWEE LTl E £ TM< < T, BRMEOMRT v
7T 5T Stieltjes B TEZXZLOTIL, —RICEADNAETHDILES H#
ARoHdLBbIhD (XiREih-7<IRD TiL, LALAEEBIERZY,) WFhict k., 2o
PRIL. 1 WITD synunetric Hamburger reduced monient problem  (# 2V \3 Stieltjes
reduced moment problem ) ¢ inderternined case DAEDFEE L FHEICIMFEL TN B &
3N TH 3,

de la Harpe-Pache-Venkov (2006, Algegra i Analiz)

IOWB/XTIE R 2B S lattice () OV HnD shell (FANGLIERE -EO8
DG % shell LMELR) OFIHKRAE LT, ' kD cubature formulas (TS 2F5-7=
spherical designs) % B L TV 5, T2 Tk S LORBIELTEL TV S
3. Euclidean t-designs & L Tshell DGR DEEIH L LTIETH D, £, O
EIRBOIE,, TV/Ye—2 gy AF— L3 HELRECHD coherent configuration
ELERBICMERTAI L EEEL LD,

Ballinger-Blekherman-Cohn-Giansiracusa-Kelly-Schiirmann

(Nov 2006, arXiv:math.MG/0611451v1)

Z ORI TR S™! L universally optimal codes D HHIMM L PFEL, a3 Ea—
& — CHEMAA REGIS Y N4, BILIERICminvwE 5, RS X c st ¢



spherical {-design Téh 9 n2 s-FEHIRE TH o1 > 25 - | HH VT X A3 antipodal T,
t225—27263EF DX 52 X 13 universally optimal codes THH Z ENRMBN T,
(Cohn-Kumar, 2007). f-5T, universally optimal codes D3 HIZIZFNE 5 b DD
SENRLECRD, EOL S R LOOSRUITENBIEAK T Y MA iz & o TH S EF
REMITHD,

6 FLWMEREEZDPEA

FLOER (EARF L DOXETFR) & LTRP\ OIS, RO O LURRICHOo N
ﬁ%%)—%m/\‘éo

EBE1 220RLLER S(X) Lo tight Buclidean 7-designs X = X, U X, IIE &S, B
FTORICELEZHDIZRS,

n X1 X 1] AX) | AKX | w
21 12| o(tight) | 6(tight) | +3, -1 £ 7 I
4| 48 24 2400, £, -170,£37% | 5
7182 56(tight) 126 £1,-1 [0, %37, -7 | 2L

LOERT X, ZER | O L2, X (3R %E r O LICif>Cn D K5 kLT
5, EOYOFITHL, r #{LEICENSE ZEMRETHS, LOXKT X, LD weight 1T
1, Xy E® weight (2w iZIEBH{EL TH B, (Tight Euclidean f-design (231 TIL weight
% X, DETHE ~ZTHB - ERMBATISD T EIEE) AX) 12 X, DHRAS
2RONMELTHRADLDODEREERT, LOXTa=2058 X, & X3 [ZIE6f
BThsd. n=4OBEIE X, & X ZLWHBLLT R @ kissing 8% 5 %2 ez -
TW5. n=7OHREIE X, (2EKdd Lo tight 5-FH A > Th 5. F: @ min. vectors D
KARIZL T D, Xy X B HOL— FTHZLNWAHMETHS. RO n=7D
B8 X)), X2 1 (BHFEHEELISLESESN) £ LOEIHEE N universally optimal
codes DfE#H4 & LT, Ballinger, et. al. (preprint) THB~<OHTWT, RBKRIEW, L
AU R EE 2 TH LU tight Euclidean 7-designs 23113865 2 &1, HLWEERTH D,
rAEEYISREL, BANLT—ED tight Euclidean 7-design 2315 Z & § BUBRIELY,
n =4 OFPEIL Bajnok (2007) iC L VBEHZMO N TV =2 EIZIEE Sy,

EH 1 DIEHAOHRMILEIT 2, ZOHEROHARFORFELSHahiYy, IO
AEADBROBIFEN E LTRONTZROMBLERTHD LB S,

EBE2 X c S IXHMRKA THY ., X i (i) spherical t-design, (i) s-HHERE. &6
{2 (iii) antipodal Th D ERET D, DL TR LD,
Mt>22s-3RBEFEXIEITRAsOT Y V2= arAx—0kks,
(2)WHIZt=5s5s=4 ODBPARELIZ Q-FBIRNT Y ox-—-valA¥x—Laizied, (Zh
Hi>25-3DEBEWITRY UL FREND, REEHELTERSUELIELTNDE
Z5,)

B)FHZ =5, s=A4 W&, RNTAF—OTEHEN L VIRED, RTH/RTAY—iEn
L X| D2oD0RTRKRICRINS, FHCEAWHN LY —-XTHAD, BE&IZEh



FRRTZORBEHRZSD,
YT, t=5s=40 X(C S*) OFITHS,

T, o THEED r M L CHEET S, WEARZE
Y=g AR—L(EL P-EHAT Y o x—

r{HEBEOHRET, n=2", |X|=
21 4. 2%+l Ch B, ZHOLK IR LDIIEZEOE MUB (mnutually unbiased bases) (2% L
ik, “hiis 3240 Q-ZHRT Y
Y avAFR—LTCHRW) 124D, UL
T By H3EHATITHS ZLICEE, Ihoid7/vx—ra A% —LL LTI
FLOLO TRV LAy, Q-FMAT7T /o~ alA%—LTHHI Lid
HLWRERTHE L-bRE, (W, Martin Dh—ALR—20 Q-$HRT /x—a v
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r=10OHA, T4bb D, B— bORAIE, universally optimal code THELVZ & AR
T3, (Cohn-Conway-Elkies-Kuinar, arXiv:math.MG/0607:447.) —J7 r > 2 Dif

BIXRMRLEDbNh S,
01000
10000
Bi=100010
00100
00001
[ 0 0 1 0 0
0 0 0 1 0
Bp=|2"' 0 2722 —2)(2 1) @Y -2)(2r 4+1) 27
0 24r-l 2r—2(22r — 2)(2r + 1) 2r—2(22r _ 2)(2r - 1) 2-lr-l
L 00 2% -1 27 -1 0
[ 0 0 1 0
0 0 1 0 0
33 - 0 24r—l 2r—2(22r — 2)(2r + 1) 2r-2(22r - 2)(2r — 1) 2‘lr—l
20r-1 0 2m2(2r _9)(27 —1) 27-2(2% —2)(2" +1) 2¥-!
L 00 2% -1 2~ 0
0 0 0 0 1
0 0 0 0 1
By = 0 0 2 -1 27 -} 0
0 0 2 —1 27 -1 0
22 -1) 22*-1) 0 0 202 -2)
1 1 2~Ir~l 2v|r—| 2(22r - 1)
1 -1 _23r—l 23r—l 0
P=]1 1 0 0 -2
1 -1 2 - 0
1 1 _22r _2‘Jr 2(221- - 1)




1 92r (22r _ l)(22r--l + l) Qir-1 o2r-1
1 =2 (27 —1)(2¥ P +1) -2t gv-d
Q=11 =2 0 2r -1
I 2 0 =2r -1
1 0 _22r—l -1 0 22r—l
Then we obtain
0 1 0 0 0
2 0 e 00
= 0 27— 0 2'r -1 0
0 0 F= 0 o
0 0 0 1 0
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1 Introduction

We study the Grothendieck (character) ring of the Drinfel’d double of a finite group G
over the complex field C. Witherspoon studied the representation ring of the Drinfel’d
double of a group algebra in positive characteristic [Wi96]. In particular, she gave a
decomposition of the representation ring as a direct suin of ideals involving Green rings
of subgroups by using Thévenaz's twin functor construction for Green functors [Th88].
Dress introduced the construction of a Mackey functor M from a Mackey functor M by
simply setting Mr(X) := M(X xT) for all finite G-sets X when I'is a finite G-set [Dr73].
We call this construction for Mackey functors the Dress construction. Bouc introduced
the Dress construction for a Green functor ([Bo03a] Theorem 5.1): If A is a Green functor
for G over a commutative ring O, and I’ is a crossed G-monoid, then the Mackey functor
Ar obtained by the Dress construction has a natural structure of a Green functor, and
its evaluation Ap(G) is an O-algebra. Bouc’s construction involves as special cases the
construction of the crossed Burnside ring obtained from the Burnside ring Green functor,
the Hochschild cohomology ring of G obtained from the group cohomology Green functor,
and the Grothendieck ring of the Drinfel’d double of G obtained from the Grothendieck
ring Green functor for a group algebra. We also point out that Bouc's construction is
discussed in [Wi04]. In this paper, we obtain an induction theorem for the Drinfel'd
double for G by using a [ormula for the primitive idempotents of the crossed Burnside
ring [OYO01], Bouc’s construction, and some properties of Witherspoon’s Green functor
R(Dg(#)). The theorem inplies Artin’s induction theorem for a group algebra over C.
This is a new proof of Artin induction theorem.

The paper is organized as follows: Section 2 recalls a summary of basic results on
crossed G-sets and the crossed Burnside ring. Section 3 describes the relationship between
the crossed Burnside ring Green functor and the Grothendieck ring Green functor for the
Drinfel’d double. Section 4 exposes a kind of induction theorem for C-representations
of the Drinfel’d double of G. We shall note that the result is not exactly an induction
theorem for the C-representation of the Drinfel’d double of G, because the evaluation
Re(Dg(H)) of the Green fuuctor Re(Dg(*)) at a subgroup H of G is not isomorphic to
the C-representation ring Re(D(H)) of the Drinfel’d double of H.

We refer the reader to [Bo97], [Bo00], [TW95] or [We00] for standard definitions and
results regarding Burnside rings and Green functors, and to [Bo03a], [Bo03b], [OY01],
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and [OY04] for basic results about crossed G-sets and crossed Burnside rings.

2 Crossed G-sets

(2.1) Notation. Let G be a finite group. If H is a subgroup of G, and g € G, the
conjugate subgroup gHg~! of G is denoted by ¢ H. The normalizer of H in G is denoted
by Ng(H). The centralizer of H (resp. g € G) in G is denoted by Cg(H) (resp. Cg(g)).
A set of representatives in G of G/H is denoted by [G/H]. If X is a G-set, the stabilizer
in G of element z of X is denoted by G,. If X and Y are G-sets, the intersection G: NG,
of stabilizers in G of element (z,y) of X x Y is denoted by G;,. The set of orbits of H
on X is denoted by H\X, and [H\X] denotes a set of representatives in X of H\X.

(2.2) Crossed Burnside rings. Let G be a finite group. In [Bo03a], Bouc defined a
crossed G-monoid as follows. A crossed G-monoid (I, ) is a pair consisting of a finite
monoid [" with a Jeft action of G by monoid automorphisms (denoted by (g,v) — g7
or (g,7) — 9v, for ¢ € G and ¥ € T), and a map of G-monoids ¢ from I' to the G-set
G* with G-action defined by conjugation (i.e. a map ¢ which is both a map of monoids
and a map of G-sets). In this paper, since we use only the trivial crossed G-monoid
(T, ) = (G% idge), we denote by T’ or G a crossed G-monoid. A crossed G-set (X, a)
over a crossed G-monoid I, is a pair consisting of a finite G-set X, together with a map
a of G-sets from X to . A morphism of crossed G-sets from (X, a) to (Y, 8) is a G-map
f from X to Y such that S o f = a. Crossed G-sets over " and crossed G-maps make a
category G-xset/I'. The tensor product of crossed G-sets (X, a) and (Y, 3) is defined by
(X x Y,a.83), where X x Y is the direct product of X and Y, with diagonal G-action,
and a.f is the map from X x Y to G¢ defined by o.8(z,y) = a(z)f(y). We denote by
XSG, T) the Grothendieck ring of the category G-xset/I" with respect to disjoint union
and tensor product. We call it the crossed Burnside ring. The crossed Burnside ring G-
xset/1° over the crossed 1°-monoid is the ordinary Burnside ring B(G). Since any crossed
G-set is a disjoint union of ransilive crossed G-sets (see 2.12 of [OY01]), G-xset/T has
the following free Z-basis as an abelian group:

{(G/D),| D € [G\ §(G)], s € [G\ Cr(D)}-

H [ is a normal subgroup of G or an abelian group, then a formula for the primitive
idempotents of KXQ(G, ) over a splitting field K of characteristic 0 has been given by
Oda and Yoshida (see Lemma (5.5) of [OYO01]).

(2.3) Theorem. [OY01] Let K be a field of characteristic O which is a splitting field for
all subgroups of G.
(1) For H € G and an irreducible K-character 8 of Cr(H). we put

0(1)

eiro = WZ Y (DIs(D, H)8(s™)(G/D)s,

DL seCr(H)

where § is the sum of all distinct Ng(H )-conjugales of 8. Then
{eno| H € |G\ S(G)], 8 € [Na(H) \ Irrx (Cr(H))]}



is a sel of orthogonal idempolents of the crossed Burnside ring KXQ(G,I') over K such
that
(G/Ghs = Ixxaery = ) _ np.
HO
Moreover, the idempotents ey are all primitive and conversely any primitive idempotent
of KXQUG,T) has this form.

A formula for the primitive idempotents of OXQ(G, G%) over a p-local ring O has
been given by Bouc [Bo03b).

3 Bouc’s constructions of Green functors

(3.1) Burnside Green functors. We recall the crossed Burnside ring Green functor
XQ(*,G°) in terms of subgroups of G (see 4.1 of [OY04]). Let S(H) be the family of all
subgroups of H < G and Cg(D) the centralizer of D < H. Then the assignment

H(< G) — X(H,G°) = {(H/D),| D € [H\ S(H)]s € [H\ Ce(D)))z
gives a Green functor for G over Z equipped with

indd : XQ(L,G°) — XQH,G°) : (L/D),— (H/D),,
resf : XQ(H,G°) — XQ(L,G°) : (H/D);— ) (L/LN®D),,

9C|L\H/D)
cony, : XQUH,G°) — XQOH,G°) : (H/D)y— (SH/9D);s,,

where D < L € H € G and g € G. In order to note the Green functor structure of
XQ(x,G*), we shall discuss briefly an equivalence between the category G-setl(c/nxc-)
of finite G-sets over the G-set G/H x G° (see 2.4 of [Bo97]) and the category H-set|g of
finite H-sets over the H-set G with the H-action defined by conjugation. Let 2 be the
Burnside Green functor for G over Z in terms of G-sets. By Proposition 2.4.2 of [Bo97],
Q6:(G/H) = Q((G/H) x G*) is isomorphic to the Grothendieck group of G-set|(c/nxcr),
with relations given by decomposition into disjoint union. It is casy to see that the G-sets

K,s]: G/K - G/H x G°: gK — (gH,?%s)

over G/H x G¢, for K € [H\S(H 1 and s € [H\Cg(K)], form a basis of Q(G/H x G°)
over Z. We denote by (G/K,|K,s|) an element of the basis of X(G/H x G¢). Theorem
5.1 of [Bo03a] shows that Q- is a Green functor. If (G/K,[K,s]) and (G/L,[L, ]) are
elements of the basis of Q(G/H x G¢), then we have the following commutative diagram

Kol o/l x G7) x (G/H x G°)

Ll G/anL CemRnry, X(2fznexnsL.2) G/K x G/L
T€K\H/L

lu.{Kn'L,a-'tl P.B. !

gy xidge id

G/H x G G/H x G/H x G,

where the map f from G/H x G°xG/H x G* to G/H x G/H x G° maps (zK,11,yL,¥2)
to (zK,yL,v172) (see section 5 of [Bo03a]). The left square is a pullback square. Theorem

G/H x G/H x G*




5.1 of [Bo03a] shows that the product of (G/K,[K,s]) and (G/L,[L,!]) on G/H x G°)
is given by

(G/K,[K,s])- (G/L,[L,A) = > (G/KN*L,[KN"L,s-1)). (3.1.1)
xe{K\H/L]

We have a functor F mapping G-set|G/nxqr) to H-set|q- defined for a transitive G-set
[K,s]: G/K — G/H x G° over G/H x G by

F:(G/K,[K,s|) — (K,s): [K,s] "({H} x G°) -» G*

as in Lemma 2.4.1 of [Bo97]. We also denote by [K, s] the H-map H/K — G¢ defined by
gK — 9s. 1t is clear that the H-sets

[K,s]: H/IK — G°: gK — 9s

over the H-set G, for K € [H\S(H)] and s € [H\Cg(K)), form a basis of §;(G®) over
Z, where (Zlﬁ is a Green functor for # given by the restricion to H of G. We denote
by (H/K,[K,s]) this element of the basis of 2]$(G¢). It is easy to see that F gives an
equivalence of categories from G-set] ¢ mxce) to H-set|- for any subgroup H of G. The
inverse equivalence is given by the induction functor from H-set|g to G-setl(g/uxce).
The images of (3.1.1) under F are

(H/K,[K,s]) - (H/L,[L,{]) = Z (H/IKN*L,|[KN*L,s-%t)).
r€[K\H/L|

in H-set]g-. The Grothendieck group of H-set|¢- is isomorphic to XQ(H, G%). We can
define a product
(H/K),-(H/L)y= Y (H/KN"L),x
c€[K\H/L]

for any two elements (H/K), and (H/L), of the basis of XQ(H,G). It is clear that the
element (H/H),, for the identity clement 1 of G is the identity element of XQ(H, G°).
This gives a unitary ring structure to XQ(H, G) for a subgroup f of G.

(3.2) Witherspoon’s Green functor. Witherspoon introduced a Green functor Re(Dg(*))
for G over Z (see [Wi96] Section 5). For cach subgroup H of G, there is a subalgebra

Dg(H)= ) Cg¢h

yeG . heH

of the Drinfel'd (quantum) double D(G) of CG [Dr8G), where ¢, is an element of the
basis {¢g}sec of the dual space (CG)* = Home(CG,C). Note that Dg(G) = D(G) and
R(D(G)) is the representation ring of D(G) or equivalently the Grothendieck ring of Hopf
bimodules for the Hopl algebra CG ([R095], [Bo03a)], [OY04]). Let Rc(Dg(H)) be the
Grothendieck (representation) ring of Dg(H) for subgroup H of G. Then the assignment

H — Rc(Dg(H))
where H < G gives a Green functor for G over Z with aperations given by

Dresf  : Re(Do(H)) — Re(Dg(L)) : U — U lpgu
Dind/ : Re(De(L)) — Re(De(H)) : V +— Dg(H)®pewy V.
Deonjy, : Re(De(H)) — Re(Da(*HYY : U 9 = gDg(H) ®pe(my U,



where U |pg(ry is a Dg(L)-module by restriction of the action from Dg(H) to Dg(L),
L €< H € G and g € G. We use the equivalence of the category of H-vector bundles on
G© with the category of Dg(H)-modules (see [Wi96] Section 2).

(3.3) A morphism of Green functors. Let  be the Burnside ring Green functor for
G over Z (see [Bo97] 2.4.2):

e If X is a finite G-set, then (X is the Grothendieck ring of the category of finite
G-sets over X, where the relations are given by decomposition into disjoint union
and product of G-sets.

e If X — X'is a G-map, then Q.(.]") $ QX)) — Q(X') is defined by Q,(N)((Y,¢)) =
(Y, f¢) for any G-set (Y,¢) =Y :» X over X.
o If X' — X is a G-map, then Q°(f) : Q(X) — Q(X') is defined by Q*(f)((Y,9)) =

(Y, ¢'), where (Y',¢') is the pull-back of (Y,¢) along f, obtained by filling the
cartesian square

Y’ Y
¢ ¢
b ¢ X.
S

Suppose that Rc is the C-representation (character ring) Green functor for G over
Z, defined on subgroups of G. Then setting Rc(G/H) = Rc(H) leads by linearity to a
definition of G-equivariant C-vector bundles Rc(X) on a G-set X (see [Wi96] Section 2)
by using Remark 2.3 of [Bo03a]:

e I[ X is a finite G-set, then R¢(X) is the Grothendieck ring of the category of G-
equivariant C-vector bundles on the G-set X, for rclations given by decomposition
into direct sum of vector bundles, the ring structure being induced by the tensor
product of vector bundles: one can set

G
Re(X) = (EB Rc(Gx))
xc X

where the exponent denotes fixed points under the natural action of G on ®,¢x Rc(G:)
by permutation of the components, and G; is the stabilizer of = in G.

o If f: X — X' is a G-map, then Re.(f) : Re(X) — Rc(X') is defined by

Re.(Nw)y= Y  t&(w),

TE[GN\f ()]

where tg"j is the induction map from Rc(G;) to R¢e(G,), v € Re(X), and y € X',



o If f: X' — X is a G-map, then R¢"(f) : Rc(X) — Re(X’) is defined by
Rc"(f)w)z =133, (0pia),

where TG}, is the restriction map from Re(Gz) to Re(Gyn), v € Re(X), and
re X'

s The product of the elements a € Re(X) and b € Re(Y') is defined by
(@xb)ay =18 (8:) 7", (by)-
If X is a finite G-sct, denote the natural morphism
6:Q— Re
of Green functors defined by the maps 8(X) : X)) — Rc(X) by
(Yi9) =(¢:Y — X) — {Clp™"(2)]}zex,
where Clp~(z)] is the permutation module associated 1o the G,-set ¢ '(z).

The following theorem is essential in the proof of Theorem 4.1 of this paper.

(3.4) Theorem (Bouc [Bo03a] 5.1). Let A bc a Green functor for G over a commutative
ring O, I' a crossed G-monoid, and €4 an clement of A(e) such that for any G-sel X and
Jor any a € A(X)

Aupx)(a x €4) = a = A(gx)(ea x a)

denoling by py (resp. q.) the bijective projection from X x e (resp. from e x X ) to X (see

1.2.1 of [Bo03a}). Then the functor Ar is a Green funclor for G over O, with unit €a4,.,

where €4, is the element A.( II )(EA) of A(T') = Ar(e). Moreover the correspondence
(2]

A — Ar is an endo-functor of the category of Green functors for G over O.

(3.5) Lemma, Let Q be the Burnside ring Green functor and G° the crossed G-monoid.
Then there is an isomorphism of Green funclors

XQx, G%) = Q.

PROOF: Let H be a subgroup of G. We sct Qg-(H) = Q¢-(G/H)(= Q((G/H) x G%)). By
Bouc’s Theorem (3.4}, we have

G
Q((G/H)xG°)=( P Q(Gﬂ,,_g)) = e QGhy),

(aH.g)eG/H xG® {(H.g)ElG\(G/HxG))

where Gantg = Gan NGy =°*H N Cg(g) = Can(g). The map

G
f,,:XQ(H,Gc)_,( P n(G,,H,g))

(aH,9)eG/HxG*



is defined for (H/K), € XQH, G*®) by

(H/K), — (K, s]—l(aH’g))(aﬂ,g)GG/Hx(F '

where the map (K, 3] : G/K — G/H x G¢ is the G-map defined by zK +— (zH,%s). It is
well known that the natural projection p¥ : G/L — G/H gives the induction Qge.(p}f)
and the restriction Q¢-*(p}’). Moreover,

Yety :G/H = GJ*H : gz "*H = gHxz™!

gives the conjugation Qge,(7-4)- It is clear that the collection of homomorphisms of
Z-modules fy : XQ(H,G°) — Qg-(H) makes a morphism f from the Mackey functor
XQ(*,G°) to the Mackey functor Q¢ge, which commutes with restriction, induction and
conjugation. Since fy is the inverse of the homomorphism from Qg¢-(H) to XU H, G¢) ob-
tained by the functor F of (3.1) and we defined the Green functor structure on XQ(x, G%)

using Green functor structure on Qge, fy is an isomorphism of rings for H.
Finally we have to check that the morphism fy preserves the identity element. Recall
from Theorem 5.1 of [Bo03a] that the identity element eq . of the Green functor Q- is

the element Q.( )(en) of Q(G°) = Qg-(e). The identity element £q of the Burnside

I
1 ¥e]
Green functor {1 is the identity element e of the Burnside ring 2(G), so Q.( 1I )(sn) is
G

the composition ®« — e — G° : the identity element of the crossed Burnside ring Q(G°)
(see 3.1 of [OYO01] or 2.1 of [Ba03a]). Moreover, the identity element (cq,.)o/u of the

ring Qg-(G/ H) is obtained by the formula (see 2.3 of [Bo97)) (eas.)e/ir = Q& (7§ )(Eqge )
where 7§} is the natural projection G/H — G /G = e. The pull-back diagram

G/H ————

c -
G/H x e T X0y e
shows that (eqg.)g/y is the G-set [H,1g] : G/H — G/H x G° over G/H x G*. By the
definition of fy,

Su((H/H)) = ([H, 16) '(aH, a))(uH.u)GG/HxG‘ :

We have that [H, 1G] '(aH,a) is the coset aH for o = 1g and the empty set ¢ for all
other elements, so fy preserves the identity clement, and this completes the proof of the
lemna. o

We will denote by C[X] the C-permutation module associated to a set X. The endo-
functor of the category of Green functors of Theorem (3.4) applied to the morphism @
from 2 to Rc leads to the following lemma.

(3.6) Lemma. Let 6 : Q@ — Rc be the natural morphism from the Burnside Green functor

to the Grothendieck ring Green funclor. Then the morphism 0g- : Qg — Rege given by
the Bouc’s construction is a morphism of Green functors.



(3.7) Lemma. There is a morphism
Oce : X%, G°) = Re(Dg(#))

of Green functors.

PROOF: Lemma (3.6) shows that there is a morphism 8- of Green functors from (e to
Rege, whose evaluation at the transitive G-set G/H is the map

(occ)G/H = HG/HXG‘ : Qcc(G/H) = Q(G/H X Gr) d RC(G/H X Gr) = Rccr(G/H)
defined for the transitive G-set [K,s]: G/K — G/H x G° over G/H x G° by

( H [K,s]'l(aH,a)) H( @ C[[I(,s]"(aH,a)]) .
agG" aCGe

aHeG/H aHeGI
The maps fy of the proof of Lemma (3.5) and 0g;nxg- induce maps

Oc/nxce

x(H, ¢y 2 Qe (G/H) Rea(G/H)

for a subgroup H of G. The compositions 0¢/xx¢e© fr form a morphism of Green functors
from XQ(»,G°) to Reg(*). The isomorphism (see Remark 2.3 of [Bo03a])

«
Rcg<(G/H) = ( & Rc(c..u.,.))

(aH.a)€G/H x e

— @ Rc(Gp.a) = @ Rc(Cu(a))

(H,a)elC\(G/H xG*)| (11a)e{GN(G/Hx G}

defined by

Watta)whmpec/pxc = (U H.a)(H,a)€[G\(G/HXGo)]
and Theorem 2.4 of [Wi96] induce an isomorphism of Green functors Rege = R(Dg(*)),
and complete the proof of the lemma. O

Let (H/L)g4 be an element of the basis of X Q(H, G). Then the previous lemma shows
that 8¢ ((H/L),) is an H-vector bundle on G°. We denote by [H/ L], this H-vector bundle.
Lemma (3.5) shows the following lemma.

(3.8) Lemma. The H-veclor bundle |[H/ L], is the CCy(*g)-module C[[*L,*g]~'(*g)] in
the *g-component, for z € [H/Cy(g)], and 0 in all other components.

We recall the maps Incly : Re(J) = Re(Dg(J)), where J is a subgroup of G and
h € Cg(J), introduced in Section 2 of [Wig6]: Given a CJ-module V, Incl;n(V) is the
Dg(J)-module which is V' in the h-component and 0 elsewhere.



(3.9) Lemnma. Let 8- be the ring homomorphism 0(g/c)xgefrom the crossed Burnside
ring XQUG, G°) to the Grothendieck ring Re(Dg(G)) given by the previous lemma. Then
the D(G)-module corresponding fo the G-vector bundle 8- ((G/L),) is the induced module

D(G) ®pg(y Incly, ,(C[L/L]).

PROOF: By the previous lemma, the ring homomorphism fgc assigns to a transitive

crossed G-set {G/ L), the G-vector bundle [G/ L], which is C[[*L,*g) ! (*g)] = C[Cs(®9)/* L]
as CCg(*g)-modules in the *g-component for 2 € [G/Cg(g)] and 0 in all other compo-
nents. Section 2 of [Wig6] shows that the CD¢(G)-module corresponding to the G-vector
bundle [G/L), is the induced module

D{G) ®pq(Caly)) Incle(g),o(CICe(g)/ L))
Since L < Cg(g) and g € C5(Cg(g)), we have
Inclee gy, © 0% = DindT® o Incly,,

by Lemma 5.4 of [Wi96]. Finally, we see that

Dg(G) ®pgay Inclyo(ClJ/L]) = D(G) ®pgs Incly, o Ind(C[L/ L))
~  D(G) ®pg(s) Dind] o Incly ,(C[L/ L))
& D(G) ®g(s) Da(J) ®pgry Incly o(C[L/L))
= D(G) ®pa) Inclyo(C[L/ L)),
where J = Cg{g). ]

(3.10) Sub-Green functors. There is a sub-Green functor X (*, G); which assigns to
each subgroup H of G the subring XQ(H, G%), of X} H, G°) generated by the elements
(H/L)\. There is also a sub-Green functor R¢(Dg(*),) which assigns to each subgroup H
of G the subring Rc(Dg(H)1) of Re(De(H)) generated by Incly, i (V)'s, where Incly,
is a functor embedding the category of CH-modules as a full subcategory of the category
of Dg(H)-modules (see, [Wi96] Section 1) and V is a CH-module. It is easy to see that
XQ(H,G®), is isomorphic to the Burnside ring Q(H) and Re(De(H)y) is isomorphic to
the ordinary character ring R¢(H). The homomorphism 8ge | xq(#,6¢), is the natural ring
homomorphism [rom Q(H) to Rc(H).

(3.11) Characters. Witherspoon pointed out the character of a CD{G)-module in
[Wi96], that appeared in [Lu87). For g € G and an irreducible character p of Cg(g),
a character x,,, of a CD(G)-module U = {U), }iec- is given by the formula

1
Xgo(U) = — Z Tr(g, Un)p(h).
degp heCalg)

The characters of the crossed Burnside ring have been considered by Oda and Yoshida
([OYO01], Section 5). For a subgroup H of G and an irreducible character & of Cg(H), the
linear map wy e of XQG, G°) to C is the composite of Burnside homomorphism g and
a central character &y : given a crossed G-set X over G¢, H < G, and an irreducible
character p of the group algebra CC(H), wi (X)) = @u 0 pu(X).

For each A € G° the h-component ol the crossed G-sel (X, a) is defined by
X[H = {z € Xla(z) = h}.



(3.12) Lemma. Let g be an element of G, p an irreducible character of CCs(g), and
bc- the homomorphism from XSG, G*) to Rc(D(G)). Then xq,06- = wig.p, where {g)
is the cyclic subgroup generaled by g.

PROOF: Let (G/L), be a transitive crossed G-sei over G¢. Then 3.11 shows that

(*s)
w(ﬂ)vp((G/L),) = V4
:Lc(cz/:l,)(.n Allc)
= Z |G/ L[h)® - M
heCe((@) pllc)
= < 1, Z fi{xL € (G/L)(g)lrs = h}p(h)
il heCalg)
1
- degp hcgc;:(g) Tr(g, (IG/LL.)w)(h)
= Xgol([G/L]s)
= Xg.0(0c-((G/L)s)).

4 Induction theorems

The proof of the following theorem is similar to the proof of Theorem 3.5.2 in [Bo00).

(4.1) Theorem. Let G be a finite group. Then

CRc(D(G)) = Z Dind§CRe(De(H)),
{icC(G)

where C(G) is the family of cyclic subgroups of G. In other words, any complex character
of D(G) is a tinear combinalion wilh rational coefficients of characiers induced from cyclic
groups of G.

PRrooOF: It suffices to show that the left hand side is contained in the right hand side.
There is a natural homomorphism . from the crossed Burnside ring XQ(G, G°) to the
Grothendieck ring Rc(D(G)) by Lemma 3.8. This extends to a homomorphism of C-
algebra from CXQ(G, G°) to CRe(D(G)).

Let H be a subgroup of G and s an clement of G. Let ey, be the primitive idem-
potent corresponding to a C-irreducible character ¥ of Co(H) (see Theorem 2.3). Since
a character wiy,, of CXQ(G,G) is the composite of a central character &y, and a
Burnside homomorphism ¢, (see 3.11), wis) o(en,,) = 0 if H is not conjugate in G to
the cyclic subgroup {s) generated by s. Lemma 3.12 implies that x,,(6g<(ey,s)) = 0,
and it follows that Oge(en) in Cle(D(G)) is zero unless H is cyclic. If H is cyclic, by
Lemma 3.9, fg<(en.y) is a linear combination with coefficients of induced CD{G)-modules
D(G) ®pe(y Incly, s(C[L/L}), for a subgroup L of the cyclic group H. Let

G/Che= Y > ey

HEI\S(G)] NI (CatHY)]



be the decomposition of the unit element of CX$(G, G°). Then Lemma 3.8 shows that
8c-((G/G)\;) is the unit of CRe(D(G)) and 8¢((G/G),,;) is a linear combination with
C-coceflicients of such induced modules D(G) ®p.(ry Incly o(C[L/L]), which are induced
from cyclic subgroups L of G. Then if U is any D(G)-module

U ® Incly o(CIL/L]) 17692 (U Ly @lncly, (C[L/L)) 1764
by Lemma 5.2 of [Wi96]. Therefore, the theorem follows by the unitarity of ¢.. O
The previous theorem and (3.10) show the following corollary.

(4.2) Corollary (Artin). Let G be a finile group. Then

QRc(G) = ) IndQRc(H).

HeC(C)
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FRERERARS. ZH TR ETHEOTRERAEL VT L2 RS, WEiCRERESS
HEIH LEERY 57 (diameter graph) ZEEBL, ZX7T Z XTI B AERT 570
FETI 21T . HITSRODIFRIRE, FC locally distance set iZ DWW T3,

2 IPHtES

R? O k-ERBHEEGOFIREMN EDNENRY V FENB LR BHCHERTES. CCT
ZDRAKME go(k) £33, BAMD ERE UTXKOEENANSNTNS.



k|t 234 5 6
@k |3 5 7 9 12 1307

THLD -ERRSORARAE

d |1 23 4 5 6 7 8
9(2)(3 5 6 10 16 27 29 45

R? EO) 2-EERHR A DRATRRE

Theorem 1. (KM -YRIN-Stanton [8], Blokhuis (4], 1983)

MMSG;ﬁ.

galk) KO T, i) =k + 1, ga(1) =d + 1 EIx2TWB I LRARICHEIDENS.
DED d=1F k=1 DLERZ DRIV ROEEZERTHAKEZH> TS,

d=2DLEELS5IEHL, e k=20t % d<8IKHLBAENRDENA TV S.
@S TVWARAMEZ LOXRICHT. ) FBICOVTRFNFN L5, d<TIRNUE
EhTw3. (12, [5), 9], [12), 113], [15], [16)

d = 2 Dk ¥ Erdés-Fishburn [9] L ROFHE LT 3.

Conjecture 1. (Erdds-Fishburn)

9:(6) =13 £ixB, e k>3 Ld3L, La={a(1,0) +b(1/2,v3/2) : a,b € Z} DI
THRET go(k) RDDES k-HEREVTFETS. FC k> T LT3 L, gao(k) RS %
% k-BEERAE Ly OMERICRONS.

TDEICd<2E B E<2DLEEVSODASNATVHRERLBHED, d > 3
Mok > 3 OFRE, BhDOT—2R g3(3) THERDBENTVHEVRETHHT. TDLE
Einhorn-Schoenberg [7] {&RD & 5 & FH%E L TWik.

Conjecture 2. (Einhorn-Schoenberg, 1966)
TORFEA—S2 )y FEM LD 12 fih 63 3-FEgHRAR, TR 12 g
n3. FC ga(3) = 12.

TOFHECH URDE S BMANERHERIEON TV



Theorem 2. (&R [17))

(i) EXRTA—2 Uy REN LD 14 miHox3 -BRESEHFELEV. FiC 12 <
93(3) < 13.

(ii) BRili S Lo 12 fAd 545 3-TEEHMREIE, [E-HmED 12 RUCHL N B.

AEEH TR |17) DA EZREB L, Einhorn-Schoenberg O F% (HEMIC) AT T
LRBELTB.

35 mbhohkd 2 EMESHESE 3-IERES

Einhorn-Schoenberg [7] t& R® £ 5 v 6713 2-FEEESEITL TV 3. TDLS
LD, ELAKO 5 R R Z28DT 271 lH 5. (Fii LoD 5 K 2-HBMAE R ISR
5h3) COETI 5 bS5 2-HREaEZSD 12 | -HEBIEFICOVWTEX 5.
RS KOREIC DN TN T 3.

Proposition 1. ZXt1—7 Yy FEM LD 12 fH 55453 3-HEHIRET, 5 ibbik
% 2-FEHHE SR ZVLOR, EZ ko 12 RICBLN 3.

COMBRELDAIDICIR, 27T MDD 5 M -BBBE Y ThThCHLT,Y 288
&S5 12 A 3- BHEETHHE S HELBNEX. Candi(Y) T Y U {P} H
2 3-HEMEATHEEIBRQ e R 2URDHEALTS. TOL ERDFENKD ID.

Lemmal. Y % R® kD5 g 553 2-FEATY £ R £95. TOLE Candi(Y)
DT R TORBHEAMET, FC |Candi(Y)| < +00.

Proof. P € Candi(Y)ICXUL, Old(P) = {Q € Y|PQ € A(Y)}, New(P) = {Q e Y|PQ ¢
A(Y)}, £z Type(P) = |New(P)| LD B. Type(P) CE>TRDISWKIBEDILT
HER5.
() Type(P) <2 DL ¥ {Q,,Q,,Qs} COld(P) £ T 5. TDLE PQ; e A(Y) &b, T
DES5ix PEH4L2-2 Rid5.
(i) Type(P) = 3,4 DL % {Q,,Q2,Q3} C New(P), @ € Old(P) £ ¥%. ¥l- L % =
AIE Q1Q:Qs DHEHDHLEZIND, =R Q1,Q2, Qs K& > TEXSVHECHEITT 5K
ITEMETE. TOLEPIL LIKHY PQ € AYY) EE>TWADT, EDL S5 i
PlIEAR 4535,
(iii) Type(P) = 5 D& ¥ Y BREI—Fili LICK\WDT Pk Y OFTXTOAZH S RO
DI NE RS, - TZDES% PREL 1 BH5.

Bl &Y, |Candi(Y)| < (5) - 164 (5)- (B) -4+ 1.

E£12 Candi(Y) DI XRTOREHRTALNTEET LS. O



RBIC Candi(Y) DRZHABEDOETEDL S5 12 A1 3-HBIRANTEIH 2L
HHUE, TOXS57 12 5 3-ERESRIE itk 12 )Ricka T hbdr s, i
Y- Ry DEEL LDBBICHETEBZT LHREDZIDT, LOMGENKRDLOT LA
Mboh3.

TOMBICE D FROMEDIHITIE, 12 mah 53 3 BEIREN 5 A b3 25
HHAEZBATHWAT LEZRBESINT OIS,

RMTT DI LAY

4 BRIST

HEVS7R2EBTIMC TS 7T ARENEER2HYTS. T TIREMTS
TDHEEES. C,, P CENFN 0 RADSEBYA TN, 13AETS. 57 G DR
ve V(G) KR, I(v) = {w e V(G) : d(v,w) = i} LEHB. TTTdvw)@viw
OERZHT. FHICi=10DLE (v) LEBL, |[P(v)] 2R v DRBEW deg(v) T
#Y. R o,we V(G PBELTWALE v~w &Y. HC V(G) DEBDOZRID
BELTWEWEE H 2 G OBIEEEVS. G KB AN UBEOTHABORAME
% o(G) THL, G OMIIHLNS.

RiIC X c REICHL, BERLERSSI7R2ERBTS. X C R? (|X] < o0) ML,
D(X)=max A(X) &L X DHBELEER. X DERET T 7 G = DG(X) ZIHRMEEER
X BEEL, M P, Q HOBEEN X DEBLEZ-TVRLE P,Q BEAKETST,D
EFHVG) =X, PQeXIKNL, PQ=D(X)DLE P~QELIISTLTS.

Example. R, ={ E n IEDRR } £ T%. TOLE,
DG(Rm41) = Comiry,  DG(Rom) =m - P

Remark 1. X # k-FEEHALTS. DG(X) OBMUBE Y KKHL, BEMT A(Y) C
A(X), FIZ D(X) ¢ A(YY) LE>TWVWBDT, Y F4 (k- 1)-BEREGLES.

Y EOBEPES S TN LTI, ROGESKY 7.

Proposition 2. X CR? i L G = DG(X) LT B L %,

(i) G RUEBH A IV Cp ZEERLY;

(i) G WA A TV Cyyy BB L E, V(G)\ V(Cakyr) DILRD ZRUIEEL TV
V.

R, G Mg —~D20Y A 7).



EOMESL Y, Yl LORTES ST ORIERRDE S IFHEST B LNTES.

Corollary 1. X C R? (IX| = n)itL G = DG(X) £F5. a(C) > 2] &%, HiC
G#C, DEE, aG) > [3] L5,

ZHTTDIEE, ROFEHRFNSNTNS.

Theorem 3. (Dol'nikov [6/)
X % R LOFERSMEAL L, TOERTS 7% G L35, G HREB DO
YAONVC,C ZEBLE, C & O IHEDOHERERED. 2D V(G)NV(C) £ 0.

COMEUK O PSIMNROBDRD D,

Corollary 2. X CR?, [X| > 12EHL, G=DG(X) &£&T5. G B Cy BFBLTS.
CDLEC-C Q8IS 7Wchs. %I a(G) > 5.

Remark 2. LOFREY, HBET/I7L LT 3 VA2V EBSEEVLOREZEINELV
bbb, (17 TE LOFR%E Dol'nikov LIFMIIC/RLI. CORICK DT LY
R3,5) =14 ZAVHE, X CR (| X]|>14) &L DG(X) M 3-H A I N EEEHWE
BIEDVTY a(DG(X)) 25 DRIIT B, THT LIZEKD Theorem 2 HREB T &icik
%. Dol’'nikov DFHI D, HIC ZXKTHBARIBSORES 7 EHEL S 20D 5-
LI NVRFTEROIERZHVS LROGENTE 5.

Proposition 3. X CR?, |X| =12 £ T3 L E, o(DG(X)) 25 &ix5.

Proof. G & |V(G)| = 12 L BB TS TT I YL IV EGERVETS. a(G) <5 DL
E,GCHHBEZ DD 5 YA IV BB LERBIEL.

Claim LDREDE & TRHED L.

() AEEDEM v I LT 3 < deg(v) < 4

(ii) deg(vo) = 4 £72% vy € V(G) DMFIET 5.
(Claim OFEAWE [17) BBEICLTTEV)

Claim & D deg(vw) — 4 L5 vy € V(G) BMFIET 3. w e [3(wo) €% w e V(GQ)
MFUETHETBE, T(w) U {w) & 5 EHhSEBMVIRAICEBZDT, INy(w) = 0. &o
T IFQ(U())I = 1. CCTW@;"Q’; 7 0)63‘?.4]7&#71% my+me+mzg+my = 7, m; €
{0,1,2,3} (my 2 mg > my 2> my) £TBE, (m,me, my,my) € {(3,3,1,0),(3,2,2,0).
(3,2,1,1),(2,2,2, 1)}.



E2T G R TFRDWTNLZMT T 7L LTET.

Case A (3,3,1,0) CaseB(3,2,2,0) CaseC(3,2,1,1) CaseD(2,2,2,1)

AN CINTEARTCAN

T T Case A DIADHRT.

l‘(‘vo) = {vl,vg,va,m], Fz(vo) = {v.-,,vs,...,v“} ¢T3 HRC {U5,’05,‘D7} C F(vl),
{l)s,vg,vm} C F(vz), {U“} C F(Us) b

{v2,v3,v5, vs, 7} RUNIBETRTVDT, v3 ~v; 555 j € {56,7} DFETS.
SoT—MERES TLEL vy~vy LLTEV. BBIC vy ~ v EREL TV, ¥/
{v2,v3,v4,v5,v6} RUNIIRAETRECDT oy ~vs ETES. RS vy ~vyo ERELT
KW, vy ORBUIEL A T2DT, vy % vg, vg % v £ LTEV.
(@) va = vy DEE, {v1,v,us, 09,0} BHMIBPETRAVDT, v9 ~ v EEOTH
5. &7‘:’. {’Uo,’U{,,’Uﬁ,U-;,Um} iimﬂﬂéﬁ’f’&b‘ﬁf, v~ Mo k&% i€ {6,7} b‘#ﬁﬂ-
5, Ol EILNELAZRK WV 220 5- 14 7)1 I TR VT S /7R B &
Ug~Ug~Ug~Ug~U~Us b‘#ﬂi?‘%
(b) va ~ vy DL E, {w,vs,v5,v7, 01} RIBUBETHNDT vg~ vy EHHOTWVD. ¥
f'c {00,05,‘07,03,1)“} liﬁlﬁﬂé%’('&b‘ﬂ)? Us ~ Ug. (:0)&’, %ﬁiﬁ]ﬁﬁ%ﬁfc?&b‘ 22
DS-HYAL TN~~~ vg~va~ty LV ~vr ~ U3 ~ Uy ~ Vg~V DEET S,
&5 T Case A D& EGEIELL.

fl1D> Case DIEAIC S FERBICRES. O

CDOMEBEX D RDRMIED D,

Corollary 3. ZXta—72") v FEi L0 12 i bias k-EERIAE, 5 A 6%3
(k-1) BRRAERT.

5 miE&lc
Effi mfiomEic X Hh SRIDFEER TH I ROFHM RS,

Theorem 4. ZXyci—7 U v FEMICEI 3 3-EEHEET 12 ]RM5453L0D1, E
“ D 12 RERARTHS. KIS, g2(3) = 12.



—BIC PRV FRROHBEEE BT AANMELVNEL &3, 11 A0 3-FEHEHEE
KDOWTIhETASNTVS LDIRXIE - HMEDEAD 1| BT REIEITHADT,
ARICRDBENEZ bh 3.

Problem 1. X521 —7 YU v RERICEHT 5 3-FBREAT 11 sibbks80i, [E
RO 12 5O IEA L EN B0 ?

T T CHBREDOR®RE IR L locally distance set ZRDK I ICERT 5.

Pe X cREICHL (A(P) =)Ax(P)={PQ: Qe X,P#Q} ¥ 5. X I locally
k-distance set TH 2 L, {LEDH P e X IKHUT|Ax(P)| Sk DL EZRVD. EHK
HEAS M, k-FEHEIR A2 5 locally k-distance set & 753 T &b s. BEESOFS
LEBIC R® £ locally k distance DIHEBN LSRR/ FENB T LRERICHE
T&%. TTTEDRKMEE g)(k) LT 5.

k = 2 DIFGITEO CONERMEL N TV S ((14)).

Theorem 5.
94(2) < max{g4(2), f(d)}
hel iy 8

f(d)= max {g:(2) + g5_;(2)}

1<i<d—1

TOFACKD, 2 HMBESOBEREAVI L, XDORBDOLSIC d < 8 I L TRKLE
WRES. TTTd=3 DEAERNTIE, 2- BHEADOITABOBKME g4(2) &—HL
TWATZ LIREFERLTHEL.

d |1 23 4 5 6 7 8
g2 |3 5 7 10 16 27 29 45

BiRENHTRENEE, RORDED LD,

Corollary 4. (*4?) AULERDK S RY (@ > 2) O locally 2-distance set i&, 2-EkE
IAICES. R g)(2) < (%),

Remark 3. —f® k IZXF L T locally k-distance set DA LA, FRESDES
ERRRIT gh(k) < (tY) THEABNBLBONBINSDL T ARHL TR,



-4, il L0 locally 3-distance set (&3 U T, 9(3) = 8 LD ZDEEH -EICEE
B LIS, Fishburn [11] X hiEMD LIS,

Problem 2. =Xt~ Y v FZERGICEHT S locally 3 distance set T 12 i b3 8
D, EZAAD 12 RERAYNTHZM?
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Galois Group on Elliptic Curves
and Flavor Symmetry

mERX (R2ERPE)

(RERE- B, 25k<F. R —K DI RWRICET)

1 FUBHIC

i, FNFORFCBITZ2R[BUOBELZR™EELT7 L —/N—%
FEEoA—2 - LT Mo OURBEOHIIN H D, BHEDKKTHHM
T MEZMRT LR 13, 73—, VTR B RRF
FRUIT—PHRTEEZSNTNVS, IS ORITFH0 D HA KR,
FRL rOENBEY. BB, SU@3) x SUQ)L x UQQ)y 7'— M Titid
IhaeahTWwad, ER 74— LT P EF=DRTFEOHIN
ERICAHL TR, BlEETOE ZAEBEMM S HEMNSERITEHOH
ETHBRE BLTHY, EERMIRIHIL TS, &I38 by
AR THMET52HEEROHEICOVWTIE. ERENITFIEIZER
f2irn.  FOHER. FI A -2 - LT ROOREH (TJL—/N—
OHME) LZOUBRARY MUIETEHDTHS. 74— -L7
FAZRENEN 2 IDOMICAZ->T3HH D, ZhE 3R ENIA,
NS F = VIR COBERIEBZaA—-MN) JETEDDE. 1 0Hf
UEDBENRH D, BENLZHEZLTWS,  F-. #HRBICITIRE
BENRETEYD, ZOREBRESICHENENY—-NHESNhE, &
N OHABEDOFRIZIE. FHRSHBNFERHZELELZ SN S,

—H. NOK—HEigEHEL-ERBEMNOMEEE XL E. boson
& fermion OXFETH BB OHEAIRD SN D, &5 H
MEMEZEATZE, 20EETIE. BTAMORBER S BINSIREF
BT B2HMEEMAZENTLES. IIhEMERTIICE. RXUT1 &
MiIh3 Z, FfE2SERE LB 24688 H 5. s OB
HEEFELH T, 7Lb—N—xfHFEE VWS, BRIEFELATEIO7L—
N—XFE 2T 57D ORISR BIIARZ AV HEhTHW,
SHETIZ. 7Vb—N—XHEICL TEZ ORABNH BN TNoIE
TL—N—xEE L THH AR 2RTHICEA L. ERPFHEITIOL



HRETPHETEANEINZANICERTWIERICEEH> TS,
F T BT LU —N—MHEOMRHO BRI =B EROKAR
BRI SRDDIE L WY T O—F 2 8RT 5,

BYBRL. B TRLENE—BRTHS, COERTH. B
221 0KTT. ZOND4KRTRRLOMBIEETHS, BB 6K
ML, 7527 YA X (10-Bem) BEOI LY MEM (RKTE
) EEASND, MEEHSSUNNBED T E—GHERN
BHAHEROEOBEHN S, T ORKTEMIZ T - vIBHRED
orbifold THAHEEZLZLNSD. TORKICEBOEMFR RO S—
A T L— N— SRR S 7 G T ¥ — AT B B O M1 3 < KB
THREEZDDIBEHATHA S,

PR A VEACP S ¢t ic J) =

1 98 7H:14Z Gepner IJB%ER & 2 Xt OAHILIEEMG & OB,
X, ASE - PUSKRGBOERMELOBGELHEB[ L. =512 F
BSGOESMRIIA RS S BE2lRICH D, HEHB. AHLESE
BRICH T AANANIH DR ZE SR, TOaBIBAEGHIZE - T
EELRBAEOBBOREAMERS., WHT. ATE - YUSHKD
BAIZIIARRREECHTIERERANTRRE I ENTES,

MW ZEBITB O T, 7HEHERIE D-brane ( boundary
state , Cardy state ) ZHRICHW<, D D-brane 3. FHILHIEER
IR DA 2 A TE - YOSRK LD BRI E UTE
H[Tsd., FIT. MEZEREMELT. R&1T2 D0 D-brane DEET
6'5‘:%']75* A]q X E,\ T&ét L. ]\’[4 X EA L@ﬁ%ﬂﬂﬁ%%iéo 1‘44
Vo4 RochE2e, MR E, BRRTEHORRTHS, T &
T A BAEAMZE v, w ET5C LOBTTHD.

A1 BUCIE BRI E 2 2 5 — Bt 2l L THMNER L& TR W TN
5. XDREMICIE. LB c=2 D2KC -5 LOFELE
BMmEEZS5E, CNITHIBEL T2 R b— 5 A2 XK THAMRNE
£0. L, TORPIEIEREFEE (complex multiplication, CM) %
¥¥D. (Gukov-Vafa) > T. A IE - YO BERKH R FLE S DH
MR % T OEFZEE L TEATWBIFI. FoH MR OEGR



BERIAHHRONBICR<KRT 2 EEXBNS., TH5LT. BY
Reik%E B DOHIMMHROEGRAMG 2B L T7 L —N—MHEOREH L T
DREERATIFENDBHOND LA TE S,

Myx Ey LOBBREEZ /=L E, D-brane g TRIIA—V - LT
BHREEYy VABBIIRICE, EITHAZEED orientable DW= &
LTHEINS, Z0&ZE. FWEYDORESIL D-brane A (Ey, ) OF
FHZIXEBSRTH D, WKL Ey WS Ey NOBHRERB I EMNTE
%. &IAT. Ey FRKBACFAMESRNFHATS. TIT. BLE
Ex 5 Ex NOHE RO 1T HERYBMICIZE WO 7 L—N—0
HHETHDLOMRERLTE. LDAEEMNICI. BEREEZDD
IR Ex OBCSFMEE LT, Ey LD m-torsion point : Exlm]
SHEMNBZHOTHEHZZS. FLT. ZOHO7RIETL—N—
MHETH B EMRT 3,

3 EHFERZEHOHEMAMHR

BT A IR ICHET 2HMAMEE E, & ROEHEMTNEHRZE
LTEHKINS.

C/A — E; : y* =42° - ga(A)z — g3(A) (1)
o (z, y) =(p(z: A), p(z A)) (2)

ZZT. p(z: A) KX Weierstrass O o BAE(TH 5.  ¢o . g3 I Eisenstein
B G (A) TROEIIZHT 5.

g2(A) = 60 G4(A), 93(A) = 140 Gs(A) (3)

y % 2y EBERR. go(A) = —4A4 . g3(A) = —4B EB &, LT TH
MU OBEHIG & L TRV B ROEAE SN 5.

Er : *=fz)=x*+Ac+DB (4)
BT AICMUTHEBIZERA — M, AeC Zfromdt&. ¥ A
. Bl A— 214, B OB EEHRINZ, Lo T. HMdh#

Ey 3. CRYMZBRWLWTERNEhS., IoFENan/#HMihE{(E} ©
RETE LTHREZESE LB T A, = {2+ 27} TEEXBHMtRE



BHTBIENTES, TIT. 2K5xkbP—T7AD complex structure
moduli 7 I3EFEXEO L¥H H = {r€ C; Im7 >0} TEHJBINDA,
EPa5—£ROBHENRDZDITKT A, ZIRELTH T -BEHIC
BEESRL, LML, HZ2EZ2S5—HKTH-mZEH. Wb, &
AR F={reH; |r|21, Ret| < i} T r DllizEnE. 7 BT
it IzET 5.

KIZ, BBIIEIZDWTiE~S, —8&IZ. FR End(Ey) ~ End(C/A)
MEKDVDDT, Ey, LOBERMIE. C/A LoFhzlL THARSZ
ENTES, (AHIEHERIOHIET 2RI W TR, (RS
HD rationality DFSRE LT Ey LOACRBICTIE. m 55 (me Z,)
DN, BERFIEDNHFETS. BB, pA c A 2@ TEFE u(¢ R)
MBHEET S, IBRREZDLDOHEMUR E, T, 7 I3BFEED 2.K51
KOWTHY, TO2XHBXOHHNX D3K/aLr3. £IT. #H
Bk Q ORBIMMEKREELTE, IS5k 2Kk K = QWD) = Q(r)
MEFEIN3., HIE, E\ i3 K IZX2E¥EEEFD. SO0
c=2D2KTb—F R LOFHIKBEHRA[AED SHMMER £, 3K
ICEBIEREREEHEDETI TR, 2KRIEF—FADY A X - )XT A—
% —T¥H % Kihlar class moduli p Bk K IZfliz L 3.

HililhiR Ey ODEMEES 251 - NIA—Y— (BAX0DET25—H
¥) TH3 j-ALR J(EN) B ZTOMKTHZOT. j(r) &dbRIh
3. MBEELREHFOBAMR £\ I2B0WTE. j(E,) BRBUWEHE
20, QU(EA)) M {E\) OBRNERKELIESD. K& Ey © C [
BICEDEHIE. j(Ey) E1XIMELTHO, &5, B2REK O
BEIR Ry DATT7INEREFAYNTHS. Ry O T 7IVEROILO
A3 hy 13 K OBEEIFIETN. QU(EL))/Q DRI, B hy 12
HlLw, IIT. BaZ

J(Ex) €Q (5)
EREL. TNEEHEET 251 « NTA—F— j(E,) DRTFRFLIT
Ko ZOBRTEROTTI. E2kék K OB 1 LR25. 0

L&, EYIRAMERICE DM E, 13Q LTERTET, KR
flo) DIREIT A, BeZ &b, ZORBIIHIFIHER E,, OBEOR
TAEICHY T 5.



4 BAMELOHOT7E

Ex OUCHAMENL. By, ORUNAEE KG(E,)) CEMLEH D7
R L Z2HATDILICEDMONS., LZAT. AEEBEER
3. TORAGHNED 2 UDRETHS fusion variety L TERIN, &
IR MBIE D SRR ICZERIIHEMNER E, LoEB{EEINZND
£E85L4B, FIT, B&E BHAWR E, LoZo@BiLEhi-x
DRBIIE, DRUNREMNTS.  Ey ORUNL Eya] i3, Rx @
BAT7NallHIELT

Eija]={ PeEyx|a€a, aP =0} (6)

TEHLIN, O BHHMR Ey, LOMEHOHETTHS., T
Rx DEATT7NELTa=mRy (meZ,) #FHL. E, Omilh
2 (m B5) Exjm) 8573, Eym| 3220 m KQEFOEM &
FMTHS. IOHE RATEM By OH A ZOENEAIEm ™A O
AT TEEHENTHS. ZOR/NENOEROY1T X,
LR DIEAM 2 7 — )l/ MWe, 73520« A5r—NViBEEEZ DN
ATHS, B LERORTES j(E)) € Q K&D K((E) = K
ThHb.

EIT. E\ DETORENK Ey[m] DRTOEETEREINS K O
HOVHERE L = K(Ey[m]) 2525, ZOHKE L IZAKENR
HiastEEERD,  HEL L/K OHOT7E H=Gal(L/K) #8iZ%,. H
B7—~WfEiad. 3512 LRQoAu7kETHHD. L/Q
pYilinlyg s

G =Gal(L/Q) (7)

NEMIMDB., GREHIZLS Z; = Ga(K/Q) DEKRTHD. HIX
G DIFERBEINRTHS. GREKOHE. 7 —N)Ni#HHLERS5. W
WhEYOBRWMER E, S Ey ANONCHMOABHE, 5. HOo7#
G =Gal(L/Q) Dt GBI ZEFED.

KiZ L/K oHFOT7H HOUHMICIELT2. C/A LO m FH&E0
M. IEECBL T m 0LiofiE FET3., T . ii¥8md
HAOMER

{u|ue C/A, mue ), mugAform <m} (8)



THEALbNB. HOEEODRI. C/A LM m OREMEK m D
MICKBY, ZTZT.m=20& EF=3. m>2 T F=even TH
3. Ey EOmBRSORNOME m ORO x B, Q LOoAEK

Ym(T) = H (x —p(u))=0 9)
OELTHEABNS, IIT 3. m=20&&E C/A LOfi¥k 2
DEF=3#HIZO2NWTLEO, m>2 TlL Weierstrass D p BIEAEBIEK
THBIENS. FRHEIDVWTES, #oT. IOLHEK y.u(z) ®
REWEX. m=20DELE3. m>2TIXF/2 TH3,

J-ARERE m 2IEELZEE. Q LOWMIWR Ey, 2%X5&. K
DT —=~I)ERE L = K(Ex[m]) BEDO. TUE->T L/K O HAD
THHBEETSE, Z0&E AO7H H OMEGH . KK
[L : K| IZHUL., TORKEI F TH5, Nl Mgk F %
&30 Z2HR ¢, () M. Q LTHHTHS LR ETHS., —
iz, 2HRX g(z) Q LTEHTHS L. (fH)|F &3, <
NIZHUT, vula) BHQ LTAPNTHBEER. tHIXF L0NE0E
TR, :HI3 F O LIRS AN,

EERILEZ D OWMAMBRORGHE LT, -D=1,3. Wb, A, BH
TADBER Z[)] . KU Zw]) THHIHREE LD, ThEhOHEIZDON
T EA[m] oEMNBZHOTHE G ZWMR5, IT. w=exp(2ri/3)
THD. OHAE. 6(Z[]]) =0. g(Zw])) =0 THBDT. j(E,) D
flid. H41728. 0 THB. WVWThd jcQTHAEMNS. A, NZ[i) &
Zw| D EA X Q ETEBSIN-HMHER 2 =23+ . =22 +1 12
TNETNCHETHS. HOTHEXREBICHOT7HROMEZM<D
2B, UFT. *=234+2. =22 +1 12 CHlARQ LOXD
Rz L2 %,

Eyv @ =22+ Az, Ael (10)
Ey : y*=2+B, BeZ (11)

FI9. AN Ey: Y¥*=24+1 LOm =3RRI (3% %
Bz &, ZOBRBOHOTE Ga(K(EA\3])/Q) MR35, ZOHME
DOHOTIKRIER L = K(EAJ3]) = Qw, V4). L/K oHO7 H I
H=27; &£73%. m=30DLEF=8THBMN. E,: y*=u3+1



BB yy(z) R Q LOTRASEXTH S, TOME. 1l = 3.
({H) JF £EB5>TWB,  HOT7XB Ga(K(EA3)/Q) — GL(Z/3Z)

LB L,
1 0 11
n=(0 _1), a=(0 1) (mod 3) (12)

ERB. ZDEE. BFERX

w=0>=1, nonp=oc" (13)
MEKDALDOOT, HOTBG
G = Gal(Q(EA3])/Q) =22 x Zy = Dy (14)

THb.

B2OFIELTHMAMBRE, : *=22+2 1LOm =3 ALK
(3%5355) OHOT B Gal(K(E[3)/Q) Z#~3. HOTHEKKR
L=KEAB)=QU, 8i-) L/K OHOTEE T T =25 E72 5.
ZIT B = VVB-1 (V) . ZOBAE. ds(z) 1B Q OB
LHRTHY, :H=F =8 THb. HOT7LBGa(K(E\3)/Q)—
GLAZ/3Z) LB L.

17=((1] _01), o=(_11 :i) (mod 3) (135)

LB, ToEE, MER

¥=0*=1 noy=o (16)
MEDADOT, HOTH G
G = Gal(Q(EA[3])/Q) = Z» x Zs (17)

THb.

L2 TNTN P =2+ Ar. =2 +BIBITB A, B=1,2
.m =2 3 4 DBEOHOTHAME L = K(Es[m]) BLXUEAOTH
G=Gad(L/Q) &XLi. HOTHGRT—NIBTHS Il #&
ELI Z, DEBRTHD., 2, DEKRELTARESHOTEI, 2<
DY TRHD. BEFATRELSIIC. GITET—XIROGGLIE
TNIVEOBRENHS. HOTB G OnlfERIET —~NXIVEEE LT
QMERE D, (n > 3) 13HBH5. MBS, (n > 4) DWIRETEIXZ W,



# 1: Galois Groupson Ey : g2 =z + Az

Ly Y¥=14z =42z
L = K(Eal2]) Q) Q(V2i)
G = Gal(L/Q) Z, Z,
L = K(EAl3)) QG, 6.-) Q. 5.)
G =Ga(L/Q) Zyw Zg Zyw Zg
L = K(Exl4]) Qi v2) Qi V3
G = Gal(L/Q) Zo x Zy D;

# 2: Galois Groupson Ey : 4y =2+ B

E\ yr=12+1 yi=x3 42
L = K(E4[2]) Qw) Q(w, V2)
G =Gal(L/Q) Z, D,
L = K(E\[3]) Q(w, V4) Q(w, V2)
G = Gal(L/Q) D, Zs x Zy
L = K(Ea[4]) Qw, V27/V?) Qw, V2, ¥27)
G =Gal(L/Q) D, Zy X (Zo x Zy x Zy)

5 SU(6) x SU(2)r EBIADEA

H=Gal(L/K) DEEPMELTZ, x Z), x Zy (N = odd) &0, %
HIZL3 Z, DK THBEVROTOT R

G=Gal(L/Q)=Z,x (Zy x Z,) x Zn (18)

EIL—N—x4#HEE UTEHMATS. 2T, Ho7H G 04:kT%
EFNETNT, 0, 02, w EH/L &,

roit=o0' (i=1, 2), TWT =W, (19)

T, 01, 02, wldAWIHHRTH S, F/=. 2HED D-branec O~}
W SU@G) ' —amiEZERS. WO D-brane 13 SUQ2)z PY—PH



HEZFH>TWEETD. FIT LitoHO7# G 271 —N—X
it & L THD SU(6) x SU(2)g model 2% X 5,

SU(6) x SU(2) g model D' — i FEIZBIH 5 LRI, LATOHE
DTH5,

1. = SU(G) x SU(2)g td. Eg BED maximal subgroup ®—2
T, BRHBRMSHI IENTES., 5T, oRHERY
- PBAOMNRPBENL. SRTEBOHREZENETIC E; DM
EREOWHEHBZ T EHOTE Y 7 2B L 0BT 3.

2. MEBIL. KOLHIZIHRD E; DEARRE —HD vector-like
sel MSRD.

3 x 27(®103) + (27(Do) + 27(D)), (20)

Eg DIEARB2T DA A FIVEH & 13, ROLDIZTG = SU(6) x
SU2)r PEERIERIZHME NS,

?(15,1) Q.L,g,4¢,S,
&(27) = : 21
0 {ww',m LD, (N B, (B He),

DA—EVTR . FRIZEY T AR TIIZZIIEENRTN S,

WEBBOT7 L —N—XEEIZBT 5 charge assignment OHHRIZH
5. ¥T. Ga(K/Q)=Zy, RNV T4 &R 8T B, RNRXUF~4
. REAMERODHEB LR LAVWHHEE S 2RHT SR F KT
H5. —h. BEEREDOHMMMER EOLGLRACERNARI. K
M2 KETHSD L5, HOTEH G OBAETHS Gal(K/Q) = Zs
ThHd, ®oT. Gal(K/Q)=Z, £RNXVT 4 LF—HT 5.

KIZ, Gal(L/K) = H = Zy x Z}, x Z D7D charge assignment |2
#%. quark/lepton DERERANRY ML EREMAOMAMIGZHERTS
MIEN=31. N=3BEDHEBIIHEMETSE. IhSOME. 71—
IN—=HFRE &5 — DM FRME & D mixed anomaly-free 2FZE BT 5D
DTHB. 431N =31 OHEAED charge assignment 28175,
ZT. gp /& Grassmann ¥ @ @ charge TH3. N =31 OHEDOHO
THGEE< malhsld. m=311DEETHD. F/h. N=35
DOBRENHOTE G 2H< mALhL m=41 DEETHB.,
NN m OfEI. EERGRICB TS RANLES 2 L LLEDT
I MNER E, DY A XL TWDEMREINS,



£ 3: Zy x (Zy x Z}) x Zy-charge

Qe=(—, la la 1)

$(15, 1) Y(6", 2)
®, (+, 0, 2, 18) (+, 2, 1, 12)
) (+, 0, 1, 18) (+, 1, 0, 27)
¥, (-, o, 2, 0) (-, 2, 2, 21)
B, (-, 0, 2, 20) (-, 2,2, 9
®, (-, 0, 2, 29) (- 2, 2, 18)
6 &0

BB REE S DOHEMUMROBROMEEZEAL T, 74— LT oD
BREIBEAOHAKHMEOTERIZHZ 7L —N—WiE2RATIHL
Wy o—FERRLE. HHEGEHEG. REBEG. Tl
HEREEZDDOHMBRORBICIIERICEEZBEFENH S, Baid 2
HH D D-brane O intersection M My x Ey 52, FWE¥E Ey |
OHCHBEEL TS EL. IBIZ. Ey, LOHCRMEZZT L —
N—MHFETH2LOERHAEBALE., 27F—0 - LTI OBRE
EeAOHAMEEzHATIRENLZ T L —N—xfEE LT, o7
BG=2Zy%x (ZyxZ)) x Zy ZRAL. N=31. N =35 DHEEITHHK
e E AL .

# SR
. Gepner, Phys. Lett. B199 (1987) 380; Nucl. Phys. B296 (1988) 757.
S. Gukov and C. Vafa, Commun. Math. Phys. 246 (2004) 181.
D. Gepner, hep-th/0606081 (2006).
J. I1. Silverman, "The Arithmetic of Elliptic Curves™,
Springer-Verlag, New York, 1986.
J. I1. Sitverman, " Advanced Topics in the Arithmetic of Elliptic Curves™,
Springer-Verlag, New York, 1994.

O ¥



Type II codes over Galois rings

ERKE - MIEH - (Koichi Betsumiya)

1 8A

HEE2DETIHR BXAHIDHABLHNEL, TENLNTRTTHIIZ LB L ETARK
ETHEL, SEYERIEI LV HFENA—BAOTHS. FEHTIL, YaT7REDE
TRHABOFEHAERICHIBICLELRE L BTFAKIZoWTERT S, Bax EiFaKo

WP A TIREX EFARITER L TWWARW. FEL, BEonBiaRsEd 0o,
TR A BT AL E TR, HBORMGEFHTHOME T LicEErRENITA
MR TE 3. SARZORAMOEDICELIBEICERLTDHeMnTED, £
TETERMTHLLT S,

BEOFEGLFIN TV L0, FEK LOFER BN THS. TOIHELE LTHE
LEZLNTVWALDIL, —~BROHRE EOFS L, BERRRR ELOTELHSH. BRE
i, Ya7REOFFIZOVTHRVEBLFF->TWAH, FoME LT, Zhom2o
O—BALIEHa TREDTS L LTHATE DL EHITH LN TESD.

2 #{F
2.1 HAa7R

pEFEELTH. EOHE m, fICHLT, (#kEp, Bz pm L4D2EATFTT7AR
O\BET -BEES. ZTOXHIRREGRE™, ) xbL, (L™, BE¥pmnHin
FTREME Him=10L%, GR(p,f) XKy OHMIKF,, L20, f=1DLE,
GR(p™, f) ¥ p" OBHRRRZ/Hp"Z L12D. IO b EEY, HaTRIT
AREEBEBERNOBERRBROBESELS LIELO LTS,

GR(p™, f) DBIME Tp™ f) = {z € GR™, f) | = = z} %& GR@EP™, [) » Te-
ichmiiller & LIELE. T(p™, [) X GR(™, f)/pGRP™, f) =~ GR(p, f) = Fy PRER
Lo TRY, {TEDu e GRE™, ) IZHLT, ugy...,tim g € T(p™, ) B—EICEED,
u=upg+puy+pPug+ o +p" o LRI IENTES,



2.2 AOF7RLOFBE

nlOH o 78 GR(p™, f) PEMGR(™, f)" IXGR(p™, [) MBETH D, Eomam
BOZLE2REnLOFF LS.

BERHKRLOFE LA Yo7RLOFSL, BYLBEORBREETZLT, &
DX ) IR ERITHI % FF D

I, Aono Aozo+PAoza Aoso+pAosy +PPAcsz ... Avso+pAogr + -+ Aope
0 pl, pAi2. pAias +p*As2 pALa + P T A

0 0 P’l, PPAzz2 . PPAya+ -+ p Aggs

0 0 0 e e p‘ilAg_l‘f‘g_l

L, L itk ROBAITHIT, Ay IS %E T(p™, f) 55 ko x k151 T 5.
TDEIRFEE (ko kry .k 1 k) BOTFEERE. ek, k=n-Y!t T35,

2.3 HEAXHE. HCEXHS

GR(p™, /)" DBBEDP2—2 Uy FNBE LT e = (cryen.,cn)d = (di,... dy) IKFL
T, crd=cidy+ - +cpd, EETZELTS.

BECIHMLT, CORATFECr={ze GRE™, )" |z-c=0forallce C} &
ERL, C=CLERD2LOXACVHFE LMY, CCCHERILOLXACERFS
ERES. BDRD X D7 (koo Ky, ... k) BF S OBGFFIXRO L 5 e EMITN LR .

Byso+pBoga+ -+ P 'Bogy-1t -.. DBoso+pBoss+7°Bosz Bozo+pBozi Boro I
pBiea+ -+ Biag .- pBis1 + 0 Brsa pBy 2 ple,., O
P?Bay2+ -+ p T Bage #Ba32 Pl s 0 0

i - P .- 0 0 0 0

Thbb, CHik(hnkiog,.... .k ko) BTG ERD. ZOZEDG, (kok, ..., k) BT

ENHDHABE B0, i=0,..  tIZ7WT, =k ERDILERD D,

24 RLhHSLARTS
=T, B, 7 FROLHICERTS.

:GR(P™ . [) - GRE™f) (z— pe),
7:GR(P™. f) = GR(®P™',f) (projection)



GR(p™ f) LOBS C IR LT, -(C), #(C) ILGR(p™, f) FOBSERY, ZTh
Fh, PDLIhFSE, FHRFSLEEZLLT5, L L 2 X GRE™, ) LOBFESOENS
GR(p" ., [) LOBFSOB~OBEFLRLEZ LA TE, KT T 3.

Lemma 2.1. JIF ., 7 3B TH L. +4bt, 1 'or=r0¢"l.
Lemma 2.2. GR(p™, f) kOFZFCiZxL T, +Y(C)* = n(C*).

2.5 EREFE B-IES
p=20HE, KOLICEBFFLERTHIENTED.

Definition 1. GR(2™, f) LORE n O/ E C HBREFETHH LT, COTRTORE
c=(c,62...,¢a) KKK LT,
Y =0

1<i<j<n
BRESIT DL LERTSD.

ZOEBRLEMBRERELE XS0, HidOHARREE 7 OFBICONTERD. e
GR(2™, f)ICH LT, abe nl(u) £35E, a2 = € GR2™, [) L2V, v DI
LoTRED. 2T =a? LRI ZEETH. ZOKREERD L, AROERIT
BOEIIENBRADZENTES,

Lemma 2.3. GR(2", f) LOFH C BEMBTHAZ L L, EHEDIKL ¢ € CITHNVT,
n é2=0eCGRR™Y [)ThHBZ LIIRABTHS.

ERMOTA bTHD, BLBFELIL, BRLACSHAXMNFSZVS. (1]

3 XxE#H

AW T, GR™ L N Lo2o0F5x5x0hicb &, ThbozhChFGEH
REAGTELELTLAEILGREP™, f) LOBFGOBREBA LT HAREBM LTS,

WIMFIEE LT, Gaborit[2] O FEREHTHS. GR(™, f) EOFF1HGRE™ L, f
FORUNFS EHAFESRWEET IR, LEOTFHIRIENTOT, RLhFSLHE
REFICRE TN TOROERIL, ERITIIHO Ay,  OBBOHTHD. 2%, B
HEEE LTREXAOhERALAF S LHARTSOL ET, REEZRTITH Aoy O]
BaRHAUT L.

—BOBFFIZHNT, KMRILT 5.
Theorem 3.1. X, Y ZGR(p™ L, f) LOFHELL, o /(X)=wn(Y)Z&HAZ-LTWEALDL
T5., ZokE, X, YIRENEN (ko by, ... koo, ke 1 +he) R E (KoK, .. ke, keo1, ke)
BB ENTED.

ForE, 7(C)=X."Y(C) = Y £H7=F GR(™, f) LTS C OfE¥L, pok &
85,



pMHFHRBOLE, HEHHFHIZOWT, KAKRLTS.

Theorem 3.2. pid#&#K, X % GR(™ ', f) LoACERFTLL, (X)) =n(XY)
EAELTWALDOET A, Fle Xid (ko ky,.. . kg ke +h)BET S,

2oL %, 1(C) = X, -Y(C) = X* &&= GR@™, [) LOH S RAHE C DR
i, p T L s

p=2m&tE, HEXAFHFIZOWVT, KABELTS.

Theorem 3.3. X # GR(2™ !, f) LOBRMALHAHERFSELL, (X)) =n(X1) 2Hi
LTWaboetsd. FXid (kg,k],...,kg_z,kt..l +k¢) BML4+35.

ZOLE, 7(C) =X, (C) = X* &4 GR(2™, f) L0 B ERANE C DEK
i, 2 L.

p=20¢ &, BETRFBIIHOWT, KBKRMT 5.

Theorem 3.4. X # GR(2™"!, /) LOWMBALBACERAZ L L, (X)) = m(X?L) 277
LTWabDed5. £ X ik (kg k.o kg b+ k)R ETD.

Z20EE, 7(C)= X, MC) = X* %=+ CR(2™, [) OB REL C DMK,
gty gz

4 ®mRIC

EB/BRTI, 50N ALKFE LHRFENCEZHOTFSOMNBL MM &
T, NHEICHERREREZEIZENTER. ol i, £ErHTHhUNGE LR
Bo@EERhINE, ORI LITLAKIHFERTAIZLETRLTWS., £20-0HIC
i3, BEEZFEORAEL, Gl CERTFEORENFEILETHS.

Fio, Fa7RITBEENEBROLBEHRRBITEND N, —BROBEOLOIXEEN
v, FE, R0 LoL, PERXRINTERE MV TRENOLOICHHE L THGY
BILENTEDDT, ZNOERIBLAMMTR-T-RETHIEATES.

LB

[1] K. Betswiniya and Y. Choie. Jacobi forms over totally real fields and type I codes
over Galois rings GR(2™, f). Furopean J. Combin., 25(4):475-486, 2004.

[2] P. Gaborit. Mass formulas for self-dual codes over Z, and F,+uF, rings. IEEE Trans.
Inform. Theory, 42(4):1222-1228, 1996.



A generalization of the Frenkel-Zhu bimodule!
£ Pz (BBRAERERBTEGER)

1 F

THAERAFRREORERICH VT, Zhu (R EPRTNR AR AREIIATN 2B %2 R
L, —BRIZEVTY, BEMARROBRIZBNTYL, FORMBOHRTHNTE L
25, HIBEHOMBOSRICHVTIY, < OBREIIRL, SBIC+a2M8% Zh
RENLH/ILENTES, LA LNBEOHELTETZ-HICIX, Zhe REIXF+
5 T%HY, Dong, Li KU Mason i, [DLM] 288\ T Zhu REZ&ERIZ—RILL,
FATERH R EOFEE L oMMz >WTHIE L. —F, HAERARREOBEHM
BOMD 7 22— 3 | (intertwining (FRAE DR TEROKT) LFIEN D ROR
ELELRHARBTHTHLIEERMETH S, Frenkel & Zhu i3 [FZ) 2BV T, Zhu
REOTMMMBELERZ L, TOEME intertwining ERAF 022920 & OBYEUZ SV
TR L7z, THAEHAENREMH A 28E121L, Frenkel-Zhu-im{ilniE oOfiEiz X
V72— a RAIRERIIRETE B8, THTRVESICE, BROBRIMBEONR
BLy¥ELr 3L 8bh3. 22 TEAHSSETIL, Frenkel-Zhu @D K~D—
BALIZ DWW T, ZOEZELEHIZHAVWTHE~<S.

2 ER{ERFEABEETOME

UTF~Z7 PAZEHIIEERE C Lo~y bAEMETS. 8 VY (,2),1,w) BH
AEARRBTHDI LRV 13 Zoo-RESFTERT FAZEH V = 0,Vn TH2T,
Y(,2):V 2 EndV([z,z7,a = Y(e,2) = ¥, cz0mz " (e e V) ELILE,
REWTZEEED.

(1) E&D a,beV oL, b3 Ne Zzo MEFEL, a(n)b =0 (n 2> N).

(2) (Borcherds E%R) {£&D a,b,ue V,p,q,re Z iZx L,

[~ o0
> (‘l]) (@prd)(ger—nu = Y_(-1)’ (1:) (a(p+q—-i)bir+i) = (=1)Pb(pir_i)@(qsi)) -
i=0 i=0
(2.1)
(3) fEED n € Z iZHL, Lin)y = bn,-1idv. EED a € V, n € Zyg IZHL,
gl = 0.
(4) {Ln := wnir)(n € Z),idv} 1, V EIZHLEH cv € C O Virasoro (REDF
RHE52%:

3 _
[Lm L] = (m = 0)Lynin + "‘l——zi"-cvidv (m,n € Z).

12007 £ 6 A 28 H, & 24 BB A S HY BRFRMS




(5) E&D aecV,neZizxL, (L-18)(n) = —n@(n-1)-
(6) Vy i& Lo iP5 EA M n OFRWKCE A 2EM.

EAERRRE VIiCsL, ZONBEOEHBENASWVLAHLATVWEA, XBETIE
logarithmic MBEDOBEEE 2 5. # (M,Y(-,z)) 5, logarithmic V-IEE (LT log V-
mit) ThD LN, ML CREMNE N7 FABIM M = @pec My TH2T, Y (-, 1)
IBIEER V » End Mz,z7'] THY,a Y(e,2) = Y pezemz "' (ae V) &
Ll &, WEWTZLEESD.

(7) EED aeV,ue MITHL, HD N € Zy BFEL, apu=0(n2>N).

(8) (Borcherds tE%X) (&M a,be V,u e M, p,gqr € Z 2L, (2.1) AL
T3%.

9) l(n) = ‘Sn.—lidM-

(10) (EBD A€ C AL, My, i Lo oW BEATE A DR RIGTILREA 2
T, HDH Ne Z>o BIETEL, M(,\_n) =0(n>N).

logarithmic V-MBEL T DHERIE, —BRIZEO (B2) HEO -BHIC log DB H
BRADZPLTHD.

WEOAuE My KHL, A% [u| ERTLICTD. FLAEED AeClzHL,
Mrony # 0 > Mis_pn_iy =0 (i € Zoo) &WT=T n BEET D05, n £ AD M 12
BITDREEFD deg(A) ERTZELIZTH. HITEBD a e V IZHL, |a| = deg(a)
Thd.

R EM an) € End M i1, a(n)M(s) C M()1ja|-n-1) izt £oT

a[n] := a(ja|4n-1)
EHRTaec VICRHLEEL, MBIV LiclEdsE, ac V IZHL
a[njM(ny C M(x_p)

MRNLT 3.

PEZIZHL, alp+nlu=0(a€V,n€Zy) 2ilil- M Ox u 2UEDHA %
Qp(M) ERTZEITTD. ERLY, ¢ <pabif, QM) C QM) BRY LE,
idar = 1[0] 2D T, p< 0 7261E, QM) =0 L7423, £7= log V-INBE M LER
DAECIAML, N=@pez Miain) 12 M OEIMBEL 725, T, ue M IZHL,
deg(u) < p 26I1E, u € Q(M) BREY L.

3 Intertwining %

MY\ M2 M % log V-MBEET 3. B (,A),2) O intertwining fERIE L i, BBT
& 1(-,z) : M' = Hom (M?%, M3){z}, v » I(v,2) = Ynectmr " (ve M) T
hoTREMETLOTHS.



(1) EEDve M iue M? ,neCIiTHL, HB N € Zyo BIFTEL T, ypipu=0
(i > N).

(12) fEED aceV,ve M, ue M2, pge Z RV re ClzHL, (2.1) IKBNT
b=v L L7-LOMEN.

(13) TED ve M, ne CIEHL, (L 1v)(n) = —nvgm.1) DAL

% M2 M = @ Mis, +ny (M € C) DIEOMBETH S LILETBH L, B (,M552)
O intertwining {EMH I(.,x) & v € M IZxL, I(v,z) € Hom (M2, M3)[[z, 2~ |Jz~21— A2+
BRERYMAZERMONTWD. £ZC, veM! L neZiTHL,

I('U, x) — Z ,Unx-n-—l—)q —Az+A3
reZ

L;or%eﬂmuM{M%&zbbt%MfcA%M%vm”ﬁmnfé.ﬁ
{2 Y(-,z) % intertwining fEAF L RI2 LM, an =ap) (a € Vin € Z) LR5.
Lo Tﬁﬁmﬁ&i‘. veE A[l iz *fl/ v[n] = vdeg(,,)+n_1 LEEL, M LTI
aia*-rmi fEED ve MY ISH L, on)MT, C M{ ) BLY DT EHb2D.

4 intertwining {EFRI#& O ERICHAVW- Borcherds HEXEZ IOFRRRTEETE
‘#‘&, Borcherds S AITRD L S IcRENS: {EED a eV, v e M, u e M?,

pg,r€EZIHL,

> +p-1
> (P rolp + o+l
=0 (3.1)
= Z ( )( 1) (afp + ¢ — iJofr + ilu — (—1)%[g + » — dle[p + iJu).

i=0
4 #HEaex
MY, M2, M3 % log V-IMBEE L, I(-,2) 2% (,,M)2) @ intertwining {ER# &35,
ZoLE ROBADAPEIZS (L)) aeV,ue M, veM2, meZ neCil
xfL,

O m)¥(n)V = ZZ (m k) ( )(a(m k—i+ )W) (n+k+i-j)Vs
i=0 j=0
HL kI, ERD i€ Zyo ISHL, apyiyv =0 ERDEHT, LIMEED i € Zyo 14t
L, ¥ins14+y? = 0 BRY MOEDBETH S, p,q,r € Zyo IIX L, v e Qp(M?)
tL, m=la|l+r-qg-1,n=deg(u)+p-r-1¢,TH&,l=rk=|a|+p ¢t
H, CoLEHFRBILTHEGENEZRT L,

alr - lulp-r]v-ZZ(r—p T (P el - gl

i=0 j=0



2155, BRIC,

u[r - glalp - rJv
F o —_ - 7
_ EZ (r ok l)(_l)r_q_,__;(|a| +p T l+z)
i=0 j=0 ! J
X (a(r—q—s—l+j-i)u)[p - Q]v
BROMDIERTIENTED.
NG ZODARIT Q,(M2) LIZBWVTIL, AR
a[r — qlufp — ] : Dp(M?) = Q. (M3) - Q,(M3)
RU
u[r — glafp — 1] : Q,,(Mz) - Q. (M?) - Qq(M3)
B, ENEN M O—DDR7 bl w BHEELT wlp-q THABNDZLERKL
T3, FZCRVOAREE, V O M! ~OEEM, B#OEEEV O M! ~DA
ERE L b X, HAMBEERTIOBRAMNBREZ T THD. HEEEAILLREKL

WRLTHWBOT, BREKEALE IDRDLHLRNVN, £ETHabLNTHEHEE
BIZELAYBAT D ENTE S,

5 Zhu ft#& Frenkel-Zhu HEIINEE
V #TAFEHRRRBEE L, M 2 log V-NEL T3, FEOEFEKRITLac V,ue M,

pPgEZILXIL,
= (le| +p
acfu=3" ( ; )a(q+i)u
=0
CEBL, V ERWICHIERT .

Ogp(M) = Span{GG{,,_q_g ulaeV,ue M}
&> TEHL,
Aq-p(M) = M/Oq.p(-M)

EBL., ¥ TeEndM 2 TNu) = Lyu+ Lou(u € M) ICL>»TEZETS. 48
(5) &9, AER T BROHEEZFOZ LA FRENS.

ik 5.1.acV,uec M, p,qeZ iz%tL,
(1) T(a) Cqu=-ga®}_u~-(p+q+1)adhy,
(2) T(@®fu) =T(a) Of u + a G ['(u) BEY .
iz, (EBO p,q € Zyo (23 L T(Op(M)) C O p(M).



M 5.1 (1) kv, pP>phog >qiabiX
Oy (M) C O4p(M)

LB LERTIENTES.
fEBD pogr € Zyo KHL, TWREER ! : VXM M & QG : MxV 2 M
,acV,ue M IZXL,

r
r—=-p—q-1
asipu=3 (TP aetpprni
i=0

AT U (s gt sos 0t
i=0
EEDHBILICE>TERTD. HEHRIIL-T, ROGEEES.
8 5.2. p,q,7 € Zyo IKHL, r < p+q 2 BIE,
Og,p(M) = span{ ((C +r —gla) by ,ula€ V,ue M}
=span{u <G, ((C+p-ria)jac Viue M}
AR O L.
Remark 5.3. M2 M3 % log V-JuBEE L, £(-,z) &% (A;";ﬂ) @ intertwining fEH
#KEFTE TED v € Q(M?) IZHL,
alr - qlulp —rlv = (avg, u)p~qlv, ulr - glalp-rlv = (u G, a)lp - gl

MEAT D, M52 XY, ue Opp(M), v QM) 2bidulg—plo=0THBZ
Lhbhs.
BARNZOVWTIE, RAERLTB.

il 5.4. (TE® a,bec V,ue M IZXL,
(1) avdp (bodyu) = (avd b) 0l u mod Oy, (M).
(2) (udgpa)dhpa=u "gm (a <'gm a) mod Og,(M).
(3) avdp (udhpb) = (avd,u)bh, b mod Ogp(M).

EOREEFTL L2 & —RILRIETC, MERANIRY Lo, BMROTI TR
HET 5.
EE M SRR E OB, WO OEEARRY L.

B 5.5. a,beV,pqre Zzo sk L,
abypb-ad be(T+p-q)V).

Ktz avhpb=a <, b mod (V).



W-T
Ap(V) := V/(Opp(V) + (V)
ICBWT,php =g, BEY UL, Thi » LRTE, ME L2 XD, + 1T well-defined
1B Ap(V) x Ap(V) = Ap(V) Z2EET D, WM 54128y, TOBIESNT
bBZ B3,
LT L 28 & 10803 [DLM] KBV TEA SN pth Zhu (W& & &< FAHk0Y
THY, 14+0p,(V)+ (V) BHLTEEZ, w+0pp(V)+T(V) BpiDTeERD.
—fRD log V-MBHIRS. M1 5.2 & 54 2MAEDLEIERDT LBEDRNS.
#5728 5.6. P,q € Zzo EF5, Znkx
(Ogq(V) + T(V)) ], M C Oyp(M), M, (0pp(V)+T(V)) C Ogp(M)
)-303
Vol Ogp(M) COgp(M), Ogp(M)<},V C Ogp(M)

Y AR TAS N

ZOHBICLY o, & G IXENTR, A (M) EICEND Ay(V), ED D A,(V)
OEMEZBET D END,S. MBESAICLY, ZOEANR Ay (M) 12 Al(V) -
Ap(V)-BRIMBEOHIEX 5252 EMNRENS.
EE 5.7. LB ofp, BIEM o, ICL 2T Agp(M) I Ag(V)-A,(V)-FfUIMBEOH
EEbH.

p=gq=0 O, Frenkel & Zhu I X VA I A(V)-FRIMEE AM) &—
T5.

6 Borcherds EFX & A, ,(M)

B#%IZ intertwining {EM# @ Borcherds tES U3 5 MIUMBEOEE R 2 %1
%. WiiZ Borcherds tE%R %, HRLRXILIETHRTE (3.1) ORI B L~/ B
®@ FHWBE, ZoESEK 3.1) OB (aoh  v)p+g+riu LA2B I Edby
5. =%, %X 3.1) DELIBE T ue Q(M?2) LTI, s2p+g+r DEE,
AKX EHNWT

z (?) (-1) (a[p + q - iJo[r + i)u - (-1)%|q + r - i]a[p + iJu)

=0

=2:C)en%qujqdww+q+mr4—n%mtﬁhm®b+q+ﬂﬂ*

i=0
UL 0,0 € Z30, c <0 DB, b5, =<, =0 EERLI. ZZTp,qrsiEhFh
r—qkp-r—kpllBERZIDL, {LED p,geZy R rk e Z IZXL,

(@ v)p - glu

= i:, (I:) (-1’ ((a Ppn T v)g — rfu — (1) (v 37" a)fg - "]")



BILD LD EXBDND. ZOFRITL Agp(M) IKBWT,

(= ~]
00y u= Y (£) -1 (arpttu - (-1fu g ia)
=0

NV YD &%, RELTWEN, EBICKROERLES.

EE 6.1. E8D ecV,ueM,re€Z,pgels RU rkecZ L, HHX

[ X ) i .
eoy ™ uz Y ({0 (eogtrum 0Pz ) )
i=0

M Ogp(M) LE LTHY 3,

BEH
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Subalgebras of lattice vertex operator algebras and
W-algebras

W BEE
—HHRFERERBHERAH

1 [FCHIC

CE2ULDBELTSE. v e o AV M7 7 4 L HETHAERRE LL,0) iZ
12, PLBH 1 OIHTO commutant & LT, PLBH LD o w-rgw(ESD) #
BENDZILPBAMONTVS. 2O WL, &L LTHBOFEIOHRENTEL
(cf. [2]). —F WEED) ik, Ay BV — METFE V2 B LR FICHRIT 2 TEAER R
KRBV ga,, KODEEND (. [9)). ZOBANE, #EiX C. Dong K, C. H. Lam K &
#ET, WAL OBMMBEOSBICOWTERLTE . KT, ( ADEVES
KON EREBMNTS.

BT, € <7 DBBICHEOMBOREN TE B LB, FD%, BHAZK,
milmER, RRERICLYD, BRO—BICFRELHI ZEMNBHENL. KBTI, =
DRBEBIEL = LT, € =5 DFEOBEHMBED SR KU Zhu REIZ>WVWTHRAT
5. £=23,4nk &k, WER) BMELTR AN TAERRREIC RS,

H2M T, W(2,3,4,5) K2WTBIATS. W(ELD) 3ohoBERRTHEM, b
HREOHBEAT LIEIW(2,3,4,5) DL LTHETILENHS. BIHTIX. —BO
LIz T WESD) B4 E LD THL. THERT4mCR~3,

+2

2 W(2,3,4,5)
{h,e, f} % sly-triple, T2bH

e,fl="n, [h,e]=2e, [h,[f]=-2f,
(hvh) =2, (e:f) =1, (h:e) = (haf) = (6,6) = (f:f) =0

L¥5. V(E,0) &, AVBT 74—l = sbOC[t, | @Cc DL~ €, By
x4 b0 ®DVerma MEEL L, TORMEY A bXJ bA%E 1 TERT. LUTF. £=2,3,4,...
OBEET#EZLD. LIZik, shL@C[t] 120 & LTERAL, cix ¢ L LTIERATS. V(£,0)
i, sh@C[t Yt ML LTI 1 TERINDIBHEMBETHS. bt e@t", BLT
fot* D V(0 ~DERA%E. TNEN h(n), e(n), f(n) ERT. KDL S22 V(L0 O
gxA bk 2DTEZZD.



W = m( — h(=2)1+ Zh(~171 + 2e(-1)/(-1)1),
wy = %h(—l)zl,

w — h(~2)1 - h(~1)*1 + 2ee(—1)f(-1)1).

_ 1

T 20(¢+2) (
W=wag —wy THD. wag REAAERERRE V(0 OV 45 Y aTT, £ORLEHIL
30/(6+2) THB. Fh, w, FFLEHF 1| OXBRETHD. w bEFLTT, F0PLE

BH230/(6+2) —1=2(¢—1)/(€+2) THB. [1] KKBOT, Virlw,) D V(£,0) it 3
commutant & LT W(2,3,4,5) BEFEES NI,

W(2,3,4,5) = {ve V(£0)]| (wy)av = 0 for all n > 0}.

U, MBOED W(2,3,4,5) & W B LIt 2T, Vir(w,) B w, T&
RENIBHAEREARRKEET. W, w £V 17 VoL TIHAEARRET
b5.

W? = Eh(-3)1 + 3¢h(—2)h(-1)1 + 2h(—-1)*1 — 6¢h(—1)e(~1)f(~1)1
+ 38%(—2)f(—1)1 — 38%(-1)f(-2)1
8L,
W BIEAERRREE LTIEOT W3 TERENSA, (ERAEMEREZERT I
DITIE, ROV P4 DT W BLRUA +5 O WS BLEICRD.
W4 = =203 + € + 1)h(—4)1 — 88(£* + € + 1)h(—-3)h(~1)1 — £(5¢* — 6)h(—2)*1
— 26(11€ + 6)A(—2)h(~1)*1 ~ (11€ + 6)h(~1)*1 + 4€*(6¢ — 5)h(—2)e(—1)f(—1)1
+ 4€(11€ + 6)h(—1)%e(—1) f(—1)1 — 463(5¢ + 11)h(-1)e(—2)f(-1)1
+48%(5¢ + 11)h(~1)e(—1)f(—2)1 + 8€*(€ — 3)(€ —~ 2)e(-3) f(-1)1
— 40%(36% — 3¢ + 8)e(—2) f(—2)1 — 2€%(6¢ — 5)e(—-1)f(~1)*1
+ 8% + €+ 1)e(-1)f(-3)1,



W = —26%(€% + 3¢ + 5)h(—5)1 — 1082(€2 + 3¢ 4 5)h(—4)h(—1)1 — 5¢3(3¢* — 4)h(-3)h(-2)1
— 50(7¢ + 12¢ + 16)h(—3)h(—1)1 — 15¢(3¢% — 4)h(-2)%h(-1)1
— 50(19¢ + 12)h(-2)h(—1)*1 — 2(19¢ + 12)h(-1)°1
+ 1082(48 — 7¢ 4 8)h(=3)e(—1) f(~1)1 + 2063(10¢ — T)h(-=2)h(~1)e(-1)f(~1)1
+ 10£(19¢ + 12)h(—1)%¢(~1)f(~1)1 — 5E(11€% — 14€ + 12)h(-2)e(-2) f(-1)1
— 502(17¢ + 64)h(—1)%e(=2) f(~1)1 + 15¢*(3¢2 — 4)h(-2)e(~1)f(-2)1
+ 563 (17¢ + 64)h(—1)%e(~1) f(—2)1 + 30£%(¢ — 4)(£ — 3)h(—1)e(~3) f(—-1)1
— 408%(£% + 3¢ + 5)h(-1)e(—=2) f(—2)1 — 10£%(10¢ — T)h(-1)e(~1)*f(-1)*1
+1063(3€% + 19¢ + 8)h(—1)e(—=1) f(—3)1 — 10£3(¢ — 4)(£ — 3)e(—4) f(-1)1
+2083(€ — 4)(€ - 3)e(-3) f(-2)1 + 56(10¢ — T)e(—2)e(—1) f(~1)*1
— 1063(2€% — 4¢ 4 1T)e(~2) f(~3)1 — 56(10¢ — T)e(~1)*f(-2) f(-1)1
+1083(€ + 3¢ + 5)e(~1) f(—4)1.

Tk RiE, WIWS B LU WIW i3

WIW? = —(1626°(€ - 2)(£ + 2)(3¢ + 4)/(16¢ + 17))w_31
+ (28863(€ — 2)(€ + 2)*(3¢ + 4) /(16 + 17))w_w
+ (366(2¢ + 3)/(16£ + 17)) W*,

WIW* = (12486 (€ - 3)(€ + 2)(2¢ + 1)(2¢ + 3)/(64¢ + 107))w_, W
~ (48€%(€ - 3)(2€ + 1)(2¢ + 3)(2¢ + 7)/(64¢ + 107))W3,1
— (126(3¢ + 4)(16¢ + 17)/(64¢ + 107)) W*

L3,

WiWwi 3<i<j<5n20It [I] CBWTHEIATWS. XL, [1] ot
I Virasoro descendant ABEEINTWAS. ZDLHIREBORVWET, EBHFLMBIZ
Wiw? #HBELE. Wi 3<i<j<5n201, 3_TY1TV/atwBLUTWS
W4 WS R AVWTRIBETES. Thbb, Witw, W3, W4 WS THLTWS.

W3, Wi, We ik, EhEhoxA b 3,4,5 D Vir(w,) ICBT2REBOxA b= b
(LT, AN T—EEBRWT—EMIEE S, W(2,3,4,5) @ 3,4,5 3. ThEh Wi,
WA WEIZsie L, 274 9V aRtw iRRIETH. ZOBKRT, w i W?2 LBNTYH
BV,

EE LR W3, WA, B8XU WS i, [1, Appendix A] @ W, W, Ws L ROBIRICHS.



EEL[] T, SSTOL Rk EREBLTVA.

W3 = %W:h
o 160417
W= 1442(2¢ + 3) We,
64¢ + 107
W3 = - .
A56P2+ 3) B+ D)

L(n) = wny1, W3(n) = W3,,, Wi(n) = Wi, Wi(n) = W5, L<. Zhbit, o=
A bB —n OEARTHD. WiWi OEEKMRTNS, KO LHbNME.

WA 2.1 Wik, =7 PZERE LTROBOETRELNS.
L(—i1) - L{—=ip)W3(—=41) - - - W3{(=3,)
Wi (—my)-- - WH(=m )W>(-n,) - - - W3(—n,)1,
U2 D22, 22523, m > >m 24,0 220, 25,

h—h,e— f, fre TEED ) —RE sl, DIk 2 ORERRI, BRTRD LS
RIAAERRRE W O 2 0B ERE ¢ ICHLRTX 5.

bw=w, W3 =-W3 OW!'=w! @W°=-W°

FIZ, 01 (2.1) OBOTE (—1)7 5. WE={ve W|v = +v} LB, BHER
BOFBERTBHLICL ), BeHEORBLARL 25,

WiW3 = 1283(¢ - 2)(¢ - 1)(3¢ + 4)1
BLUWR W CERSNAASERRRETHE - L0 6, ROTERBOLNS.
BE220>30LE, WORHCAEET 0 TERSNAUK 2 DHTHS.

0=2DPEIL. W3 CERSNDZEDA FTANREEL, W OHEKRA FT L BH
KRBT, V4 7 Y o BAERENRE Virw) = L(1/2,0) iKARICRS. ZhoBECFER
tiaﬁﬁfxiwrin"@&)é. _ _
KIZ. WD Zhu U AW) 282 5. flilE21I1CLY. AW) 3~7 PZERELT
[wW]'P * W3 « W] % WP, p,q,1,s>0

TRONSD S EBDBS. TIT, [ul i [u] O Zhu REGCHI B p BOMERT. Zhy
REBOREIZE D, (W] it AV) DRLICBENER, &bIC

(W3] * [WH] = [W4] « W3] = [WEW* + 2W3W* + WEW*| = 0,

(W3]« (W9 = [W9) « (W] = [W3WS + 2W3WS + WiWS) = o,

[WH] % [WP] = [W®] = [W¥] = [WEW® + SWiWS + SWEWS + WiW®) = 0
MBI L O RADENED. LENoT, KOBEAKY I,

(2.1)



I 2.3 W D Zhu {R3 AWV) TR TH 5.

COFBEICLY. AW) 134 EREFRROBFEMR THS = ENbM S, EBE. w,,
w3, Wy, Ws %E&&Té 4 E&gﬁm C['le,‘W3,‘W4,‘W5] i\:ﬁ LT, Wy > [Ul, w3y > [Wal,
wy ~ (W, ws = (W) 12L 0. Clwy, ws, we, ws] 1B AW) ~DLBRENG NS,

wic, W OBR~RY M EEXD. W OBRR2 b,

(a) W @ null vector
(b) V(£,0) DBXRATTNVIZEEND LD
DENHD. V(L,0) DBRA FT7MIRETHRD 2L & L. 22Tk W @ null vector
2E~5. N
1, (2.1.8)] i2& V. W DIBHI
ZrZO(_l)rqr(r+l)/2 _ quZO(_l)rqr(r+3)/2
anl(l - qn)2
Thd. BRODWL S>NDOFELE BEMICEL L,
1+¢* +2¢* + 4¢* + 6¢° + 11¢® + 169" + 27¢° + 40¢° + 63¢'° + 92¢"" + - -
L3, —FH, VA b m D (21) DEOTOMEE o™ DR L T 5 BB,
(1-9)'(1 -4 -¢*)*(1 - ¢*)
l-[nZl(l - qn)4

ThH, BHDVL OH DO
1+¢° +2¢° + 4¢* + 6¢° + 11¢° + 169" + 20¢° + 44¢° + 72¢'° + 108¢"* + - ..

L%, MEOEL

2¢® +4¢° +9¢'° + 16¢"* + - -
THHN, TIWBND 288 11, U4 b 8 D (2.1) OO 29 {EITREIIMST Crdle
. 220 BALRBEBENAH DL ERHTS. 0L ) REAHLKRENEESE null
vector LEES. DA b 9 LLEIZOWTY, RIRTHD. 7 A FA 7 LT D null vector
BEELRY. vxA bO/phSWV (& 2T 11 LLT) @ null vector X, £&D £ I2oW
TEEERFEEZRDDZ ZENTES.

3 w(EEY)

+2
£=23,... 2DT, V(£,0) ITHMTITRWV. KB, V(,0) BH¥E—oDIEKRA T TNV
T &b, Thite(-1)"*"1 THERESNS (cf. 6, 10]). BRRE L(£,0) = V(£,0)/T &
BEMATHAEARRKTH Y, TOEFNRBTIHELITFREATHS. WitonT
bR, W—oDEBRAFTA L NFETS. W=W/T L6 wawEsl)) ©
H5. Vir(w,) ® V(£,0) 123513 5 commutant W L, e(—1)"*11 2& 420, KROMHE
i1 C. H. Lam [8] 2 & 3.



& 3.1 f0)*e(-1)*" eI THA.

wWwEDD) 1. HIMOBFITHHT 5 EAERARKREOBHRE L LTREET
5. . ThEAVT WERL) o onOBEMBES R TE B (cf [4]). =2
T, EOEEEEWAT D,

L=2Za+ -+ Zay, (ap,aq) = 205 £+ 5. LI, LD A BNA— FERFOE
RmCE»RoRy. L OXMEFIX. Lt = 2oy + -+ + Ziay THD. L IS
STHAERRNE VL. BLUEOMEE V. 25825, SOBE. L OFFOBER ClL
EROT, V= M(1)®C|L] L REDZLIREETS. V, &, Bi(—n1)---Br(—nr)e,
Bie{ay,...,ae},a€Llin2--->2n.21TELND. BT LOETE -1ETSL
DBECRBMNMLE| RISV, Dfufi2 nEHERA® Y, § TXKT.

H=a(-1)14+ --+a-1)1, E=e"+---+e%, F=e™+---+e™

PR y=a+tag EBLE H=7(-1)1 £725. 0H=-H,0E=F,0F =E
B+ 5. H, E, F ORSERSE H,, Ea, F, (b, EndV, ®5ed 54 ME End Vyu
DETH D) It

[Hu, Hy) = 2mlbmin o,

{Hm, Ev) = 2Emn,

[Hm, F..] = —2Fnin,

(Em, Fa] = Hnin + m&ming,
(Emy Ep] = [Finy Fa] =0

(7. T, Hy 6 kin), E, o e(n), Fy & f(n) i1, s, DL ¢ OEBEE
25, Fl 0<i<eiZ7oNT

(B.Y1=3! Y e, (Fayl=j! ) &
ic(1,2,..8) 1c{1.2,...8}
=3 1=
ThHO, (B.)H1 = (FL)M1 =0 &725. ZIT, o = 3, 0 ThHB. FI,
(E-)f1=20ler, (F)1=tle™ THB. Ebiz, BRI C[L] Itk T

e (E.,Y1= L(F )il e’-(F,Y1= L(E )1
- (e-pHpr-" - -
MY L.

H,E, FCEREND V, OB ¥R VoI, 7 & e TERENDIHHREE V7
EBL. VD VRS VT T VI [(0,0) BEU VIV, THDB. ZIT, Vo, i3
F Zy iR A TEAERRREERT. VT IL (€)yoe"=9(-1)1=H 2838 2¢&
ICEBETS. 0% VI HIRLAZ b0, H2Hi0 9 hbH3IERIEND L(¢,0) DL
B2 0HERBICE LY. BFEHRTIRARARREKOFEME. BERMEEDIRL



FIRR<HONTWS., (7,7) =20 RDT, Vo, OEEHIMBEL Vayinygae, 0 < <201
DWTFRPICRABTHS. VA 286 V- IEOEFICHRTIZLEERD. veV,
TEREIND Vo OF5H Vo,-IlEE, V7.v TR, V7.v=span{uv|ue V',neZ}
ThB. VI (EL)1 (5B V- (Fay V1) i, Voy IIBE Vi, ioe (55O Vi ie)
KR THD. MY ={ve V| Hpw=-2jv} LB L. RAEEZLTS.

Wil 3.2 V'-mBEe LT, VT = @ls{(VY - (FL Y1) @ MY TH 3.

Wz dE, Vz,,-jmﬁ& LT L(Z, 0) = $§;5Vz,,_j7/¢®M0‘j THsbH. Zhip, MO
it Vg, @ L(£,0) 123513 5 commutant T, M® = W(EEN) ©H 5 2 L nsbh5.
RIZ, Vi-INBE V. KEENDEEH MOOLMBEEE 5. 0<i<0<j <ilzoVWT,

T R T
I1c{1,2,...£}
[HED

<. v R, BRAFEICIE

'Ui‘j = —ll- Z Z 3“1/2-"‘?1""'“95
J

TIC{1,200008)  PloPET
[HESY P1,...,pj; distinet

LES LN TES.
Hov' = (i — 25)v",
Eov“j = . ifj=0,
-7+ f1<j<y,
. .‘ '+l - - . _
Fod = {(1+1)v4 f0<j<i—1,
if j =1,
BLUH W =EwY =Fo™ =0,n> 1 880 3L,

Hyo h(O), Eo « 6(0), Fo < f(O) (o 312 @ﬁﬁ&-ﬁ-i\ U = span{v"j IO < ] < 1} X
i+1 RITOBEH shy-MBEL 22D, Fi2 Vo OFT, v TERINDEHS Vv
i, BEAY L(¢,0)-M8¥ L(&, V) CRABTHB. MY = {v e V. v |Hyw = (i — 2j)v},
0<i<40<j<e-1¢eB<. V. % BB V- IIBEOEMI ARSI LT, KD
fiEABohS.

i 3.3 Va,-InBEL LT, L(Y, Ui) = $§;6Vz.,+(.~_2j)-,/ge QMW Tha.

M IZBIL T, RO & AHH3 (C. Dong [3] 12 X 3).
(1) M3 (2BEA) MOOIBETh 5.



(2) BROBIIC e7/2 22T 31412 MO DIER L TTRT. = OEEIR MO INEED
BB MY MW Bl & I, T2 T0<m<l—1 20T, Mittm — pfim
ET3.

B)YMYI,0<i<l0<j<ilk, M= M0 2BV T, EVNCERBTHS. oh
I2X 0, ¢+1)/2 ADOIKEEBREER MOO-MBENBLNS.

(4) M D%k 2 DACRE 6 13, BEHH MOV MBEDOER MY — MY %3|x 8
Al o8
B MY, 0<i<L0Lj<iDbyT LT 1 KRE CvY T, ow) =w, BLW
o(W3) = W3 iX Cov iIT|kd & 5 ITfERT 5.
1

o(w)v' = m(@(i —2j) = (i—2)2 +20(i — j + 1)j)v"~f,

oW = (Zz(z' — 25) — 30(i — 25)? + 2(i — 25)* — 66(i — 25)(i — j + 1)j)v"~f.

4 (RIS WNBE
£=2,3,4,5 DHAIC, W= WEEL) oBSMBEOSEICOWTHRRS, (<4 D

+2
. WHRLHALATARSERBREIZ 3.
(=20LE W3ik fO)e(-1)H'1 DABT—ET, W3, W, WS T Wit T
0ic2, WiktpLBW 1/2 DV« 7 Y aTARRIEAFRNRE L(1/2,0) KRB THS. =
NOBEHMBEIXI@ETH S,

E=3DEE Wi fO)He(-1)*1 DRHF—ET, Wi, W5 iz W IZBVT 012
29, Wik L(4/5,0)® L(4/5,3) IcERTHSD. = nOBEMNIBEL6ETH S (cf. [7)).

=4DLE WS iX fO)e(-1)H"1 DAY T—ET, WIZBWTOIZRRD, Wik
Vi IKABITHS. T, (4,8) =6 T, Vg OBEMMENL10ATH S (cf. [5)).

ERIHDFE. W OBERIMBEX MV IZ[RS.

0=5D&E W OBEHMEN 15 ET, MY OVTFANcRBITH L, UTO
FHTHERAT I ENTES. W OBRESY FAD 55, W O null vector 12T,
DAL h8DLOVIE, DAL FIDLD VI 2L S, OxA b 8 D null vector i1 2E
HY, ZOSHO LAIX W, 1o LEII W I8N 5. v iz, W It8Eh3oxa
b 8 @ null vector & LT, EFHEXBRNT—EMICEES. v? & v! ¥ (2.1) OFOTO
BEIRESLLTRL, ThoD W=W/T ® Zhu REIZHT 5@ [V, V'] % w, = (W),
wy = (W3], wy = [WH), ws = (W] DBHEAL LTHRT. Kic, W OBR~I b0
L V(,0) DBRATTL T IZEENRBLDEELD. £=5DL&D f(0)He(-1)"*"1
Pu Lk, ME3LIZEY, el THB. um = (WH)™u’, m=0,123 2T,
EHRIC [u0], [uY], [u?], [u®] % w, ws, wy, ws DEERE LTRT.



LEROEOBRAXTEREIND Clwg, w, ws, ws] DA T 7 /v P @ Grébner EEIL,
KDOSBEDOERAXMN GRS,

Py, = wy(5w, — 6)(5w, — 4)(Tw, — 6)(Tw, — 2)
(35w, — 23)(35ws — 17)(35w, — 3)(35ws — 2),
P, = wy(5w; — 6)(5w, — 4)(35w, — 23)(35w, — 17)(35w, — 3)(35w. — 2),
Ps = p(wy) + 564841728ws?,
Py = q(ws) + 14685884928,
Ps = r(wo)ws + 5575284ws.

p(ws), g(wa), r(we) X wy DHEWAT, KEITENENS, 8,5 THD. £, plue) &
Py O3EBEFITE wo(Twe — 6)(Twe — 2). q(ws) & Py D3EERFIT wp T, r(we) & A I
EWIHRTHS.

wy — [w], w3 = st], wy = [W“l, Wg = [W5l &b, C[‘IU2,'lD3,‘ll)4,w5l b A(W) ~
OEAREOLBEBNELND. WiKBW T =ul=w=u=VV=vI=0420D
T, PRIOLMRAMOHICEENSD. —F, Gisbner HEDOHMN 6, Clw,, ws, ws, ws)/P
HIBRTETCw™+P,0<m<8 " us +P,0<n<5 BFDHRETHS. &biZ, &k
D Ebbnb.

(1) PL=0 X 9. w, DIAIXO0, 6/5, 4/5, 6/7, 2/7, 23/35, 17/35, 3/35, 2/35 DL Fhh»
Th5.

QP=PR=0&9. (1) Dw, DEDIH, w3 =0 &25DIL w, =0,6/7,2/T D
BEITIRD. E7=, w3 O 0 LADOHIZ, £ ORTTHIS.

B PA=P=0XY, w, ws I Zws HBVE wyp & wy TRES.

if\'.'.‘ @ﬁﬁ%ﬂ P1 = P2 = P3 = P4 = P5 =0 @ﬁ (wg,wa,w4,w5) 'i 15 M—C'&)v)\
FNED (wy,ws) i, BEXD 15 MOBEAMEE M D b o 7 L_RAAD ow) & o(W?)
DIER DIEDHM (o(w), o(W?)) IL—ET 5.

UEILEY, ROEEMNEBELND.

BEA41L=5DLE. W D Zhu ¥ AW) K [w]", 0 < m < 8, [w|™* W3,
0<n<5 2EELTS 15 REDFARGEERE T, Clws, ws, wy,ws)/P LAETHS.
£, W OBERMBHEI MY, 0<i<5,0< < (L My = M5-40 ) 15 fBiC
5.

BREIZ, d=5DLED o(w) & o(W3) D MY, 0<i<5,0<j<iDhyT LX)
~DERDEOREZRMT D, My = M0 ZERTS. itk MV o MYW-T THh
D, W3 = W3 RDT, o(W3) D MY DRy T L_A~DERIZ, MY Oy TV
RU~DERD -1 TH B, HIZ, MY 2 M- LRBFE MY Dby 7L~
o(W3) i 0 & LTIERT 3.



(4,4) | ow) | oW?) [ (53) | ow) | o(W3)
(0, 0) 0 0 @o)| 2/35 | -12
(1,0) | 2/35 12 || (4,1) | 23/35 | -234
(L, 2735 -12f @42 67 0
(2,0 | 3/35 6 (4,3)|23/35 | 234
en| 2/ 0 (4,4 | 2/35 12
22 | 3/35 -6 || (5,0) 0 0
(3,0) | 3/35 6| (5,1) | 4/5| -456
@1 [17/35 | -78|(52) | 6/5| —228
(3,2) | 17/35 8| (5,3)| 6/5| 228
(3,3) | 3/35 6 (54) | 4/5| 456

(5, 5) 0 0

S5 ik
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KT ) — R R—R— T
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Verlinde 2R.& 115 2 OPBEERIZHT LK TH Y, EWICMHIRLLAXTHD, 22
Tld. Verlinde 230K YO EHR A BT S5-I, Huang BiEW L7=REF LT TED
KO RBRRER I A RBOMBENOHEICEREL L I,

KRBV E2DBHPMBEW 2V, . W OIHRERHY, NEOT A WiQW! =
OENEWT (N REBET7 2 — Y a VHRAIEMHTIND) BERSh TR Y, ElomeE
O (E72012 L— 2K chyi(r) BORBEMAE D = 5— K BHEH, #
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chyi(—1/7) = Z Sfchw:‘(T)

EhoTnB L X, Velinde 221X, 7a2—2a VHAIE LOEBROBRKICRIENRHD
TEERTLOT, N & S ER o TRFTHIANTH D,
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! N
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IhETHLATWAGERLMUITR<B L,

{8~ oHBET A (RBEHR) 1T L TEar RBRIHREATEY,

A:B-1UM- L8F, Beauville-Laszlo. Faltings, Kumar-Narasimhan-Ramaunathan
. REDRRDH D,
IKGE, EORBRELZZUHT, o0 ORMUEHET DA, BISEHKRED
LBMNG —Mda & LT Verlinde 23043 Yi-Zhi Huang IZ L » TiEH &/,
Vertex operator algebras and the Verlinde conjecture, math.QA /0406291,

ST,

(1) BAERFRRE V BFEATLED.

(2) Co-BBEH LWL, »o

(3) T XTOMBEAERTH, ZOLI RTALERARKKLABLIES,
(I HDMBOBRMLL TR~<3)

AN HDBE~DHER:

Point 1: TUARERI#VEN C,- R L FRIEN 2 SfFZilif- L CohiE, AFMEDOSR A7
TH, FUrYABLERICERSIN, TV 2 5—TEME LI TV Mil).
Huang ORI AFIMICEIEA LA, S-KIROTTH ST T L>TN,; ks h sz
LERLTHY, £ CORERT Y IABE TV a 5— KB ChD, Thi. Orf
BREAMY: D F T Verlinde 25CORE L7z b OAMFEFE L TOTREBIL A2V,

Point 2: Co-FBRIT THABRTIILV O T, #ALIUKRVEEZIONERTH D,
ZOHE. Verlinde FAUHIET 5 bDRED L I DI BELIM? Nj & S ©
BHCBRAH DA S M2 BlENEL A, Verlinde PAEZILRLEEO LD L EZ LA
TWiely, Ehwx, BILWLERYE X AN H D,

BiE, 7 v VUBMBAMBEDOEM TRVEE, [Mil]ict) 5% Y o F—KBOIEH
ToM o7z pseudo-trace B & RIEEIZ, logz MOBIC ML T 2 HHBEOHLVEAFLE
RBLENSHD, 1272, [Mi2] TRUEEL IS, HEMEET EEAIMBEC RS L T— 88
ZRED, ThAKNERBHERTLMHTED,

Point 3: Verlinde AXD 53 E 8% (2x LT 8% #0 MBFH)TEH M ?
ZhasHkENE, RO T Y AR OERENRINTL 5,

Point 4: Huang D3 ? Key Point i3 3 k¥ FREE & BRI B 2l RE S L TRIERRD
BMoO#at L oM THS, 7277, Huang ORI ICROVEENR T, HbE VA

LPVHLOTRY, A7 ARHEEVLMR Y H DA, ABRHRE Y I HERT
B, TN, ZOBZEDLMYELTHIENUEORMCE > CRELERS,




WHONE

1. Ha(if

1. 3 RAFBEDZEIEMF~DIEH

HL ZEEHKORICERT IR EEZABOERY &Y ?

J
I-1. 5T: 8BFEA%
~7 MER W EOBRIEER {a, € End(W),n € Z} 2R3 & + 3 BIREEK

a(z) = Z: apz™ ™!

NBFEARTHILIL. (EED we W ILH LT, a(z)w B FICH R/ Laurent ##
IRATWDZ L, BIL, HHBE N BHoT,. n> N LRI RTD n ilHLT
=083 L THD,

1-2. B B  LoORAEHRRT-OMIZERBOM (nth ERBLMESR) NERTE
%
W EOBTFER#E a(z), b(z) BB ne Z icx LT,

a(z) *p b(2) = Res {(x — z)"a(z)b(2) — (—z + z)"b(2)a(x)}

EFEETDHE. IO BRFENHELEARD, ZZTC Res, Lz OIENE & HEH (%
DEIHLD) ThY, i

R (?)(—z)"-‘x*, (’:) B LDERCEILD

i=0

THhD,

RS, FRRERICHLT, a(z) % b(z) =0 L2253 MMARREL LT, 5 N H
»HoT
(x = 2)¥{a(x)b(z) — b(2)a(z)} = 0

ERDIEBDHD, ZORERHABE L5,

1-3 ¥ THREEARKEM
o N-RkEft & DR bAEM (REE VA FEHE) W =2 W, EIC
o BIRANH v,ue V., meZ = vueV (ie v, € End(V)) 25,

v € Vi) tt € Viau) = "t € Vir(u)ywr(u) - n-1



FHAM Y (v,2) = Y vz THEFET D, v OTHEEHERAREIES, —hONTVZRITR
ARARBRTHENFLR-TWH L,

AEA2EH : EVICRATEHA, je. vyu,w e VIZH LT, 51 #£ 20 LTHEELT
(' Y(v,21)Y (u, 22)w) = (', Y (1, 22)Y (v, 21 )w)
T, (V,«) € Hom(V,C)

o WEIEMR w) e HADHNLT (V47 /T )weVy D,
J4Z Bl Ln)=w.,, EBE, Va5 oliFEX

nd-n

L(n)L(m) — L(m)L(n) = (n — m)L(n +m) + 6"“"'UTC

Fli-LTW3,
BHERH wo = L(=1) XY (L(-1)v,2) = £V (v, 2) ER- LT D,

1-4. 108 : V-
KT E~7 PALEM O R
W=02Wrm, IreQ
veEV,n€2Z,= v, € End(W?)
B YW (v, 2) = Y vaz ! TRARL, MBE~OREERFE LIRS,
EWCEFIATRT, (e LTV oRALL-,TWS,

BN 22p (F 37 player)
W' = @2 Hom(W, ,,,,C)
2EL. W xW FoBHRARNM
( , ):WxW=C

i~ T, (YW(v,2)',w) = (', YW (.0, 1/2)w)
TYW 2E2x5L W LV NBEE 2B,

1-5. HREH : V ISBED TR (Co-BRRZE) MBI LT, MY ERLD
OEikRBLT 5,

o BEHMBEORIMEOMBUIBIR V=W, . Wk
o U A MMIFTIEE



o TTHRHTHEL a7 —FEMENKY o TV D,
Flzif. Zhu REFALBATHEALLEZHETH DA,

ER BATEMLLT., <ab|n<-2.gbeV >NV OPTHRRPEITEFF
&, VILC-AREHERIT LIS,

T, LORBRTRTHEELTEY, 5 TWAHRSOMSENREITT
RT Cp- iR 2Mi- LTV 3,

o Huang OMEHAZRAT 572012, V R Cp-AREMZ L, SRR THD LR
5, b, MREET < TELTH EERmEEonm) L{EEYT 5,

1-6. EYaS5—F%E .
vEV, & W= W, 8L T,

n=0

Swiv,7):= tl‘wO(U)tf(o(w)—c/N)

- t,er . vn_le2ﬂi(r+n—c/24)r

R Yl (roEEE > 0) ETHEAIRE T 5% E LD,
Ly, €27 —TEMELRH S,
PSLyZ)y=<T7—>oT+1, 7= =1/T>
S(v, 7 + 1) = 2itr-c/2G(y, 1)
1 .
()" Sy (v, ~1/7) = 3 S1Sw(v,7)

HFH S AL B, S =(8)) 1t kx -1TFITH B,

7. TRIEMBRET VUL
V- WU, T {2 LT,
weWmeQ KHLT w,€Hom(U,T)
Iw,2) = ¥,.co W™ TRIRL, w OFREAFRE LA,
ZhiIZV OFRTOEOER (ASERKR) LRFTRTHLY, Ho L(-1)-HBatEL R
AR LTV D, ‘
L(-1)-#ptE ek, I(L(-Nw,z2) = £1(w,2) THY,
At . H(vaw,2) =Y (0,2) p Hw, 2) BT RTDveV, weW, neZ IZHLTHE
NIMUDZETHD,

<wpu|weWuel>=T
ERBLE T 22N LS,



WiWI ZEETHE, ZRIERBIW xW! o T) TN ERDEIRLOBHS
T oW (MLZEHLT) BRXOLOXRDHD, OO T ¥ WKW T,

MFERFERTHROT, ; .
T WiRW? = @Ll NGWT
NG ZEBET, Shix7—-Ya ARRIERATOET,

II. XBEAROBU~DHOFA (Huang)
AIRERE V-IDE W, U, T ERZRIERAKY € (W xU - T) IS LT, 012,00 KD
LHORERT D,
0012(Y) € (U x W — T) % skew-symmetry %~ T
Gra( V), 2)wr = €UV 1Y) Tl 1Yy, o7iz)y
IIT.weWuelU T, wt(U)EXU OV A M ERT,
e 1L -1 OYT, LUF -1 THRY, 72, 2 (IBEA*X LIRSV 2 LICHEE,
o a3(Y) € (W x T' = U') ZHRIBRBIMBEDZERIEMAE L E- T,
(013w, z), uy = (¢, V(LD (e ™72 O, 27" )u)
w, u,t A singular vectors 815, L(\)w=L(1)u= L)' =075
{oa(V)(w, )t u) = e~ "W g2l ! iy 5 1))

#i8 [Huang] 012, Og3 11 (12),(23) € S3 DRBLLE Iz >TW S,

1. TRERROB~OEE

-], BR - OR®: V2 c [(Bx A— F),Y' € I(C x F — D)Icx LT,
P(d,e,b,a; 21, z3) = {d', Y (c, 21) V*(b, 22)a)

REXLIES,

ksl ZAP(d e, b,a;2,22) 1IZ—FEH z=2 /2 BRI EMNTE, BEMRA
RO R EMI L. |21 > |22 > 0 OFHTHRFHRKT 5,
ZOBE |22] > |21 — 22| > 0 OEETEMID L. V3L BhH- T,

P(d,c.b,a; 21, 22) = {d', Y} (Vc, 21 — 22)b, 22)0)
RUClit o ZFHED L.
P(d,c,b,a;21,2) =< &, Y (€, 2y = 22)012( V) (a, —22)b >

ROMERMEBERE LTRS,



P(d,, c, bv a; 2y, 22)

(dli yl (C, z[)y?(b’ Zz)a)

(d'a y:l(y-‘l(c’ S 22)be 22)0)

(d', 012(Y?) (a, = 22)V*(c, 21 — 22)b)

nowoi

LOBR%EY r TEY.
{d, V' (c. 21) V(b 22)a) = {d', 1 (V' V) (a, —22) (V' V*)(c, 21 — 22)b)
oun(Y'V) =23, nY)=)

a,b e ICHT B MR LA S, THOER (‘1’ :15 biTH 3 DT,

Lemma ™ =1.

I11-2. Huang OfEAAE (RHpF) IE8mik:
SER BRI E QW 5 W ~ORBERREHT, 20Xy M ENOBEE
{V,: s € X} &80 V(YY) % ),), BOBRKM

Y =Y FY'V: YY)Vl D)

8.t
D TRALTWD, THE. Fid [ XPROEAATIIERD, £O#fTH%E F! TX
LTW5,
o 1z X, Huang DI/ XD (3.5) X

FTHY'YVE L V3N = F(o12(Y")o12(V?) : 012(Vs)ar2( )
%E'i Ulg(y,) —C',EBH
i T D op & bIEMT 328 Cinvert &5 Z & LAl

o Huang D& (3.12) 5X
FY'® V%Y @ V') = F(012013(V?)013012(V'); 013012( Y Yo12013( V)

ZHTIESITE (DA >OWEEHTRLEZLD) ZHi-THRIAT B L, HRTHLZ MDD
5,

E 8k (DR BSWBFIILI<MONTWD LIS, A RMIFHE S, ChHhD, S;
iXb 5 DOIKRTEMHARBEF>TVWDINE, ZORBKIND BARDh TV, THAL
EMHFERKICIBIT S Lo 3ARRICHT HFERE L THTS 5 S, ORBULIZ DL S —
DD 3RIENRATHA, IE8ilifkod 8 >DEH» HARICH AR YRS &, 0 CriptRe
LTWenW420fA%5s, ZO4-OHETR UE 8 i o H AR 4 KRBT
HD, FLWVMBM2OACHE L LT, TOHAKT THORB 724 >OiliZ 8468 Licd
HHEMEEMZDE. 4HDWIEHARL-ESHENE CRMEEDL A RAFEL S,

MM TIXIE S ik (D4 2OMFIFRLAL®) ZRALTRALEYM, hiXT
KR L THAT HOIIRMAROT, HEET D,



AR ED GRS N D TEARED
MEEIZ DWW T

EOBR—EA (IEHRE K FRFREERER)

1 S L

THAR{REK L 131986 41 Borcherds(1] i2 & » THA S - EREOMEZ R -RE
FTH5. ETERERANTS. UT o 3EHKLET 3.

B, (ARNRE) ROKMUELZMI-T=587% (V,Y, 1) ZTEHRSAREKE WS,
(1) VIZC kD=2 bz,
(2) Y(,z) BV 25 (EndV)|[z,z7!|| ~DBEBEH. a € VIIXH L TY(a,2) =
Yz~ ET B,
(3) ae Vyue VIt L T Y(a,z)u € V((z)).
(4 1eVTY(Q,z)=idy =1_,z7-V-1
(5) aeViZHLTa,1=0,n>0,¢a11=a.

(6) (Borcherds tE®SR) a,b€ V,ueV,l,mne ZIZH LT

i (T) (@140)mn-iv = i (i) (—1){(@meibnsi + (=) bryniGmai)u.

i=0 i=0

TRAMEIZ, Virasoro & & FEIEN 2 WHRIRTEDFEL EHIZWV 2 D&KEE
BRLELOZRAERBREL VD, FARL—V YA Y TFRIZBE TS L—
vy A VTRREARRBIITORRATHD. ELSEHR D bOREAER
RAFCTR2<EARRETHS.

EARBRVIZHLTREERD : VoV (u— ugl) DD, REMRY L.
d

Bl 1. ac VIZHLTY(Da,z) = =

Y(a,z).



Proof. | = =2,m =0 & L C Borcherds {E%X & AV 5.

[~ -]

@ata = (a-10n = 3 ()1 @reilons (1) Loprncie)

i=0 t

o0 [e.+]
= Z(z + 1)a_z_ibasi,—1 — Z(i +1)6-24n-i,~1Gi

=0 i=0

) o
= Z(l + 1)0,_2_"(5",_,'_1 - Z(i + 1)6,,"‘.“0.,'
=0 i=0
) o0
= Z(—i - 1)eibpis1 — Z(i + )dnisr0: = Z(—i = 1)aidn 341 = —nag-1.
<0 i=0 i€Z

O

Borcherds{1} i C LOFHERE L 2D LOWS E AV THARBSHERTE LD
L, EHEZEDE I LTHBRTE IRRARBOFRSITEES L. ZZTCLD
AR A EOBS D L1 D(ab) = (Da)b+ a(Db) £ili=THHEED: A A
DETHD.

i 2. (Borcherds)
(1) AC Lo #HREK, D% A Lo LT 5.

abe AIHLT Y(gah=3 (%a)bm‘ € (End V)[[z]).
=0 :

LEDDBE., (A Y, 1) RERRKLLD. ZIZT1, L ADEMR.
(2) ERDue VIZHLTY(u,z) € (EndV)|[z]] L2 3THRRE (V,Y,1) &
2bhi=&+5. VLEOWE, BRD:V o VEKRTEDS.
@ uveVicdtLlTu-v=uv. (BBR)D:V 3V (u—u_l)

ZOR, VIR1EZHATE TS CLOTBRAKR, DIV LDy ERS.

(1), HEWHEBREEXTWA I LICEETS. (A, D)rofRah
TeTHARE (A, Y, 1) I LT Da=Da (a € A) £2>TW5. GEOIERAIM
SOMREZRVCTHERRTEXONA3DCEBTS. AR A L 20O
5 D oW TN ITRAREIL, ABFRKEND D =00BE¥BRWTHEKLE
AR LT,

KICTARREOMBEEEXLS. UTVRERAREAHbbI L ETS.

BH. (HARBROME) ROFEE2BITHA (M, Yy) 2V IMEEL V.



(1) M C Lo~27 b AZEM.
(2) Yu(-,z) i3V 95 (End M|z, 27| ~OBBIER. a € VIIH LT Yy(e,5) =
ZI'GZ aix—i-l & 1-6.

(3) e e Viu e MIZXL T Yy(a,z)u € M((z)).

(4) K\l(11$) = idM

(5) (Borcherds E%3) a,be V,ue M,{,mne ZiZxL T

i (m) (a1+ib) L= i (l)(~l)‘(a ibnsi + (1) biyn—i@mei)u
i 1+tY)m+n—i i l4+m—-iVn+t l+n—ilm+i)U-

i=0 =0

UTA%CLEOTHRILK, DE ALOMS LT 3. THRIENOTEARELE
BLEDERUFET, RELELTOAMENLTASREE LT AMBELE MR
TAZENHES.

@8 3. (Borcherds)
(1) MEREELTOAMELT S,

[>,]

ea€AueMIZHLT Yyla,z)u= Z (%a)uzi € (End M)|[[z]].
i=0 )

EEDDE. (M,Yy) FEARREE LTOAMBEL 2D,

(2) EEDa € AKX LT Yi(e,z) € (End M)[[z]] £ 2 BTHAREE LTD A
IBE (M, Yy) BER BN EF5. ADM EOER%E

(TER)ec AjueViEHLTa-u=a_u

LEDD. ZOR, MIBRELLTOAMBEE RS,

il 2 L RERIC (1),(2) HEWICHIERZ 5 A TS, Z2T, 2L 3R
ARELLTOAMBERREL LTO ANMENLRTELRB ZERZFEIEL T
oz B LRSSV, 2 DO AIEEIC Borcherds B &2 & » THiS
SRTV3. L Lo RN OBRENIRAREIT. —RICHAER
FREICRORWE, TOMBIZOVWTOELWIIERR IhE TR IbhTZ
otk i) Thd. THRARBAICHLT, R¥ELLTOMBELHEARKELT
OMBEL OBNEARD Z L NS EIOHEOHHETHS.

LT, HRIREE LTo AMmBEE, REELTO AMBERTR

Aﬂu#(vp‘) (MRfk# L L TomiF), A}Jﬂ#(mg) (1R¥ & L TOMmEE).



PRAVTRANTAZ LT 5. SEIL A X—ERSEAR Clt] DHAZ. Clfm
BE (aig) D OHIAL SN2V BRI TE Clt) IIBE (va) Z 0BT 5 Z L BHELOTHRE
F5. EZB HEOHEDICH LTRED L 5 REMKTT Clt] MEBE (va) HBFETS.
L7232 T AMBE (va) PHIRIZ. —BROBEARFEORBEDOEZERIZEI- LD LI
RS,

Clt] B (vpy EERTBHIRROD L FON KR (cf. [2, Proposition 4.8])
ERAW5.

il 4. CLO~R7 MAZEMM & V 56 (End M)[[z,z71)| ~DOBBIER Yy (-, 2)
NEZONIET S, O, (M,Yy)BVIIEEL R3-DOLEFSLREIE. K
DEODRMENEEINBZ L THS:

M1) ueV,we MITx LT Yy(u,z)w € M((z)).

(M2) Yu(1,7) = idpy.

(M3) w,v €V, 4,5 € ZIZH LT [us, v] = Ty (§) (ur)injs-
(M4) w,p e VIZHLT,

Yy{u-1v,71) = Res, ((351 - IC)‘IYM(H,:E])YM(U,:E)
— (=2 +21) " Y (v, 2)Yus (4, 2,1)).

(M5) u€ V izt LT Yoy (Du, ) = %YM(u, 7).

2 TRRR%ELTOFEBRRECl) mE

S ER~ 5 DIXARKIT Clt] 1B (va) THEOTHE 4 OYERFIIKRD L 5
Bz B,

i 5. M % C LOFMKTEAY FNVERL T(z) = ez Tyz' € (End M)|[z,z7Y]]
&1 H. ZDK, Yyt z) =T(z) &5 Clt] B (va) BIFEET DD DOLE+S
FHET(z) BROZSDEEEH T L ThB:

(i) T(z) € (End M)((z)).
(ii) L, jeZizxLT T(i)TU) = T(j)T(,').
(i) 2T(x) = /(7).

IOHE. P(t) € Cle| k3t LT Ya(P(t),2) = P(Yu(t,z)) £725. 542 (M, Yy)
i YM(t, :L‘) = T(:L‘) ﬁ‘B_ﬁw‘:y{‘i 5. ¥k (M, YM) MA 71[181*- (Alg) 7)‘6@525
NigWIeDDYLE+FRMLT(z) ¢ (End M)[[z]] THB.



Clt) LOEBOWS DIE D = f(t)%, f() € Clf], DR = L AHES = &
CEELTEL. #l5 #AVTRO X I IZHRKIT Clt) MBE va) 2 2ETBZ
LR S

FRE. D = f(t)%, f(t) € Clt], % Clf) LO#S &+ 5. Cle) MEE gy 7S
ﬁﬁéh’:v‘ﬁm&iﬁ ‘C[t] Ing¥ (VA) ﬁ‘ﬁﬁfé%@ﬂ‘g'f‘ﬁ%ﬁ:‘i f(t) -'ﬁ 00
deg f(t)=2TH 5.

F@ =clt-a)(t—B),c£ 0, T 5. EEOEDEBH IR LTEDL IR K
FEELBEX) C[t] DOBE (vay 1. Yar, (¢, 2) BELT TED 515 Clt] hB¥E (vay (Mn, Yas,)
EETHS:

(1) a = BOWE. M, =C" T
Yu.(tz) =a - %m"(E,, -z 7)™t
_ 1 o= i i1
=qa- c;Jnx .
@) a#BOHWA. M, =C" T

Yu.(t,2) = a + (@ — B)(-1 + exp(—c{a — B)z)) !

exp(—c(a — f)z) -1
X (En - -1+ exp(—c(a - B)z) Tn) ™

ZIZ T E, tInRBEITH., J. 13

0 1 0 --- 0
Jo = 0
1
0 0
Th5b.
SEX

[1] R. Borcherds, Vertex algebras, Kac-Moody algebras, and the Monster, Proc.
Nat. Acad. Sci. U.S.A. 83 (1986), 3068-3071.

[2] V. G. Kac, Vertez Algebras for Beginners, University Lecture Series, Vol. 10,
Amer. Math. Soc., 1997.



On Ising vectors in the VOAs associated with lattices

B & ##t (Hiroki Shimakura)
TR R FPe AT AR

Graduate School of Science, Chiba University
e-mail: shima@math.s.chiba-u.ac.jp

FF

AETIIBET LIBT3 THAERARRE (VOA) THD V) AP 7ROV T
3. ZOMAIIELRIHAFED Ching Hung Lam K & DIEFEFFFR [LS) D—HTHS.
ZITCEXITAEARERER Y BERFELTHY, V=02V, L& =C1
"oV, =0Ths.! VOA OEFRDNFHMIL [Bo86, FLM8S] #BML T\ =& 721>,

1 i
1.1 A1PV05%
ZOMTIRA VU T RIZHOWVWTHERS,

B 11V, DT e A DUTTTHD LIt e BERTAMRTALNREK VA(e) BPOE
B 1/2 DM 4TV a VOA L(1/2,0) ERIBITHS T, e BEDT 4TV uTERD
ZEThB.

DA U7 FEE VOA DifE, ®BiG, BCRERSYPASIOICFATHS. ZITik
BB L OBHRIZSWTIRRE . e % VOAV DA P 75T 5. VA(e) = L(1/2,0)
DEERMBEIX L(1/2, k) (h=10,1/2,1/16) ® 3 2OWFhn L RAETH D, iz, HEH
THHIDT, EED L(1/2,0)-MEEIBEHMBEOBIIC RS S, £ T, V(h) TV DB
1 VA(e)-S 2 BET L(1/2,h) ERBARHLORKOMT V ORSMRERT LTS, T
3L,V ik VA(c)mBEL LT

V =V(0)® V(1/2) ® V(1/16)

Wy =0 DEENRRS TOA Vo TREBXD I LHUED, LAL, W, #0 0BE1 V; Ooxd 0-1
HELGN S HCERBENEREC RS ZEHEL, TOEHICL>TEBRAOA P VY ARFETI L
BB, KoT, APV ROHRMIEEZLIETIRRRLL RS EBbIS.




EREEND. £IT,V LORBER 7, ¥

_}J 1 onV(0)eV(1/2),
] -1 onV(1/16),

EEDDLEFEHINL V O VOA L LTHOBAEREE 25 ([Mi%%6a]). £V D1 Ik
LEEIT VOA V™ =V(0) o V(1/2) LO#BFEER 0. %

o = 1 on V(0),
*7 1 -1 on V(1/2),

EREHD LRI QERDS o, (X V™ OBCFEE L 2D ((Mi96a]). TR 7. #1 0
EtEkeh -8 1, =1 DI o-B LFES,
RiTEFHOHEHBELBETHS.

88 1.2. VOA DA P Vi 9EE L.

bhAHA, —BRD VOAIZH L TEZLZDIRELVE, WL ODOFI TS ¥V 77T
BT bh Ty 3.

(B11) (JLa99, LSY07])’ C 2R & n O_ZBHS T, W& 2 O/ BELF2LV T3,
IDELE CIAEETD VOAR Me DA 7TRiL 16N +n f@H 5. 127ZL, N X
[8,4,4- NIV Y HBD C ~DEHRALOLETHS. LIV LELIBRD L,
n BOA YT Me 2EBTAHERICAVS L(1/2,002" 8 EhHLDTH
D, ¥ CONIVIFELRBRENTENORSFS H I LT, M DS
VOA My BELIZ 16 841 Vv /xS,

(B12) ([Co85, Mi%6a)) L— > v A »NEE V! OEHCEBRBEITE L X5 —HlilEThH .
VIDAL DU TREFVAI—DHEBER A ILEEINDI TR EOBDER e 7. 13
1:1 XS THBA

2T, IOMEEBBTF L ISHRT S VIS LTERRY, L, V=0 04
EWELTEIIC LIRS 2OXLEERZVLDEE XD,

RIEPIL [LSY07] TEANR TS Ll <78, XEAY 25213 [La99] TiThh R L BRI LOT
EELTREET.

3Mco OERZIL [Mio6h] B,

1IThTHBEFTORTVB LRV, ELAT—DLTD 24 DO VI ~OHEANREMCREESH
TWB3bI T, A P /R AEMIIRBRER TV A b1 Tlev, BMtELE &S 5 [Co85) D
RBERICREAAZ—IZBTDREVER (R 24 OPOEROBEL V) BAVOATVWH I L 2EEL
THL.



1.2 ESERRLY Vv

O TIHBBIC V) iC oW TR TR <. #MId [FLMSS] H2BBL T &
W, L ¥ EEENREEESBHBTFEL, Ln) TRE n OXEhOBEERTLETS. 20
L&, LICHRET AT VOAV, BRTE& 3. D VOA RBEFOHCRBOREL LT
ZHORBE L THL>TWT, BT -1 %32 LoBEREORLLEIT 02525, 2L
TV CORKZAERLEOBEERT I LIZT S, AL VI iV, D5y VOA
LRoTNA,

2 ViAo IR
IOBTRV DAV T RICDOTERT B,
EF, ROZODHEDA P Z7ENFET D LidMmbhTWD I LicEET 5.
o ([DMZ94)) L DR & 4 DIFE a IZHLT
w(a)t = 11—6(1(—1)21 + %(e" +6(e))
RV DLV I RThD.
o ([DLMNO8|) E % 2E; LREA L OBYHBFL LT, p € Hom(E,Z,) &T5. =

nEE,

1 1
esy = TgWvz + 35 Y. (=1 (e +6(e”))
acE(d)/{£1)

RV oAT IYETHS.
[LSY07] TROFREB BN TS5,

FH 2.1 £3 2 OREFL2VEBEF L IHRITD V 04V T RIT w(a)t & egy
TR &5,

FHERIZ (B11) ICIBEZEDH T ETRIVRER TV A,

thil 2.2. [LSYO7) R #A—MEFETH. Z0LE L=V2RICHLT, P 2.1 RE
L.

LT, [LS] Tix KOBENELhIS

EE 2.3, V—FHF ALETS VoAV IZR LT, T4 2.1 IXIELW.

SZOFARNEY LMY S DILRBRTH S,

S[LSYO7, i 4.7) THRHENAER 23 2RLAL AL FEANTV IR, TOBRETOENL (52)
HEERWT, /RS —OBBEAVTHLLOTHS, SEDEFHL (K 2) ORI (B A F —DHER)
2Pz VOA OEE L Conway BFNEEMNGH LN,

— 86 —



ST, ZOEBBOEANERE Z B~ L ). P, kOFHEL BV

R 2.4. [LSYO7] V 2 Vo =Cl & V, =0 %2ili’cd VOA T D. e, f 2V DALY
IrEL, e BoBERETD. ZnL&, ec VY, Thbbeldr, CHAESHhS.

BE 23 RKROFHTHEHTS. ecV APV I TELIZEE, eiX V™ Tl o-BT
HB. £oT, Ve ICEENBA PV RICHETS r-BOBCRAIMNERTIHLE A &
LB, e i3 A CTEHESNS. LoT, 5L V™ @ AILEBEESRS VOA A8 “BRIZA
DO RBGBEINTVWD VOA” LRIBICRDRG, e REDL S RRuhbhd, EEIC
Vi OBEITIEMHHE 2.2 ICRBFHEIDITTHSD. LIV LELLLIERE .

—fROBERF L TR TEI@MIZOEERRB. e Z VI DA PV TRETH. Z
DeE e V, DASYITERBIET, 1. € H=Cau,)(0)/(0) £33 &b
% (cf. [Sh04]). ¥ 7=, [FLM88] &9

1 = Hom(L,Z,) = HoAut(L)/{-1)—1

HREEATHSD., LoTL2DHBICHIITELS.

7. € Hom(L,Z,) DH&IL, 2 L OBFET L' b-T V" =V &%, 22
T, LU ORE 4 ORIMAHETD V) o4 IRnbiEbhd r-ROBERBICLSE
ERTHETH LM 2.2 ITRGHKS.

7. ¢ Hom(L, Zy) DAL 7. 1% Aut(L)/(£1) DK 2 DAL THS. L = A DHEITIK
Conway, DX & & EDFED (Conway, ~DEFH EIFD) A ~DERBRL MR TNDD
T, V™ BAGKSICOHY, G 2.2 ([CFHEDT LIV LELIBRS. 7. OHE
X ATLAS OB T 24 £72i% 2C THH. RER LN 2B DOIEIL Conwayy ~D
FHEFOMNEN 4 ERDZOTr, OB V, LT 2RTD. LoT,AD T, D £1
BE~Y MATERIWIMIEFIL 24, 2C OB Th V2E; & BW6, V2D,
ThD. ThbllHIETL VI oA Vv 770 r-RoaeREIC L ZEER VOA &
ENETROFEIBWTHATHIZ LT, Ehfheid v;wmww;s, Vi, CBEID
TENDbNB. Thod VOA A VU 7 Tikal 2250 6bh50T, ER 2.3 (1A
TE&3.

BIIROZ X3,

25 VoM Oy /RRET r-RTHS.
L, VY OBCRBHOA P S RADEROPERZKRDOEBY TH 5.

R 2.6. V) oA P/ RLEOKEITHCRMBEOEMIC L T ZoDBuBIC N, &
RERORKITIE w(a)* & ep, THS.

TOBRFTHLILK 2 DACHYDRBF~DERNRRL bhsTvhid, R Vi of P 75Xnsy
BT I LAHESI ML LA,



BRI, A= v A UMBE~DOIEREEZ LS. V= VeVt 50T, Vi
Vi EEB5 VOA L LTEATWA. £1, Vi £ 1L, VI E -1 & LTERT 2B EH
X VEOBCRRICRS. £FLT, KEMILTDH I LIEZHLNTND (cf. [Mi0d]). HER
12 VY3 a € A() (28 LT wi(a) 288V 4 5 Yol ib, ElINrS V=0 THD
ZEhBRES.

il 2.7. a € A(4) KR LT T 4(q)Tu-(a) = 2 THD.
THLRDOZLRTEDS
Bl 28. VI O U/ RRET r-BTHB.
. ee V' % o-BIDA PV /LT D, THL, f 24 LHE 2T D
e € Vhlterom@) c v}

Thd. L2L, Zhidh 25 ZFETS. O
ZOMBTHRIBERIR~OIEAAMEE LD,

FH 2.9. V=02,V LEEMAENMEREOEAR VOA ¢¥+5. Vp=C1, V=0
THY, VDL VRIIET r-BTHILEETD. COLE, AV IENLEEH
BEE~DER e 7, ITHHTH S,

SE 3
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BEEARE LBy D7 7 RT3 RBARIZHOWT

A EBANFRFRAEREFRAR 8 ER
AEBRERERMANZHAR FR- 2N

1 REFLR

QCRERABEFW I LT,
ﬂﬂ=fﬂ@WmMm f e QW) (1)
Q

EVIOIMPEEXD. MAEEHQ L EAWEW 2HET HLEORVEES,
Wi [fOXHICRETD. FIXIE, (QW) = (R4, I®I7) % (B4 1) Bix
Ba B TIKEPhIMTHS. TOLHRMITHLT, 52 b6hkH
BOBNAZERERD D Z LRIKRIEDBERBETHH -0, REOFREDNA
BT AMEEMEERAVCTHMEZEL L2V, Ly, Boh7-lizTe 3
7 D‘E@fﬂﬁfﬁhﬂfiﬁé EWOIMEDRWIEEEZX LS.

X={zy..,en) CRIL L, X ECERINSEMBEHBEE A LT
5. XOFTENEHCT, B f OBSEEZKRO L 5 IEET 5:

L
Z(f] Z,_ e, Z’\ (z;) f(=y). (2)

Hﬁ—#%;ﬂ&%iﬁfslmﬁbrﬁwﬂuﬂﬁﬁmtmwiﬁufb
T bICLE L 72 5. (2) D& H 22KiZT VA 5 DHVILRBEAK (B mEA
K) LXIEFNTWVWE. RESGX DO LEETFHFA U HDHVERFIAKE L LD
ELbhs.

nRUTOETOLEENICH LT, BEN DL ARESNE I 28, KRH
AR Q) OKREILETHD LV ). ZEXI I ELHOIIIHNBAND
5. Fhbt Qa7 MRS RE T D E, Weierstrass DERRIZ L -
T LEOHEGHE P LEEDOER  i2¥ LT,

|P(z) — fr(z)| <€
RO LDEZEOE  ICB VTRV IO L I REBEK fp NHEHLTD. ZOE

BIZX~»T, Q Lo#BGREEILF & 2HETCERAMN CE 5. ZIRATR
UBHRBEEK £ ICH LT, EEREE S ThiIZd 513 Y, T 4bbe 2/ &<



THETH12E, BERSER fp ORBITIRE < 2B RFRIER LRV, o
T, REAKORBEIENIZE LV Fh, EHREOBAICLY |X| OfER
TE&BEFHELTIONREE L. I, | X| BT 2H5 TRAMNERS
BEF, REARITERS AR L BEAZMELSHSD. NSOV TR 3TTH
L2, PRI CEZSARICET 5 FELR~<L .

2 EXZEXEBLEHR

QWIS ERILREZAWVWS. Q Lok FO d EHEHEAMNRDHH
ZMZ2 PO LB n KSEX S X, FBEDOn -1 KUTOLEK g ioxt

LT,
I[/g)=0

EWMTTH, [ 2 WICHET 5 n KERZSENKE V). FZ, [/ = 1 287
T [ E2ERBEAZZHRAE D, 14 = dim{f € P4R) | degf = n} LB &,
Q EEVNIIN AR n WERSHUL rd BFET 5. S8 n RIERE K
BEK P, (i=1,...,70) ZRILTDIHIRY bEP, = (Pay,..., Poya)”
ERED. OB, n+ 1 REBERF| P, (i =1,...,d) BPy,...,Ppy O—
KEEL LTRENZZLEIHLNLTHS. HAMICE- T, Bidn-2KRU
FToOZRAFNI L TR~ RERCKLBLRWI R L HMBATNS,
EE 2.1. (ZHBRR). EABHAITH LT, 1151 Ani € Myaypa (R), By €
Mrﬁ (R)v Cn,w’ € Alr;{xrg_l (R) —E& &fiﬁf:?%@»;#{f"ré

TP, = Aﬁ,iPn+l + Bn,ilpn + Cn,ilpn—lv i=1,...,d (3)

7L,
An,i = /mipnp;l;“{.ly Bn,i = /inPnP:1 Cn.i = /xipnp;l;‘-l-
IEREZEHRI P, (k=0,...,n) ICH LT, 8K
Ka(z,y) = PL(z)Pi(y) (4)
k=0

B2 5. PN OEROTE fICXLT,

f@) = 3 TIf () Pu(w)]Pa() = Z{Kn(z, ) (0)] (5)

k=0



BEOID., TOHRICLY, K,(-,) 3 n KA EFEIENRS. BRLMIZ,
Ku(, ) 3P, DRUHFIELTEE 5. BAEBIL, KHOPoBEOPTHER~
REEELD, 7V HETZII LD EL ORFIBIT 2 EELRFREXNRD
DO ThHD.

B 2.2. (Christoffel-Darboux 22R). {Py | k = 0,...} ZERLZEHAXII1H
B E LT H. O, EROHFABBEARUHERLD = (71,...,T4), ¥y =
W1y, ya) € REICH LT, ROWRKMH Y 1L

) = [An,ilpn+l(m)]'rlpn(y) — IPZ(m)[An,iPn-H(y)]

Ty — Ui

1£i<d,

3

> PL(z)Pi(y
k=0

n (6)
Z PL(z)Pi(x) = PL(2)[An41.i0Pr+1(Z)]| = [An+1.iPni 1 ()] OPn(z), 1<i<d.
k=0

(@)

Christoffel-Darboux A3, BAERKICKIT A n KU TFTOEBERESEROM
OMOHEY, HDnREAXRZHANRE n+ 1 REXZHXOBOMOHRIZ
MBFESVLHEVIEREZLON, TOHBIIKARELE L THETHS., o5
DR (QW)IZH LT, LOVHRLBABORAARBMONTWS,
piiE, (W)= (S, DIKBWT,

Ka(a,y) =) Qul(=,v))
k=0

i, MEARE LTESHMLATVWS (1,12 2 2T, Qx(-) i kK Gegenbauer
SHNTHS. O, QA BYIZE LWGE [14] 5 W T d IRTTHED
Ba[15) 10, ExBHEOEABEEITA L THHIFICHMO 2BV TV AR
DRBAXRPHONTVS. WFhOXKRAKD, (5471, 1) 4 2 MEL
K& EBERBRICH S (16].

HIOHUE Q RUERBER W 2L b2 0d)-FETHS, TRbS, 0(d)
DILEDT o Iz LT,

C=0 W) =W

ALY ST, (2, W) LT BEREHANE Od)-FETHS L) . T
£V, Ka(-,") 120(d) DIERICE LTRETH D55, O(d)-FEERSER
AT ABAMLER O)-FETHDLEVD 2 LI LE 5. OW)-FELF
AR, —R OB E B LT ASICHATETSHS. ThICHONTIE 4 8
THIBAMCT B, KETTH, BABORBAR~OIBIZOWTERT 5.



3 BE#ERRLK

K n OTFFA & X EBL. |X]| < dim Pf%J(Q) EWETHE, X DET
DETHRERDEIR 'Pi'%J(Q) DFEFAHBLLRE L 1 HFEETS. Zhid
B T OEEMEICRT 200, | X[ IZBEL TROFTFEXHSK Y 1:

1X| 2 dim Py (). (8)

(8) BV THB BT 2 RBMARITN 7 ARBARH DIV A hFH
A E EiEh3B.

K 2 — 1 OH Y ARBARE n KERSERRKOHROMITITHE
EREAREHD.

BH 3.1. (7. X ={z1,..., Tgimps (o} CR ERDTICHT 5 n KRS
FREENSLDEEP, IH LT, X KR 2n — 1 OHF T RARBPLAXE A
I DLE+IEE, P, 45 dim PL,(Q) HOKBRE b & ThB.

n RERERAREIIE £2dim PE_,(Q) HoLERE LS. LAL, bk
2 ¥dim P (Q) BO®@RZEZ L oL I RS T OFERIZEALRLNT
BoT, HUARBAXDEFELIZEALMON TV [4]. 23, BR
DEHITFER K, (-, ) ZHWT,

1
Kn(zy, k)

ERINBZERISCHONTWVS. 5T, Kal-,) DRFHEIT LY A(ax)
HEICEf%2 & 5.

X NOWd)-FEREE -1 OFF Ao ThdELLY. n LR ULEHE
b OEBEEENES PUQ) DEAZEME PH(Q) LB Zok, |X| I-H
TAHRDAEADB LIS BN TV D!

/\(.'Bk) =

IX] > 2 dim P () — 1 if 0 € X and n is an even integer, ()
=1 2 dim P () otherwise.

(9) Z®RTHLE, RBAKHBIVITFA 254 bTHHEVD. ZD
A% X Moller([5]) & % v i Mysovskikh([6]) iZ &> CTHSLIRS e ds, —
A%z Moller lower bound & KX TV 3. ZoRFLUXK, Moller 2% (9) 2 &<
EEHLREEHVYDOBOELVELLEAS YFICBVWTEHELERET
Li=Z &z k3. &t

zeEX=>-xeX

EWMTREE X CRUTEHIITHD LV ).



BE 3.2. [5]. FHFA L XMBO) BV THELERTDELL . 08,
0€ X O aMBRTHS, HHWVIEn BAKTH B0, X (HENHNT
H5.

BT, 0 € X hon B THBEAIC, (9) KBV TESZERT 57
YA Xa2Ec2L). BH32LY, F5 LETF¥AL 13,

dimPd*(Q)~1

I =220/ @)+ Y AM&{f(me)+f(-z)}  (10)

k=1

DEIZKTENTES. i
P LICHIBRENF-BER K.(,-) 25 % 5. Thbb, K.(,) i

10 = [ (@R @ yWake, [ ePEE (11)
EVOIMEEZ L. Ka(-, ) BERn RBAERE XiEhD. EROF¥FI X
LR n REAKIIEELBERICHS.

T 3.3. [7). REAK (10) BFEET 21D OLBE+3 %ML,
(i) Ko(mi,z;) =0,  i#j,4,5=0,. .. ,dimPPQ)-1;
(i) Mz:) = sz 1= 0,---,dimP(Q) - 1

&KH 20 DA Y ARFEAK & MR BT O M OB I SV TR T
fRh ey, IRENTIL, O(d)-RERKRE S OREAKICHT S REDER LR
%35,

4 XE5OKREFELH

O(d)-AFE72 n RHZZERXITL, n O/BFITEK > TREZHKH 3 \VIEAHFEEHK
27 Weyl-Brauer L &3 O(d)-FELFADOEAERE AVIUE, Ka(,)
i i, ], (2, 3) 1< & > T—BIICRREND = & 20 B, Ka(.,-) B
B THEINS, K (z,9) 13,

Ka(z,y) = a{z,y)* + bll|Pllo|l® + c(ll|* + lv|*) +d,  a,bc,d€R,

(12)
DEHICRKRIND.



T, BEQCRIND AL EWTEVIREDH L T, 5 KORFKA
RKIZH2NWTE LS. ZoBE,

dimP(Q) = (d; 1) (13)

THDLHIEBEHIZDOMND.

BB 4L FEQCRIAQAD LTS, EED z,y € RUZH LT, Od)-F
EERZHNCET EWELE K.(-, ) 13,

Kol y) = a{z,v)* + bl|2lPllyll® + c(llll® + llyl*) +d,  (14)

NEICRRIB. =KL

d(d+2)
2|S" l|f"r‘”"W(r)dr
SRR W e 1 LT
|S“"|f:r""'3W(r)dr 2 f:'r“”W(r)dr
fq d- lW(r)drf"r"“W(r)dr
(fqr‘“'W(r dr)? f"rd”W(r)drfqr“ W(r)d }
1 f" r4=1W (r)dr f" r W (r)dr

NG () ra+ W (r)dr)? — f"r“”W(r dr [ rd-1W (r)dr
1 Sy d“VV(r)dr

4=~ 5] [T inar”

ThY,pglEQ={zecR!|p<|lz]| < q} LE>TEDLNIENHKT
bdETS.

AR, (5) AV, O
Rl 4.2, [8]. EQCRIMQ# D ETB. KRBAK (10) BIEET 526
i, ROFTEZ bib:

d(d+1)/2

Aaf(0) + A Z {f (=) + f(—ze)}- (13)

k=1



TCTfL, /\0,/\] BKRTEDHOLND:

_ (f: rd+lW(1')dT)2
Ao=1- f: r“‘IW(r)drf: rd+3W (r)dr’ (16)
1 (f: rdt W (r)dr)?
A= d(d+1) f7 rd‘IW(r)drf: rd3W (r)dr’ (7)
[ W (r)dr
|||l = W o #0. (18)

AT, ER 3.3 (i) £V, (16) RV (17) B v i, EE 3.3 (i) L 9, £B®
k=1,...,d(d+ 1)IZX LT,

R?(Ovmk) =0
LD, T, WM 4.1 XY, (18) BV . O

EE 4.3. Elﬁg C Rd ZJ;Q # ﬂ aTé X = {ml;-"’md(d"-l)} C Sdhl 703

54 MRS FHA 2 ThERHOBEHIRMER, (0}U{\/ Frzmpea |

k=1,...,dd+1)} RREAK (15) 2242 LTS,
BEM. X = {z),... . gy} C ST ESA PRETHA L ETDH. Z O,
M 42 L0 TIcRT 2HERE—A L MIKD LS TRENS.
1 f: rH W (r)dr
d’ f: rd-1W (r)dr
Lt W (r)dr
S W (r)dr
d(d+1) q . d+i1
_ ( 1 Z 2 ‘) f';r W(r)dr
d(d+1) il fp rd-1W(r)dr
d(d+1) q r4+3W (r)d 2
= A Z ( H%l) -
[, T W (r)dr

=1

Iz} =

= Tslzf]




Ilzix}

—fxiz,

Tief] =

= Ifxiai]

3 f: ret3 W (r)dr
d(d+2) [TréIW(r)dr
n LW (r)dr
* [t (r)dr

_ ( 1 d(dZH) ) )f;’rd"""W(r)dr

dd+1) & ™) W

= 1'5[:1:

{=1

WY | [T (r)dr !
L
A Z (J f:,.dnw(r)dqu,l) .

=1

1 f: re3W (r)dr
d(d+2) [Trd-"W(r)dr
W (r)dr
f: rd-1W (r)dr

ddt1) q,.d+3 .
(s S ) o
dd+1) & mkim.d f:rd*W(r)dr

\ d(di1) j;’ rAH3W (r)dr j;’1.d+3W(r)dr 2
> ( [T W (ndar mqm")'

m=1

d(d 1) ;@D
I =X+XN Y 1=E(_d+—1) Y ou
=1 =1

J2 rd+3W(r)dr

A (15) 274, MBOWHmbRBRICRE NS, O

QW) = (B4,1) DL &, FEH 4.3 1% Noskov-Schmid 52 (8] I=—F ¥
5. Q0#£0:F 5L, Schwarz DAHENX LY,

( / qrd+1W(r)d.,.)2 _ f" P (r)dr f A <0 (19)

p



MY D, #H T, O(d)-FEFHA U OBERIFEQANICEENS. F0
£ BRRFAXNBNTLAXE LiZh Tk, IEALEELEREZ L.
ST EDSFHA v X ITHWT, KOBERB L LR T3 [2):

dd+1)+1 ifd=1,23, d=(20+1)?2-2
IX] 2 { dd+1)+2 ifd=456 G<dz@+1?2-2 20
TIT CREEOARKLE TS, SN2 by A k5 TFHA L OIFEER
BT AR THD. AR -Venkov 3] ICL W Ho»Dd = (20+1)2 -2
WZHLTEA P STFHA U DIEFENRRENTV AL, RBRZEINEL.
O((20 +1)2 = 2)-FERF A b 5 THA L OFERIELRRETHB. —F,
LOFRERZ1 <d<TBEVd =230 L FERINLHEBEIALNT
W3, TRIED S A b 57 YA > OFFFER Reznick [ IC L > TRENA TV D,

EH 4.4. Q£ 0 BWIT Od)-FELBEEE QC R L L, OW)-FERES
M%E W i<, de(1,2,3,4,5,6,7,23) 2B, (QW) BT BRI L
A4 R 5TFHFAL U BIEETS.

AR TS THA LV OBROALEI T Tz, —fis, kE4k+1
D Od)-REZ A FFHFA L OFERICBETBHRE LT, d = 20848
(Q,W) = (R2, e ITI*) BB ARMIZHT B 5 A4 FFHA 2 OIGFIENRT
ERTWB13]. d 2 3M2k 2 20HEI, 5 LT ¥4 L OFEREICS
WTIRIZE A ERMGR TV RV,
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Nilpotent, solvable, and monomial schemes

fEA EF ((BMREEHZEE)

1 FLC®HIC

TI)ox—a s A% —LiIFREEZ2HHIE®RT KELELOTHY, L
Lo THRBRIECOWTEY IYMEANRT Voo —2a y AX—AIIH LT
COBRE, FOLI3I—BELENZINEEZDZLIIBRRIETHD,
. My F-EH B LLDREFEROFEDHE, 17 E 4] ITk-oTRE
EXX—LMWERIN, TOH%, BEEICLo Ty RICLDERE L
LA—ffb LeE®/BR G 2 607 (1], RICABRAF—LEEZDZ LA
RpFNTHD, L L (REEBZHOVWTHE D THHMN) ATHERE S R
I AMEITESEADHY, TREFNICHLTT Vo T—2 g Uy AF—Dh~
O—EREZ NS, LMOLENLIILT L HEEZRRMGLEZRLT, ¥
NERATHIONBELRTHINEZHWIT D LI TELRY, SlEIXHZTH
RAX— A EERITEY, FRICAEESIEHL2EEZEXS,

FBRBEERICREWT, REFLHEOMIZHHLDE LT M-BLEWVIHD
BdHd, THROLLEHREI M-BETHY (Blichfeldt OFEM), M-BEIXRH%
BHThHsd (MTHOER), ST hICERALT, 7/yx—avR¥F—LAh
~DIROFEE R Z 2T, BELLT, MEOTHIIHABERBTES
Wik EN A2, Blichfeldt DEBIXD FLL WM 72N Z LRy hodz,
ADEBOILER % 2 A7-0I1Z1X closed subset 2 HDOIEEOBEHEIYEZ D
LERHHIN, CHRIEBEEZ I FE/I I LICE - TRITERZ LAY
Mol

2 g

I THRLERERE LML RICOVWTMHICART S, (X,S) A
FVVI=23aARF—L, HDHVREMBICAEF—L4L, THDEIZROFRM
MEYMLHZELET D,

o X IIATIIEA,
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ST X xX on#,
XxX= U (disjoint)

3€S

1:={(z,2) |z € X} €S,

s€SLIE s = {(y,7) | (x,y) € s},

s, u€ SXLT p 20MBFELT, (z,y) €u THIROIL
Pa=tze X |(z,2) €5, (z,y) €t}

L,

SESIZODNT pl. & sdvalency LV v, LB, ny,=1ThHDseS
t3 thin THo LV bhd, TC S A thin THBH LT, FEDte T H
thin THHZ L ET5H, S AL thin Thd L&, 2A%x—4 (X,S) 3FH
BICHRBLFALCLLOTHY ., EEEOFREET thin AXF—LEED D,
TYoa—ralAFx—LhRHEREO—RIETHHLWVIDIFZDZ LIZX
Do TCSKKDWTnr=Y, .. B,

s,t € SITH LT, £D complex product %

st={ueS|ph>0}
TEHD, A, BC Sz LT, €0 complex product %

AB=JJst

s€AteD

TEDD, SODETRWVDIEE T B TT =T 2H7=TL& . T % S
® closed subset &9, Closed subset T A% normal T3 }_‘li‘ £5
D s € SICODNT sT =Ts BEVIUEDZ L LT3, Closed subset T A%
strongly normal TH 5 Lix, fEED s € SIZoWT sTs* =T MY 7.
2Z & &+ %, Strongly normal 72 54X normal THH A, —MRIZHEKY I
7o7gvy, S D closed subset T % (—& TiX722V A8) subscheme ZEY, X
7= quotient scheme SJT #7EH %, Quotient scheme ST A% thin Th D
Z L& T H S Tstrongly norinal TH 5 Z E{XHETH D,

s €SI UTHEITI % 0, L EL, Thebb o, (31T, FI, L HICHK
& X TP oni (0,1} 2R2ICHLTHIT

waw={1iﬂnwe&

0 otherwise

—= 101 —



TEEDZLDOTHD, R EWMITE LOMRRET D, {0,|s€S} ¥ R E
ATRIDHEEG LR T, 20 R-—RKEAOL2EEHB NI, TYvxz—v a3y
AF¥—ADEZIZLY, TARHFTHLTWT, BRITKkD, Zh%E (X,S) D
R LOBERBME VRS &L, SDclosed subset T 124 LT, T TH
MEND RO R-EBHMEE RT 12 RS OB AEE LT, & 2Tl
RELTHERKC 2225,

CS = PCo.

s€S

CS AR THH L ERAX— AL (X, S) BB THDH LV ), I<HLAT
WAL IIZ CS IEFHPVETHY. Lo TV L 2 02THROER
LR THB,
CS = P M., (C)
i=1

I TCHEEMEATF~OREE 1 CS - M, (C) ¢T3, ¥HL {m]i=
1,2,--- .} i1 CS ODEENMRBAOREABOTL2RRRTH D, i & m; D
B, bbb hl—2, 42, Im(S)={yu|i=12-,r} LB, K
lsio,—mn, 15L& 1g€r(S) ThdH, Zhax S OEHBALEHRE VI,

B Ts:0, — 0, IXCS DITHIRBRT, Zhz S ORERHT LD, X
ST HIBIESY 15 LHVTREEELV O, EREE v OBEHIAE

s = Z My X

x€lrr(S)

BB x € Ire(S) DHEBUE m, By OBEFEF LV, —AKC x(1) <
m, THHENHBNR TV D,

3 Commutators
AF—AIZH L CASBEICHYT AL 2R 0EE 2 57D commutator
YEJ/RT D,

Lue SIZHLT

[t,u] = t"u’tu

LBEWT, ZTh#t & u® commutator ¥\, T, U C S IZx L TiX
[TU)={(t,u]l|te€T, vuel)

—102 -



ET3, ZITHRDIIIED commutator 23X TELI/D closed subset
DE%THD, § D closed subset T i LT D(T) = [T,T] &£F<. T5
& D(T) & T)D(T) D3WTHH2 thin & /2B 5D closed subset Th 5,
DO(S) =8 L L. BWIZ DHI(S) = D(D(S)) 2 EH D, ZhiTRERICE
AR FBEREDEROILEL 2> TS,

ZZTHRZEME LT, & D(S) IX S ® normal closed subset 5>, &
WOBEREZ L DM, EIFTIUIMD L2, DI(S) BT Sl
MEE—ORLTEL

Proposition 3.1. (X, S) iZ closed subset MOF|
1=5cS c---Cc8. =S8

T & Si1 [/ S: B thin THHLDELOETD, 20L& D(S) =1
THD,

4 Inductions and restrictions

1. HDOVVIIMBEO B L BRI >V CiiBLIZ %9~ 5, Frobenius $i4.
ARSI LN, BEANTRHINEETH S,

(X,S) #AF%—A4L, T 2#F® closed subset &45, K #4k¢ L L %A
KT-MitE 35, Zn&E KS #BRICKE KT-MEEL LT

L15=L®krKS

Lhid, Zhidh KS- Bt 2%, Zhig L S ~OFEMEL VD,
M E2F KS-MBELTHE, (FREZHIRT 2 LICE>T M i3H KT-MEE
bied, ThE MO T ~OFBRMEBL W M (¢ LB, ZHbICH
T SR 2RBERE,. SIRERL VL RO 25,

Frobenius FHEBIXIHENOZTREL M I RO L HIIREIND, x € Irr(S)
EL. p ZEEMELIEIMRE2R W S OBILTD, p ICBITD x ORBAL
m(xinn) ERITELILTH, ZDLE xelr(S) & ¢ e Irr(T) 22T

m(x in ¢ 1°) =m(p in x |7)
MY L2,
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5 Multiplicities

fiREG LEOMABE N 2525, ZDLE H OFE o Ic2W0WT, £
OHBEBEEEZINIT 0 16 (1) = |G : Hlp(1) AV L2, Zhid CG A8
ECH-MEL LTHATHAZ LIZL, RO L2 7V xz—Yal A
F—.h (X,S) &£ closed subset T TEXTH CS ix—AxicAE CT-)INEE
T, I EL IV ARy, LA LIBEORBE %2 5 2 nSRROFERD
WEIC B 2 L & RF, Thin R¥—4h, THLLEBRE. OBEEICITEED
R x DR x(1) L TWBE m, (T—HT 20T, JHETEBLRI LTI
AN

— A B IS IEEII L COREREINTWVWLOT, 3 Ch
A—RROBE g LOWTUTO L I IZERT B,

m, = Z m(x in 1) m,

x€EIrT(S)
5 L BRBEDOBFEDEFOREIIMTEALEL L I RBERVBF/LNID,

Theorem 5.1. (X,5) # 2% —Ah, T Z%® closed subset &35, T O
BolowlT

ns
m. s = — m
vl nr @

DL Y 3L,

Proof. p € Irr(T) IZDW AT+ TH D, Frobenius HAH L fEEOM
RZMGR & v viniE

Mm,s = Z m(x in ¢ 1%) m, = Z m(p in x 1) my

x€lrr(S) Xx€lrr(S)
1
= Y m—=2=>" —¢la)x(orw)
xelm(s)y 'V "9(1) ter
m.,
Ty te T x€lrr(S)

m, ns
B "T‘P(l) Z ¢(0')79( ar) = — )‘P(l)ns = ;m‘o.

THD, a

— 104 —



6 Monomial representations

TIox—a ryAEF—AlZONWTO M-BoiiTaE2E5x L9, 2
DI-DITITEEXREZ LX 32080355, ARBICHOVLTIIHEARBRIESH D
D 1 KOKREANSOFEFRL L TERENLS, T LT, ARED
TRTOUMREANPITRAL AR THD L &, £D#E% M- (monomial
group) EWI, ThEZFNEFT Vi —YayAF—ARKBHT S L. £
BOTRAX—LAIISOWT, FOTRTOEHRRIL 1 KieDOT, £hix
monomial {2725, LL., Bl MM OBONAIHT Y x—ay
A X —MMIEEOICTARLIZEZHEY, TITERFRET LIRS, R
BROKEN 1 ObLO2EZLZOTIAL, BEE 1 OLDEZEXDLHDOTH
B, TOLEREL 1 LeB,

(X,8) 2% —LbdsT5H, SOHE x IZHFL T, D closed subset T
LEOWBE 1 DEE o RAHEEL T x = 15 b & y 2HIEER
EVVI, TRTOBMBENRRIEIE CH D L IR AF— L2 HRARX—L
(monomial scheme) &V V5, ROEMAEERTH S,

Theorem 6.1. (X, S) NHFR ¥ —LTHD L$5, {ERED i IZ2WT Di(S)
M S @ normal closed subset TH D LRET D, “DEE, BB HHHT
Dl(S) = l ?5}60

A, BEOREORDDIZEBEEZAVALickoTM-BHDLE,
#lziL [3, Theorem 5.12], &IEIEIE U X ST T& 5%, B0 EIZHY
HUANRKE LD, T ZIidEN Ry, WA R — AL TH-> T normal
TR DIS) b2 K 5 RHOOEILR DD THRY, LT DI(S)
A normal ThHhHEWVHREIZAYDIONE LR,

7 An Example

T IITIERADER—LR—D [2] ® as32, No.10851 122\ T~ 5, Z 0¥
BRI

8 S) 82 83 83 S5 Sg S§7 S8 Sg | My,
xil1 1 2 4 4 4 4 14 4 4|1
x2l 1 1 2 4 4 4 -4 -4 -4 -4| 1
xal] 1 1 2 -4 0 0 -4 A A -A| 2
xal1 1 2 -4 0 0 A -A -A A 2
xs| 1 1 2 4 -4 -4 0 0 0 0] 2
xs|2 0-2 0o 2 -2 0o 0o o of s
x7x|1 -1 0 0o-2 2 o 0o 0 o8
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Thd, ZITA=2/=2ThbB. DI(S) IIUTDL Iz B,

S = {SQ, 81,82,83,84,85,86,57,88,39},
D(S) = {so,s1,82,53,81,85},
DQ(S) = {s0,51,52,53},
Ds(s) = {s0, 51,82},
D4(S) = {s0,51},
D%(S8) = {so}.

THIZOWVWTUTOZ LRI D BN S,
e S @ closed subset iX D(S) (:=0,1,2,3,4,5) DA TH 3,
e D*(S) ix S T normal Tikiz\y,
o SRR AR — ATRAW,
e D(S) {Tv[#a, REBTHHH, HERF—ATiEiv,

Thizk» T, MBEALEIETH Blichfeldt OFEBRSKY LHEI LRV E
BB,
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1 Introduction

One of the main problem in the study of quantum signals is the maximization problem of
the mutual information of the quantum channel for a classical information. That is, for the
quantum signals in a quantum communication system, the problem is to compute several
quantities in quantum information theory, such as the minimum error probability and the
maximum mutual information.

Let H be a finite dimensional Hilbert space over the complex field C. And let A = {z; :
i=0,1,... ,M — 1} be an input alphabet of (classical) information source. For a classical
input information z; € A, there corresponds a quantum signal |¢;) € H which is transmitted
at a transmitter.

In this note, we assume that the quantum signals are group covariant signals defined as
follows (cf. [1]):

Definition 1 Let G be a finite group. A set of signals {|¢,) € H : a € G} is called group
covariant if there exist unitary operators U, such that

Ubltha) = |¥sa), Va,beG.

In [5], the following necessary and sufficient condition for the group covariancy was
proved.

Proposition 2 4 set of quantum signals {|) € H : a € G} are group covariant if and
only if
(Yeb|¥ea) = (dsl9ha), Va,b,c€G.

For a finite group G and a set of quantum signals {|¢,) € # : a € G}, we consider the
Gram matriz T’ given by

= [(d’alwb)](a,b)EGxG-

The main purpose of this research is to find some equations on the square-root of the
Gram matrix. In [6], the case of G = IF, has beed discussed, where p is prime.

CEIER SR (RMRLKAF - @) L oRRFRE
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2 The Main Result

Throughout this section, let G be a finite group. Define that Ag = {z € G : z? = 1}.
Consider a map f : G — C such that f(Ag) C R and f(z7!) = f(z) for any z € G \ A.
Then we define the matrix [ as follows:

Te = [f(@™'d)|(@pecxc-

Let Irr{(G) = {x1, X2, - - - » x& } be the set of irreducible characters of G and let C,,Ca, ... ,Cy
be the conjugacy classes of G. From the first orthogonality relation (cf. [2]), we have the
following lemma which is essential:

Lemma 3 For any x;,x; € Irr(G),

ﬁ > xi(9)xi(97") = 8.

9€G

Now we shall consider the eigenvalues and eigenvectors of the matrix I'g.

Theorem 4 For any element g € G,

A = Y xila)f(a)

a€G
and

1
A, = Ve [Xi(®)sec »

are eigenvalues and the corresponding eigenvectors of the malriz I'g, respectively, if g € C;.

Proof. We shall prove the equation ['gA, = A A, for any g € G. For any ¢ and any g € C;,
it follows that

T,

\/lﬁ Z f(a_lb)Xl(b)]

[ 1

fle)xi(a
\/@ [g; (e)xi( C)l..ec

On the other hand, we have the following equation.

xi(a)f (a)x.(b)]
m[‘%}

AgAg

= xi(abd) f (a)]
v [
The theorem follows. o

The orthogonality of the eigenvectors of ' follows.
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Lemma 5 For anya,b€ G,

A= 1 (a is conjugate to b)
@"¥ 71 0 (otherwise)

Proof. We assume that a € C; and b € C;. By Proposition 3, we have that
1 —_—
] Y xile)x;(©)
e€G

= g et
cEG
= &;

D YD

Using the above results, we have the following proposition:

Proposition 8 Let G be a finite abelian group. Then

()] (ab)eGXxG — llé—l Z Xa-1(¢) \ ’z xe(d)f (d)] .
c€G deG (ab)EGXG

3 An Application to Linear Codes

Let [, be a finite field of ¢ elements with characteristic p. Let C be an [n,r] code over [,
(cf. [4]). Since C is also an additive group, we now consider the case G = C. For any vector
v = (a;,82,... ,8,), We consider the corresponding quantum signal

lv) =la1} ®laz) ®--- ® lan) € H,

where # is the g"-dimensional Hilbert space over the complex field C. For any vectors
v = (a;,a2,... ,@n), W = (b1,bs,... ,by) € Fy, define the inner product

(vywy=a,-by+ap-ba+---+a, b, €F,

Set C = {vg = 0,vy,... ,v,_1}. We consider the Gram matrix ['¢ = [(v;|vj)]ij. Now
we consider the absolute trace function from F, to F, which is defined by

Tr(a) =a+e®+--+0®
for any o € F,, where ¢ = p™. Then, for any codewords v;,v; € C, it is known that x;(!) =

22 ¥0)/P i5 an irreducible character of C as an additive group (cf. [3]). Therefore we
have the following result from Theorem 4 and Lemma 5.

- 109 —



Proposition 7 For any [n,r] code over F,, the vectors

xi(0)
Ai=\/% X'(l) , 1=0,1,...,¢" -1
xi(g" - 1)

are the orthonomal eigenvectors of I'c.

So we have the following result for any linear code.

Corollary 8

1=0 5=0

[(Te)'?);; = [ql, > Xi—j(l)\J > Xl(s)(vﬂlvc>] ,

W
where i — j denotes the indez of the vector v; — v;.

For any positive integer m, we denote the ring of integers modulo m by Z,,. Let D be
a linear code of length n over Z,,, that is, a Zy,-submodule of Z7, (cf. [4]). Assume that
|D} = d and set D = {wy = 0,w,,... ,wq_1}. Then, for any codewords w;,w; € D, it
is known that x;(l) = e2™iW;W/m 5 an jrreducible character of D as an additive group,
where (w;, w;) denotes the inner product between w; and w; over Zy,.

By the same argument as linear codes over a finite field, we have the similar result.

Corollary 9 For any linear code D of order d over Zn,,

d-1 d-1
[(FD)I/Z] i lé z Xt‘—:‘(l)J EXI(S)('"’(I'W:)] 1
=0

i
where i — j denotes the indez of the vector w; — w;.
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On d-dimensional dual hyperovals in
PG(2d,2) coming from finite translation affine
planes

A0 W (EREEEY)
July 25, 2007

1 Introduction

Let GF(q) be finite field with ¢ elements. Let d, m be integers with d > 2
and m > d. Let PG(m,2) be an n-dimensional projective space over the
binary field GF(2).

Definition 1. A family S of d-dimensional subspaces of PG(m,2) is called
a d-dimensional dual hyperoval in PG(m,?2) if it satisfies the following con-
ditions;

1. any two distinct members of S intersect in a projective point,

2. any three mutually distinct members of S intersect in the empty pro-
jective sct,

3. all members of S generate PG(m,2), and
4. there are exactly 24! members of S.

In Example 2. 5 and Theorem 6. 1 of [1] (also see Proposition 3. 1 of
[2]), Cooperstein and Thas showed that each d-dimensional dual hyperoval
in PG(2d,2) is obtained as a dual of a partition of PG(2d,2)\PG(d, 2).

Theorem 1 (Example 2. 5 and Theorem 6. 1 of [1]). Let PG(d,2) be a d-
dimensional subspace of PG(2d,2). Consider a partition of PG(2d,2)\PG(d,2)
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into 24%! (d - 1)-dimensional subspaces. Then the set S of the dual subspaces
of these (d — 1)-dimensional subspaces in PG(2d,2) is a d-dimensional dual
hyperoval in PG(2d,2). The converse also holds.

This family is called as Cooperstein-Thas’s family in [2]. In [5] (also
see [6]), Yoshiara constructed a family of d-dimensional dual hyperovals in
PG(2d,2) in a different way, as follows.

Theorem 2 (Proposition 3 of [5]). Let o be a generator of the automorphism
group of GF(2%*') over GF(2). Inside GF(2¢+!) @ GF(2¢)), let us define
Xy () for t € GF(29+!) qs:

Xy(t) == {(z,2°t + zt° )|z € GF(2'\{0}}.

Then Sy := {Xy(t)|t € GF(2¢")} is a d-dimensional dual hyperoval in
PG(2d,2).

Then, it is quite natural to ask whether the all members of the Cooperstein-
Thas’s family are the Yoshiara’s dual hyperovals or not. In this paper, we
will give a negative answer to this question.

Definition 2 ([3]). Let IT be a vector space over GF(q). A spread T of Il
is a collection of at least two subspaces of IT which satisfies the following
conditions:

1. two distinct elements of T are isomorphic subspaces,
2. every point except {0} of IT is on exactly one subspace in T, and

3. for any Uy, Us € T with U, # U,, T1 is a direct (vector space) sum of
Ul and Ug.

It is known that the vector space IT has even dimension 2m with m > 0.
Moreover, the cardinality of the spread |T'| = ¢™ + 1. (See (3] or [4].)

From spreads of the vector space V @V, where V is a (d+ 1)-dimensional
vector space over GF'(2), we are able to construct d-dimensional dual hyper-
ovals as follows:

Theorem 3. Let V := GF(2)%*! be a (d + 1)-dimensional vector space over
GF(2), and T := {Ko, K\, ..., Ko+ } a spread of VO V. Let v be a non-zero
element of V& V. We may assume that v is contained in Ky. Let

T:VeVazmieVaV:=VeV)iv
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be a GF(2)-linear mapping with the kernel {0,v} (which we denote by {v)),
and the image (V®V)/{v). We regard PG((V®V)/(v)) = PG(2d,2). Then,

S := {m(K)\{0}, w(K2)\{0},..., m(Koer)\{0}}
is a d-dimensional dual hyperovals in PG(2d,2).

We will give the proof of this theorem in the following section. We re-
fer the relations among spreads, quasifields and translation affine planes to
Kallaher 3] or Liineburg [4].

Example . We regard V := GF(2%*") as a (d + 1)-dimensional vector space
over GF(2). Let ¢ be a generator of the galois group Gal(GF(2¢"Y)/GF(2)).
Let

T : GF(2*) @ GF(2**") 3 (z,y) — (z,4° + y) € GF(2¢+) @ GF(2%).

Then it is easy to see that the kernel of m is {(0,0), (0,1)}, and the image of
7 is W := {(z,9)|Tr(y) = 0}, which is a (2d + 1)-dimensional vector space
over GF(2), where Tr is a trace function from GF(2¢+!) to GF(2).

Invev,leK, = {0,z)|lz € GF(2¢)} and K, := {(z,za)|z €
GF(24+1)} for a € GF(24). Then, T := {K} U {K,|a € GF(2¢+!)} is a
spread of V@V. (It is well known that the translation affine plane constructed
from this spread is a Desarguesian affine plane.) Let S’ := {n'(K,)\{0}|a €
GF(2¢*1)}. Then, by Theorem 3, S’ is a d-dimensional dual hyperoval in
PG(2d,2) = PG(W).

Proposition 1. § is isomorphic to the Yoshiara’s dual hyperoval Sy.

Proof. We have W’(Ka)\{O} = {(z,(ax)° + az)|z € GF(24*')\{0}}. If we
put a° := ¢, then a = ¢, hence we have

{(z, (az)’ +az)lz € GF™M\{0}} = {(z,2"t +2t°7 )|z € GF(2*")\{0}}.

Therefore, we have 7 (K.)\{0} = Xy(t), where Xy (t) is as in Theorem 2.
Consequently, we have §' = {7’ (K,)\{0}|a € GF(2**')} = {Xy(i)|t €
GF(2¢+)} = Sy a O

Now, we will use quasifields @ to construct spreads of @ & Q.

Definition 3 ([3],[4]). An algebraic structure (Q; +, o) is called a quasifield
if it satisfies the following conditions:
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1. @ is an abelian group under + with identity 0,

2. for a,c € Q with a # 0, there exists exactly one z € Q such that
aozx =c,

3. for a,b,c € Q with a # b, there exists exactly one z € @ such that
roa—zob=c,

4. foralla€ @,ao00=00a=0,

5. there exists an element 1 € Q\{0} such that loa =aol = a for all
a € (, and

6. foralla,b,c€ @, (e+b)oc=aoc+boc.

A nearfield is a quasifield V in which the multiplication o is associative; that
is, in which (N\{0}, o) is a group. A semifield is a quasifield S in which the
left distributive law

ao(b+c)=aob+acc

holds for all @,b,c € S.

In Q ® Q, we define K, := {(0,)|y € Q} and K, := {(z,z 0 a)|z € @}
for a € Q. Then it is known that {/} U{K,|a € Q} is a spread of Q@ & Q.

Example . (2. 1 and 2. 3 of [8]] Consider the field GF(q") wheren > 1 and
g=p° withpaprimeands > 1. Let \:GF(¢") > I, ={0,1,...,n—1} be
a mapping satisfying; (i) A\(0) = A1) =0, and (ii) given a,b € GF(q")\{0}
there exists  # 0 with

9@ = LB

if and only if a = b. We define zoy := 29 Wy, Then (GF(q"),+,0) is a
quasifield called a generalized André system.

Consider also the field GF(q") and ¢ = p* with p a prime and s > 1,
and assume every prime divisor of n divides ¢ — 1. Also assume n # 0
(mod 4) if g = 3 (mod 4). Choosing a primitive element w of GF(q"), define
A:GF(g"\{0} = I, ={0,1,...,n—1} by

(@Y —1)(g—-1)"=: (modn), where a =w'€c GF(q").

With A\(0) = 0, the mapping )\ satisfies the conditions (i) and (i) for a
generalized André system. This system, denoted by N(q,n), is a nearfield
and is called a regular nearfield (or a Dickson nearfield).
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Proposition 2 (Theorem 7. 3 and Theorem 7. 4 of (4]). The group (N(g,n)\{0},0
in Ezample i3 a non-abelian metacyclic group. Moreover, there ezist $(n)/m
non-isomorphic N(q,n)’s, where ¢ is a Euler function and m is the order of

p mod n.

Moreover, it is known that, in GF(24+!), using a natural addition of
GF(24+1), we are able to define more multiplications o so that we have some
semifields, such as Knuth semifields, Kantor semifields or Albert semifields,
and so on. (See (3].)

Definition 4 (dual hyperoval Sk). Let (GF(2%*!), +,0) be a quasifield, and
regard V := GF(2%*1) as a vector space over GF(2). In V & V, we define
Ko = {(0,z)]z € GF(2*")} and K, := {(z,z 0 a)|z € GF(2%*)} for
a € GF(2%+). Then, T := { Ko} U{Kaa € GF(2%+')} is a spread of VO V.
Let o be a generator of the galois group Gal(GF(2**!)/GF(2)). Let 7' be a
GF(2)-linear mapping defined by

7 : GF(2%Y) & GF(2%*) 5 (z,y) ~ (z,9° +y) € GF(2*") ® GF(2**).

Then, as in Example , the image of 7 is W := {(z,y)|Tr(y) = 0}, which
is a 2d + 1-dimensional vector space over GF(2). We note that the kernel
of 7, {(0,0),(0,1)}, is contained in K. We define Xx(a) := 7 (K,)\{0}.
Then, by Theorem 3, Sk := { Xk (a)|a € GF(24+!)} is a d-dimensional dual
hyperovals in PG(2d,2) = PG(W), where

Xk(a) = {(z,(x 0 a)’ + zoa)|z € GF(2*")\{0}}.
Then we have the following proposition.

Proposition 3. If the the algebraic system (GF(24+!),+,0) is a regular
nearfield, then, the automorphism group Gy of the dual hyperoval Si con-
tains the following subgroup N := {ny|b € GF(2%*')\{0}} with ny(Xk(t)) =
Xk(bot) defined by
n((z,y)) := (zob,y),

where b is an element which satisfies that b ob = 1. N is isomorphic to
the group (GF(2%+')\{0},0), and so, by Proposition 2, N is a non-abelian
metacyclic group with the cardinality |[N| = 24+! — 1. If the the algebraic sys-
tem (GF(2%*"), +,0) is a semifield, then, the automorphism group Gy of the
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dual hyperoval Sk contains the following subgroup T := {t,|a € GF(29*!)}
with t,(Xk (1)) = Xk (L + a), defined by

ta((z,¥)) == (z,y+ (x0a)’ +z0a).
T is isomorphic to GF(2%*") as an additive group.

Proof. Since the multiplication o is associative in the regular nearfield, we
have

m(Xk(®) = (@08, (z08) 0 (ho§)° + (w0 ¥) 0 (o))} = Xk(bot)
for b € GF(2%+')\{0}, and hence

Ty (Mo, (X ke ())) = ny (X ke (b1 0 8)) = Xic((b2 0 by) ©8) = npyon, (X (2))

for b),b, € GF(24')\{0}. Therefore N := {ny|b € GF(24+)\{0}} is iso-
morphic to the group (GF(2¢*1)\{0},0). Since the multiplication o has left
distributive law in the semifield, we also have

ta(Xk(t)) = {(z,(x0t)’ +z0t+ (x0a)’ +z0a)} = Xk(t +a),
hence we have T = GF(2%+!) as an additive group. O O

By Theorem 1 (also see 1. 2. Examples (a) of [2]), the comlement of the
points on the members of the dual hyperoval in PG(2d, 2), that is,

PG(2d,2)\ U {the points on the members the dual hyperoval}

is a (d — 1)-dimensional subspace. Hence we have the following lemma.

Lemma 1. Let U := {(0, y)|y € GF(24*1),Tr(y) = 0}. Note thatU C W :=
{(z,y)|z,y € GF(2*!),Tr(y) = 0}. Then, in PG(2d 2) = PG(W), the (d—
1)-dimensional subspace PG(U ) is the complement of the set UXk(a) of the
points which are on some members of the dual hyperoval Sk in Definition 4,
that is,
PG(U) = PG(W)\ Usegrasy Xk (a).

In section 3, we will prove the following Theorem, hence we give a negative
answer to the previous question.

Theorem 4. Let the algebraic system (GF(2¢*!),+,0) in Ezample be reg-
ular nearfield. Then, a d-dimensional dual hyperoval Sk in PG(2d,2) in
Definition 4 is not isomorphic to the Yoshiara’s dual hyperoval Sy.
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2 Proof of Theorem 3

Since K; # v for 1 < i < 29+ 7(K;)\{0} is a d-dimensional subspace
in PG(2d,2) = PG((V @ V)/{v)) for 1 < i < 24*!. Let n(K;)\{0} and
7(K;)\{0} have a common point n(z;) = =(z;) for z; € K;\{0} and z; €
K;\{0} with 1 < i < j < 29*1. Then, since n(z; + z;) = 0, we have
z; + z; = v. However, since V @ V is a direct sum of K; and K; by 3
of Definition 2, there exist unique z; € K;\{0} and unique z; € K;\{0}
which satisfies that z; + z; = v. Thus, we have proved that =(X,)\{0} and
7(K1)\{0} have only one common point. Assume that 7(I,)\{0}, =(K¢)\{0}
and 7 (X,)\{0} have a common point 7(z,) = 7(z,) = 7(z,) for z, € K,\{0},
7, € K, \{0} and =, € K,\{0} with 1 < s <t < u < 29+!, Then, since
7(zs + x¢) = 0, we have z, + z, = v. We also have z, + z, = v. However,
we have r; = z, from these equations, which contradicts 2 of Definition 2.
Hence 7(I;)\{0}, 7(X:)\{0} and m(K,)\{0} with 1 < 5 < ¢t < u < 29"
have no common point. Since the cardinality

151 := [{m(K)\{0}, 7(K2)\{O}, .., m(Kaess)\{O}}] = 27",
S is a d-dimensional dual hyperoval in PG(2d,2) = PG((V @ V)/{v}).

3 Proof of Theorem 4

We consider the dual hyperovals inside the projective space
PG(2d,2) = {(z,y)l(z,9) € GF(2™") @ GF(2"*')\{(0,0)}, Tr(y) = 0}.

We recall that an automorphism of the dual hyperoval S in PG(2d,2) is a
linear transformation which permute the members of S. We also define an
isomorphism of the dual hyperovals S to S as a linear transformation of
PG(2d,2) which sends each member of S to that of S'.

Let d + 1 = sn with s > 1, and assume every prime divisor of n divides
2° — 1. (for example, (s,n) = (4,3), etc.) Then, by Example , we are
able to define a multiplication o of GF(2¢+!) such that (GF(2¢+!),+,0)
is a regular near field. Hence, by Definition 4, we have a dual hyperoval
Sk = {Xk(t)|t € GF(2¢+!)}, where

Xk(t) := {(z, (z 0 t)° + z 0 t)|z € GF(2H)\{0}}.
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By Proposition 3, the automorphism group Gg of the dual hyperoval Si
contains a subgroup N := {n,|b € GF(2¢*")\{0}} with ny(Xk(t)) = Xk (bot)
defined by
ne((2,9)) 1= (z0b,3),

where b ob = 1. By Proposition 2, N is a non-abelian metacyclic group with
the cardinality |V| = 29+ ~ 1.

We recall that the automorphism group Gy of Yoshiara’s dual hyperoval
Sy is generated by the group T, M and F, where T = {¢,Ja € GF(29+!)}
with ¢,(Xy(t)) = Xy (¢ + a) defined by

ta: (z,y) » (2,2% + 1a° " +7),
M = {my|b € GF(24+')\{0}} with m,(Xy(t)) = Xy (bt) defined by
my: (z,y) — (b7, y),

and F = {f,|r € Gal(GF(2**')/GF(2))} with f,(Xy(t)) = Xy (t") defined
by
fr: (@) = (27,97).

We also have Gy = T : (M : F). Hence Gy is doubly transitive on the
members of Sy. (See Proposition 7 of [5].) We note that M is a cyclic group
with the cardinality |[M| = 2¢*! — 1. The following lemma is easily obtained
from the expressions of T, M and F and the fact that Gy =T : (M : F).
Hence we omit the proof.

Lemma 2. Let g € Gy with the action g : (z,¥) — (q1(2,¥), 92(z,¥)),
where g, and g, are GF(2)-linear mapping. If g2(z,y) = y for any (z,y) €
GF(2¢*") @ GF(2¢*) with Tr(y) = 0, then we have g € M.

We assume to the contrary that there exists an isomorphism i from Sg
to Sy. Since Gy i 1s doubly transitive on the members of Sy, we may assume
that i(Xx(0)) = Xy (0), that is, i maps {(z,0)|x € GF(29*!)} onto itself. On
the other hand, since i is an isomorphism from Sk = {Xk(t)|t € GF(29*1)}
to Sy = {Xy(t)|t € GF(2%*)}, we have

HUieerae) XK (t)) = Uegrpa Xy (1)
Hence, by Lemma 1, we have

Z(U) = l(PG(2d, 2)\ Uteap(zd-b-l) XK(t)) = PG(2d, 2)\ UteGF‘(Z'“") Xy(t) =
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which means that ¢ maps {(0, y)|y € GF(2¢*"), Tr(y) = 0} onto itself. There-
fore, there exist GF(2)-linear mapping f and g such that the isomorphism i
is expressed as follows:

i((z,9)) = (f(=), 9(»))- (1)

Now, we have i(N) = {i(ns)|b € GF(2¢+")\{0}} = N as a subgroup of Gy
with the action i(n)(Xy (2)) = i(ns(:~!(Xy(2)))) for Xy (¢) € Sy. Then, by
(1), the action of i(n) is

i(nb) : (.’B,y) = (f(f-l(x) o b)’y)'

Hence, by Lemma 2, i(V) is a subgroup of M C Gy. However, the cardinality
[i(N)] = |M| = 24*! — 1. Morcover, N is a non-abelian metacyclic group
and M is a cyclic group. This is impossible. Hence, we have a contradiction.
Therefore, we finally have that the dual hyperoval Sk is not isomorphic to
the Yoshiara’s dual hyperoval Sy.
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A characterization of some distance-regular graphs

FARE (KRB ANYE)  Akira HIRAKI ( Osaka Kyoiku University )

1. Definition.

Let T' = (VI, ET) be a connected graph with usual shortest path distance 8. Let d be the
diameter of I (i.e., the maximal distance of two vertices in ' ). Set

Ti(x) = {ye VT | or(z,y) =3}
For z,y € VI with dr(z,y) =i, let
A(z,y) = Li(z) N I'(y), B(x,p) = Tina(z) N Ti(y),Clz,y) = Fioa(x) N Tiy)-
Definition 1. Let i be an integer with 0 < i < d.

(i) We say ¢;([)-ezists if ¢;(T') = |C(x, y)| is constant whenever 8r(z,y) = i.
(ii) We say a;(T')-ezists if a;(T) = |A(z, y)| is constant whenever 9r(z,y) = i.
(iii) We say bi()-exists if b;(I') = | B(x, y)| is constant whenever 8r(z, y) = i.

A connected graph T' of diameter d is said to be distance-reqular if ¢;(I")-exists and b;(T')-cxists
fori=0,...,d. Then T is a regular graph of valency k = k(I') = by(I') and that a;(I')-exists with
ai(T") = k([) — i(T") — (T) for ¢ = 0,...,d. The constants ¢;(I'),a;(T) and b;(T) (¢ =0,....d)
are called the intersection numbers of .

For more buckground information about distance-regular graphs we refer the reader to (1, 2].

Let I be a distance-regular graph of diameter d = d(I') > 2 and valency & = &(I') > 3. We write
¢i, a; and b; for the intersection numbers ¢(I), ¢;(T) and §;(T) of T.

Let A be a subset of vertices in I'. We identify A with the induced subgraph on it. Let z € A.
A is called strongly closed ( resp. geodetically closed ) with respect to z if C(z,y) U A(z,y) C A
( resp. C(x,y) € A ) for any y € A. A is called strongly closed ( resp. geodetically closed ) if it
is strongly closed ( resp. geodetically closed ) with respect to z for any z € A. It is clear that a
strongly closed subgraph is geodetically closed.

Definition 2. We say the condition (SC)m holds if for any pair of vertices at distance m there
exists a strongly closed subgraph of diameter m containing them.

The Odd graphs, the doubled Odd graphs, the doubled Grassmann graphs, the Hamming graph
and the dual polar graph satisfy the condition (SC)4_,, where d is the diameter.

Our problem is to classify distnace-regular graph of diameter d satisfying the condition (SC)q..1-
In this note we give some results which are partial answers of Lhis problem.
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2. Strongly closed subgraphs.
In this section we recall known facts for strongly closed subgraphs.

The Hamming greph H(d,n) is a graph with
VT = (Zp)? and (u,v)€El & #{i|wi # v} =1

Then
ruzc)=7j« #Hilwu#tx}=7

(i.e., Hamming distance). It is known that H(d,n) is distance-regular with

I * 1 g d
{ai } = 0 (n-2) jn-2) cer d(n—2) }
b; dn-1) d-1)n-1) - (d-jn-1 --- *

Let (z,y) be a pair of vertices at distance ¢ in H(d,n). Then #{i | u; # =;} = j and thus
#Hiluj==2i} =d—j Weset A={i]| u; = x; } and

A=Ax,y) = {2 € (Z) | zi =i =y, for all i € A}.

It is not hard to see that A is a strongly closed subgraph of H(d,n) which is isomorphic to H(t,n).
This implies that the Hamnming graph H(d,n) satisfics the condition (SC), fort = 1,...,d - L.
In particular, any strongly closed subgraph is also a Hamming graph. Similarly it can be shown
that the dual polar graphs of diameter d satisfy the condition (SC), for t =1,...,d — 1 and any
strongly closed subgraph is also the dual polar graph.

Let A be a geodetically closed subgraph of I’ with diameter m = d(A). For any vertices z and y
in A, a shortest path between z and y in T is contained in the subgraph A. So the distance iu A
coincides with the distance in I'. Then ¢;(A)-exists with ¢;(A) = ¢; for ¢ = 1,...,m. Moreover if
A is strongly closed, then a;(A)-exists with a;(A) = q; for i = 1,...,m. Hence if A is a regular
graph of valency k(A), then b;(A)-exists with b;(A) = k(A)—c¢;—a; fori =1,...,m. and thus A
is distance-regular. However there exist several examples of nou-regular strongly closed subgraphs
in a distance-regular graph.

e Suppose T is either the doubled Grassmann graph, the doubled Odd graph, or the Odd
graph. The it satisfies the condition (SC); for t = 1,...,d — 1, where d = d(T). Any
strongly closed subgraph of odd diameter 2m + 1 < d — 1 is a doubled Grassmann graph,
or a doubled Odd graph But any strongly closed subgraph of even diameter 2m < d — 1 is
non-regular distance-biregular graph ( see {4] ).

e For any pair of vertices at distance 6 in the Foster graph there exists a 2-subdivision graph
of the Peterson graph ( the graph obtained from the Peterson graph by replacing each edge
by a path of length 2 ) containing them as a strongly closed subgraph ( see [9] ).

e For any pair of vertices at distance 5 in the Biggs-Smith graph there exists a 3-subdivision
graph of the complete graph K; ( the graph obtained from the complete graph K; by
replacing each edge by a path of length 3 ) containing them as a strongly closed subgraph
(see [9]).
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The next results are direct consequences of [3, Theoremn 1], [9, Theorem 1.1], [4, Proposition 4.5|
( see also [5, Corollary 7] ).

Proposition 3. Let I' te a distance-regular graph of diameter d > 3 and valency k > 3. Let m
be an integer with 1 < m < d — 1. Suppose the condition (SC)m holds. Then the following hold.
(i) The condition (SC); holds for all j with1 < j < m.

(i) Any strongly closed subgraph of diameter m satisfies the condition (SC); for all j with
1<j<m-1

(iii) Let r = r(I") := max{i | (¢, ai, ;) = {(c1,21,01)}. Then one of the following holds.

(a) m<r.
(b) m=r+2¢c {58}, a; =0 and (¢;+1,8r41,8r+1) = (Craa,ry2,brp2) = {1, 1,k - 2).
(c)r=4m=6,ar=+=0ag=0,c5 =06 =2 and k € {3,57}.

() T is either the doubled Grassmann graph, the doubled Odd graph, or the Odd graph.
(€) bm_1 > b and any strongly closed subgraph of diameter m is distance-regular.

Since a strongly closed subgraph of diameter 1 is a clique of size a; + 2, it is straightforward to
see the following fact.

Lemma 4. The following conditions are equivalent.
(i) I’ contains no induced subgruph Ko .
(ii) Each edge lies on a clique of size ay + 2.

(iii) The condition (SC), holds.

Let I be a distance-regular graph of diameter d > 3. Suppose the condition (SC)4-) holds. Then
Proposition 3 implies that the condition (SC); holds for all j = 1,...,d — 1. We can obtain the
following fact ( see [5] ).

Lemma 5. Suppose the condition (SC),, holds. Then for any inteyer i with | < i < m the
Jollowing hold.

(i) For any vertez w in I the subgmph induced by I'y(u) is a disjoint union of T+a cliques of
1

size 1 +a).

(if) For any pair (z,y) of verlices al distance i the subgraph induced by B(z,y) is a disjoint

union of
14 a

cliques of size a; + 1.

(iii) For any pair (w, z) of vertices at distance i + 1 the subgraph induced by C(w, z) is a coclique
of size ¢iy1. In particular, aj4y > ciy10:.
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3. Results.

In this section we introduce some results which arc partial answers of our problem. We refer the
reader to papers [5, 6, 7, 8] for the proofs.

Theorem 6. ([5]) Let T be a distance-regular graph of diameter d > 3 and valency k > 3.
Suppose by_y = a1 + 1 and the condition (SC)4.) hold. ThenT is either the Pappus graph, the
Cozeter graph, the doubled Odd graph 20;. or the Hamming graph H(d, 0, + 2).

Lemma 5 shows that if the condition (SC)4_; holds, then for any pair (z, i) of vertices at distance
d — 1 the subgraph indnced by B(z,y) is disjoint union of cliques of size 1 + a;. Hence the case
b4-1 = a1 + 1 is the extremal case.

Theorem 7. (|6]) LetT be a distance-regular graph of diameter d > 4 and valency k > 3 such

that by o > bg.. Suppose the condition (SC)y-, holds. Let q = ba-1 . Thency; < g+ 1.

bg-2 ~ bg-
Moreover the following conditions are cquivalent.

(i) z=q+ 1.
(ii) T has classical parameters (d,q,0,ua) + 1).
(iti) T is either the Hamming graph or the dual polar graph.

Proposition 8. ([7]) Let I’ be a distance-regular graph of diameter d > 3 and valency k > 3. Let
t be a positive integer with t < d — 1. Suppose the condition (SC), holds. Then for any positive
integers i and j with i+ j <t + 1, the following hold.

(ci~ci-ejni—¢) £ cCivj—civj-1, (1)
(@i —ais))(gjri—¢) £ @iyj = Qirj-1, (2)
(hic1 = bi)ejr —¢) < by — bisgs (3
cleje1—¢) < civj—e (4)
ailcj—¢) < @iyj—aj, (5)

(bo = bi)lcjh1—¢j) < by —biyj, (6)
(ci=ecia)ejn < cGirj—ci-ny M
(@gi—ais)ein € Giyj — @i, (8

(i1 = bi)ejp1 < biny = biyje 9)

Moreover the following hold.
(i) The equality holds in (3) if and only if the equalitics hold in both of (1) and (2).
(ii) The equality holds in (6) if and only if the equalities hold in both of (4} and (5).
(iii) The equality holds in (9) if and only if the equalities hold in both of (7) and (8).

- 124 —



We are interested in the case that the equalities hold for those inequalities in Proposition 8.

Theorem 9. ([7]) Let T be a distance-regular graph of diameter d > 4 and valency k > 3.
Suppose the condition (SC)q-. holds. Then

(bi-1 — be)(ejr — €5) < bigjoy — biyj, (10)
(bo — bi)(c;41 — €j) < by — biyj (11)

and
(bi—1 = bi)ej+1 < b 1 — by (12)

hold for any positive integers i and j with i + j < d. Morcover, the following hold.

(i) Suppose c2 = 1 and one of the following conditions holds. Then T is either the Odd graph,
the doubled Odd graph or the doubled Grassmann graph.

(i-a) The equality in (11) holds for some i and j such that i > 3 and ¢cj41 > ¢;.
(i-b) The equality in (12) holds for some i and j such thati > 2, j > 2 and b;—1 > b;.
(ii) Suppose ¢z > 1. Then the following 5 conditions are equivalent.
(ii-a) The equality in (10) holds for some i and j such thati >2 and i+ j=d.
(ii-b) The equality in (11) holds for some i and j such thati > 2 and i+ j =d.
(ii-c) The equality in (12) holds for somc i and j such that i > 2 and i+ j = d.
(ii-d) The egualities in (10),(11),(12) hold for all i and j.
(ii-e) T is either the Hamming graph or the dual polar gruph.

Proposition 10. ([8]) Let ' be a distance-regular graph with d > 5. Let ¢ and m be integers

withq > 1 and 4 < m < d - 1. Suppose for any three distinct vertices, the number of common

neighbors of them are 0,1 or ¢ + 1. Then the following conditions arc equivalent:
Deg=14+g+---+q¢ ' anda; =0 foralli with1 <i<m.

(it) The condition (SC)m holds. Moreover ¢ is a prime power and any strongly closed subgraph
of diameter m is the dual polar graph on [Dm(q)].

These results are partial answers of our problem.
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1 o F, BIiB&s o h¥k
— AR L IIKRDOL HIREROZ L THD

00

P T (al)k.--(ap)kz_"
pFolon, -+ ap; By, By 2) = Z; (Bik - By K!
IZT(aki=ala+l)---(a+k—-1)= (—l)k(—ka)k! EFTz. &1

2 9 F) (e, B;7; 2) % Gauss OBIEATRI, Fi(a; 8;z) 2ETHAERETR
Bivi., —RBRAHREO 5 BT, Fy AEBBTRE

i = 3 U S (0 ()

k=0 k=0

RiFEAYHEINRTVWRVWESITHS. EBE, o8 DELLIRIER
BEOBE (F0 L XRFBEKIZALD) 2B, ToKREEIET
HY, LERoTHERBBEES: L TLTOEK LMW, Zofig,
M ROV RN

2y + (1 +a+B)-2)y +afy=0 (1)
DORTHY, Wowe

dingo(a,ﬁ;Z) =aﬂ2Fo((!+ 1,ﬂ+ 1;2) (2)

- 127 =



2T, o BRMBAKE LIERIZ, Fp HESRMEEIZOWTYL, kKo
X 5 AR M S TV B (Chaundy, 1943) :

2Fo(a, B; pz)2Fol(d', 55 q2)

~ n! l—-a—-—n,1-0

IALLENTEIDNR, ZORLAREBEST-FATDLOT, BR
HHOSTFLEMBELTWS, AT TIE, FFAKE o b ICHL, 1/ B
SEILER|ZHOWT, B8

Fop(2) := oFo(—a, ~b; 2) = Z (Z) (Z) Kz (4)

£>0

EFHWAZ LIZT 5.
BT, a=(a, - ,am),b= (b, ,bm) t&, Y ,ai =3 b =n %
- IEAER~<Y b EL,

TAB(a,b) := {z = (zi;) | zi; 2 0, Zjﬂ?ij = @i, Z;mij =b} (3)

LEHTSD. TAB(a,b) O = i¥, BEIBEIBEFBXOETHS.

FEE (MAR) [[Fw@)= DY Fune( (6)

i=1 z€TAB(a,b)

ZOFERRROLICLHEZRIONS.

1—_[ Fﬂhbi(z) = Z p('r)Fn'r(z) (7)

z€TAB(a,b)

v-v-—c,
— N »

ad!  [[;ai! x [;b;!
Coalel Rl

p(r):= Y H(z), H(=):

Tr(z)=r

(8)

ZICHNAE H(z) (x € TAB(a,b)) NEERAMEKZBRTHL.
BRICHMBDE SIS, H(z) X TAB(a,b) LOBERFTHS. +74b
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HO< Hx) <1T Y _HE =1 Zh&v, 0<p(r) <1 T,
>p(r) =

IN|=n,|M|=m B2BEN & M E2RE. F—8ty b [f] &1,
BIZE®R N MOZETHD., HABKSI L

type[f] := (IS} (&) )iens

¥ [f] OESSTRLV ). TITHEIRBEIATEL. Me 28

T—aEy hOEEKE
DS(a) = {[f]1 £ : N — M, type[f] = a}
THY. ZoLx

!
DS(a)] = = =
Thb.

DS(a,b) := DS(a) x DS(b)
DE[figl P& 2RET—FEy LS. ZDLEYR
tab : DS({a, b) — TAB(a, b);[f, 9] — (|f ') Nna ' G)|):

BdHBb. tab[f,g) T —%t v b [f,g) DRRREVS.
z = (z;;) € TAB (a,b) IZ¥f L,

1 d
tab™! ()| = H{1/.9] € DS(a,b) | tablg] = 2} = 55 = Fr—ry
ThB. LI [f,g] € DS(a,b) S tab[f, g] = = &= THEHIL

a!b!
Prob(tab[f,g] = z) = H—H( x)

E1gD. DEYV AN a,b THHL I RHBRLE LT o NRNDIER
B H(z) TH5. H(x) IBHBROBRLIFThDZLBHD.

2 BARDIIH

K SADHWNH D, T I THHRCHASE RO THEC L OOHHE
AT S, HAKOLD ORI

flrno- g () () -5 | 21 ()]
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EERMEND. HidiX

DY H(m)(::) (“f:"))k!z“

k>0 2cTAB(a.b)
RDT, R
Z;_k]:[ (“’) ( )k 1= ze%‘zm H(m)(;:) (“,(f)) Ko (9)
Thebb
= (") - P! @) o

FREiELV. E: (3 TAB(a,b) EOFEHAT, (n)y:=n(n-1)---(n—
k+1) Tho, Al

£ | (%)) - s T55(a, B 2 %)

IHELWILRRAERLTEL. T ]E[!‘sl X DS(a,b) LOEBHE T,
zolf,g] R—BETH 5.
¥ k=11K¥T2 (10) 2TTI. ZOHE, RERrEFEIW.

1
E[f'gl(x()[fa g]) = ;.l Z ajbj (ll)
j
Thbb
_1 1
Hie N0 =00} == ajb,
|DS(a, b)) [f:yle;S(a,b) n ; 7

EJOmMOFIL, ROLIIZRS.

i = #{(J,9.¢)|[f,9] € DS(a,b),c € N, f(c) = g(c)}
= ) #{(f,9) € DS(a,b} | f(c) = g(c)}
cEN

= )Y #{f.9] € DS(a,b) | f(c) = g(c) = i}

cEN i=l

= Y > #{[f1 € DS(a) | f(c) =1} x t{[g] € DS(b) | g(c) = i}

ceN i=|
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f:N— LT, flo)=4i|f'(§)| = a;(Vj) 2W=3bODOMEFIL

(n=1)
(@i - 1)!1'[#.-01!

| = IDS(a)|

ROT, R

m

= a,-b,- 1
=3 =5IDS(a,b)| = B5@.B) Y ab

ccN i=1 i=1
*%HB35.
—fF®D kL iIZH7WTiE, N oftbniz, AR D kL HoxofnEs
N 2E2HE, k=1 0BEIREXIND.

3 BREHMSOFTIO—F
REHE L OBHRE D LR THL. BHIIAMB LI, KRTERS
A S, O DS(a) LOERIIABTHS.
DS(a) x S, — DS(a); ([f],7) — [f o 7]

L7=di»T 8, x S, iX DS(a) x DS(a) {ZAIBIZERAL TV 3.
[fo, 0] € DS(a, b) := DS(a) x DS(b) MMM ->TI< (FlriF2®,
BN T—5). —DLExBE{R

S. x S, — DS(a, b) — TAB (12)

(0,7) — [fooa,900 7] — tab[fy 00,900 7]
215, BEHIIANDH LI tab[fyoa,gooT] = tab[fy, goo 707! 1D T,
tab’: S, — TAB(a, b); 7 — tab[fn,_qo o 7] (13)

LRHET, IS, I REEAMEE AT, ZO2KFICLIME
FRAWITIE SICZEBREDA H(x) 12725, & IT—BRIMIZIUR
TREIRHHEBLOS ATV Vi, LORITL-T, &
TR H(z) 1I2L7=289 TAB(a,b) LD T v ¥ a4 FY /i
RS 3.

B (3r€a—f Il L RBF— 2 AHOMR) OFFTETHE, 51
bN-BLER a,b ¥ FHOHBEROKBERNLEICR2 S, BBRAOICIE
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ZORBIE, MHEROTOKREALALFERLTHD. AHBOERES, B
A7V AR TRA LT THRRBEOT R EL L WVI LI BEAR
N T7EBHB. ThICHETHARWEROLO=AL2T7HEHBELND
T ZowraviE, B26NTWANERI

j 7
i +1 -1
]1-1 1

2 (EYRHERET)MAD Z LICHYT 5.

AT n AOT—F2XMHBTHERED Z LiL, HAHFEANIZIE
Fisher DY _FEXREDTAT T THS. ir_;‘dﬁﬁtmwwﬂﬁm
IR R OE X OFFHEIZ IR FRORARMNEDLR TS, b -
OROEERYV YT Y TEOVDEDNT— R 7y TERHSB. =
NEF— &2 T FLICBATILOER, F—FO@ETHMHTHD &
TARYREIRELEILZIATHS. ZOHEE, MHHEREORDY
ICRFRER L ZORBIEBENS. BKEWVZ & ICHREROBIOREIL
XMBEREOBEARBNOLIRES. ZHIZHOWTIRHIOBSITBR 720,

4 PERO—BERE~DIGH

Mx M BOESFNBIR z = (z;1) € DS(a) x DS(b) D—HERE L
i, O Tr(z) AYREL VI TRTVEINEI DERI-DORE
Tdhs. Cohen DN vy "BEENRLILHMOLENT WS, 0<r<niZ®fL,

p(r) = Prob(Tr(z)=7)= Y H()
Tr(z)=r

P(r) := Prob(Tr(x Zp(r Z H(x)
k>r Tr(z)>r

L8 <. Fisher DIEREHEREOE X T, DR = 2T THI¥L, %
nNoD H(x) #BLADEBZEIRE - T, HER p(r) LLMUESR P(r)
FROD. —BRICERRERED, 2BROFA X m BREVETCHE
DRRIZETS. LOLIOEK TR LEBRAEBOBAKXEHEZIL,
HIBEDOY A XETHEMTHD. IERIT O@m) BE. = LEEMKE
& (n! BE) OBERE LR 0750 n ROZEXHARLETHS.
VB AT Y A XX O(nllogn).
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AiERILCEIIZ,

Foy(z) = g (Z) (z) Kz

LB, BARICLY, PIEOBR {p(r)}rmor..a HEROSREH-T

m

Zp nr(z H Fai,b.'(z) = F(Z) (14)

r>0 i=1
ZIT, HRA F(z) OREIX Y, min(a;, b)) <n TH5.
TE. F(z)= Z (:) klg(k)zF BB+ 3. e &
k20

> pr)e = Zq (z -1y

r=0 r=0

ZP(r)z' = 1+zZq (z=1)"
r=0 r=1

L7zdoT, BEERBEEBOZEANANLAKD Y 7 b (Asir/Risa
T/2< & b Maple, Mathematica B TH) 21T LAIRER P(z, NIE
BERfHDHBEMSVREL 2D,

H:&ﬁ uu%ﬁ‘ ) 0)3"%”‘]%&)”’13 9. :nl:t%EE 200 %‘C«t 5Lk

o (RREFR) BARGE (J) & PH (15 hf2 2R IR BIALITE (K) L OFE
FE—HHORETHD. FHRMERIIKRTEAONS.

AK| k m n pr t wy -
k 9 6 6 9 3 11 0 0 4| 48
m 7 4 1 4 2 35 0 1 1] 25
n 3 4 3 31 2 00 1|17
p |6 3 7100 6 00 1| 33
r 0 0 0 00 2 0 O0O0O 2
t 4 5 8 11 1 27 0 1 0] o7
w 1 0 3 21 3 0 0 0] 10
y |1 1 2 20 1 001| 8
- 0 0 0 00 O OO°TPO 0
31 23 30 41 8 57 0 2 8200
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THE ) BRI 2o = 53 THX BHB. = O—BRA MK
b3 EMEROERRE P.a(53) HKOL 5 itk 5.

971072955976527370489065992048363534695258683180916330016972
623729162842170272509552467370904366650977071823270606663

621808756731104460234413202960802888298370454841707272110637
52076552565847222830439682694827900288368064738 7345546300000

HEHI 12046, AT UNTHTHS.
1235 (ES5#12 L B) Cohen O v /SRIETHE, Pa(53) = 0.0005086
ThY, (ZHEAMICL D) “HRE T P(53) = 0.00238 ThH 5.

P,(53) = 0.0005086 < Py(53) = 0.00156169 < P,(53) = 0.00238.

By SBREOREHRBIL, ERLZBPBODIZIX 1/3 CThHY, AXREBELWIEE
FEOHRSEZBRFMLTVS. -, EREL_SELXBEDY LW
W45 (B—HEOBM) OFEENML 25, N ZHREIE MO
BROTREMEID R A2 DM, KA ZSHIEGEEF 01, MEL
L LRI 5 (8 ZHoBRR) oMM 25,

INRLEZRMBORTEIFATCOAEREOXR/NPEFIZIZESET, ko
FERXORMESBIZRBIELHD. WThicH X, BEH-OHENE
ROB_ABRETHS. ERERBEIEIL- L LERTE N, HERM
fERkEWVIRAEFE.

5 —fgfein&
(A) REFRMEHE.

WAWAL (B BEHOIERSFICAN TS, ZThETRT
XL ZATIE, MO0 (=B 0 AL MARXBHIIE, Ehd
HALHD BEMESEHA) OMAXBBLENS, LW ILHEARIIR
T3, RELVBLIZEALMOBRLLVD, BEXoaAs F&iBin
LTHX:V,

(1) SRTEULOHRIR E Z20—EE. ZhizonTh, FEEEOERMRK
3o, PR,  F MWBHROEHXNOMARNRHD. i, IKRTULS
NBRO—-HBRE~DIGARSH B, 1720, BADIHBR (zi) 11
KRTEDH Ty, Tpje Tore XEELELORTEE LS. 2RTADT
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Tyjky Titks Tij4+ %ELTQ%@]%::OV"CI:‘:%L‘I‘ EEZhZEHE8
RORBAEUHDODHFTHL- L RN NI ETHD.
(2) ¢ 7. BRADH~BREBK~q Ty, LKL, 8

(54D q 7T SeEL<{ 25, HlxE, RO 2Atimes2 W5
BIE z=(2;):

1 2 al
1 $(=$11) a—=T a
2| b—-z2z mn—-a-b+zrin-a
#t b n-b n

Itz =z ZRONITMORZITTRTRE D, FEMERITBRT5T0

albl(n — a)l(n — b)!
nlgl(a — )b - z)(n —a - b+z)!

THD. IhngT7Fruri,

H(z) =

= (q)a(q)b(q)n—a(Q)n—b z{atb -n--z)
(@) = @) @as@rz(@m-aors

LEZOND. ZZIT(Qk=(1-q)(1-¢*---(1-¢*) TH 5.
ZRIZDVWTY 3¢ HERBRMEROBRAIRKLAHS. 1272, Hy(z)
MRERRLHEHIBND 2 E S DI b 22w,

(3) B & —HH 2o/, 0] = Ty wisl F G Ng7'(G)]. BHfFEH /3
2503 Cohen HIZX > THRENTE N, BROEAY FPAKIEH S
ERBH. Yok ) RBEMEAXSBENICEEL TWL 300, BAKHR
HEDLIMOIR,

(4) ST1=POEROKRLEO—BE. N ={1,2,--- ,n} b M ~DTGR
DIk {fo} & {95} AED—BHE

g = Z IO[fas gB]
a8

COWTIREENBOLNITBLN TV S, BKTE A AR, Bl
HBEFAZBEOBARITITH, kO—BEITEH LIFEOMItAH 25 ¢

zo = f{c € N | 3o, B; fulc) = gslc)}
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JEZVICLELOLMENRHS. LAHALINLICHOWTIRElS AME
RAKXBNETHS.

(5) RMEM L 1T, TIZTSN(L,2,...,0) DFEPWNERHSEZHARE NS, =
DL EAERE Sy BED L I BREFFEMOES T, ITAIBIZEAL TV 5.
LiedinT, REEMOMMAORER T, — Ny (EHFABIROM A TIZE
) 22N TYH, EA Y FAKRPBBMEBENL Y EOFAREH D0
L7z,

(B) fkft.

(FRKIE) PPROBREITL - & b LK FELR TV AHHMFETH .
RAROHIETIR, £OEHIZSKKRT 1 OADMEBEEL-WEREK
fRic (FHUAC) ART AL ERDHSD. Z0EHOFHELLT, i
THEVTANOE(MCMC ) ARBBLTER. ETR, Yv7)r—
EEZAVWT, &AL T7HEED ZERFERIIFEINA TS,

TR —EEBREEZ, MABBOTOT YL TY T
L2RERBXRDT L H YT IYREEDZ EEBHRKLTNA.
74y —DW_RFIRE L EBERERL O LT FikTh5.
ZOFEORIANL, HEORG (SRGLREEER, ~y FROHERBL
EVE2EXAHILETHD. Fhickhil, BEEDh TV A 2KELEIE
DA (Diaconis 72 &) ik, MHBHOFTETIL, F U FACEBRERS
TRANWELUTITS T L THHBEORT, LEBR-THRROERETD.
FiEERICIE, ZoORKEREDLHTEN. Lo LIREBRVWO
iX, BEBORDYICRE n-1 DA I7VEFRLTIHS L THE (n i
YN A X)), THERESH) LV IHIF LV, BREORESR
BNIEAENZNHIEV. FOLEDEDIC, HAILR, SFIROKRE
LV F—REOHEE L TIHWTRLL.

BERX
(1] P.Diaconis, S.P.Holmes, Random walks on trees and matchings, Elec-

tric J. of Probability, 7(2002), no 6, 1-17.

[2] P.Diaconis, " Group Representatioins in Probabiliyty end Statistics,”
Inst. Math. Stat., 1988.

(4] RHEFEZR [/ Vv7H—REORKE] HEERE 2006.
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a2—7 Yy FEBDOTHFA DT
WA (Etsuko Bannai)

K -
(Faculty of Mathematics, Graduate School
Kyushu University)

1 [FL®HIC

=2 Yy FERBOT YA > OBLEIE Nenmaicer - Scidel ([12]) 12 L » TRF YA o DHEH
& LC 1988 EIZTEM SN/, Delsarte-Seidel ([8]) {2k ¥ 2e-7 A OB R Gantipodal
BWAD 2e + 1)-TFHFAVIZEENLHOMBOTRNBEZ O, tight 27 VA O
ARG ON, BT tight L HDIRILAYEFEELLVO TRV EZEZ LA TN
e, EOED Bajnok, WA-EA, WMHETF HFOBRICKVifiEHG, BELFNRND
MR EN, BANRFBUCOVTOBRLEULN TS ([L,2,5,6,3,4]). TRET
RASAl, 1§ EERELOZHOTT2—2 Y v FEMOD (2e + 1)-FHAL L OBRLETH
A Moller (2K 93 TIZ 1976 FICL Y — R TEZON TV FEHZTLH 212
([10, 11]). ZO/H TLE Moller DE X FREMAGT, 2—2 Y » FEHO tight 27
YA UDERELG XML, tight 72 7-THA 2 9-FHFA L ORBMIC SO THICT A
yEYR— b HRMOMEED 2 OBV TEIEBON LR REBNTS.
FHA B tight CH2 &S5 HEL, KR LOTHFA OB LLEkIC, BRRE
WCRERERTHY, FETIFIGHTHS. T LT, FENEMHD LRI LOIXL~
RBWERZFH-LTW3B. £, MR THA VoW TOFEERNIm LN TV BN
AEMICER L LD L5 LESMiiTitiev. ZoO#EMO% T, Hamming scheme
H(d,q) #E~7=2—27 Y o FERD 4-FHF AL VOFHE (ZHOW TR 5 2 7=,
ZOBRIIBNE— L OKEHIETHS.

2 HEMEEHZEE Moller DER

a—2 Yy FEH R* OHYIREZ "' = {z c R | |[z| = 1} & T 5. R" DR
WEE2 X L35 ZOREOPTMNIRFTERICEZLTEL.

{lzllze X}={r.....r,} ELB i (1 <i<PITHLTS, = {z e R"||lz|| = n},
Xi=SnX &¥5. o X 2 §S=U_,5 THE—-FEATW5LH p HORLE
MTHR—PENTWBRELEBRTA. 0, 0, (1 i <p) X S BLU S, ® Haar
WIEL LIS = founr do(@), 1S = [ doy(@) = r"1[S7] #IRD Lo TOB LT B,
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;=0 OEAI |:|fs J(x)doi(z) = f(0) LE®RTSH. X LIZITIED weight function
w: X — Ryp PERINTND LTS, SHILKROBEEMNS. P(R") =R[zy,. .., In)
% n BHROBFAMNELEEE~7 bAZERL Homy(R*) 2R i OFKREHADHESE
SEM. P(R") = @), Homi(R"), P;(R") = @ =twos 2 Honn,(R™). P(S). Pu(S), P (S)
FHILHRAOERME S ICHR LB ORI R7 M ZEMEE T5.

E# 2.1 (Neumaier-Seidel, 1988 [12]) R" OFTIRAIIES & IED weight function w
DML (X, w) BRERE L OV TRDORUNBEY LM —2 Y v FEMD 1-TFA >~
LRI B,
u(,\’ )
>0 / [(@)doy(z) = 3 wiz)f(z)

xeX

RETDH [ € P(R?) u-t l,rnw Yo ZIT, w(Xi) = ey wid) THD

Neumaier-Seidel R LBV TEa—2 Y o FERIOTFTHA 3G E 0 28 ER2VWET
TRVEZONTWER, BX (3] TERALADEEREEILTWDS. 2—2 Y v FE
MOFHA L LT, &I PROMRFENE XD cubature formula & DM
ROTHREZADTEZBIFNEHRTHA ).

Maller 23 cubature formula {ZB L TH = & —Oe TV L EFBE2—27 Y v F
LD 1-FH A AHOVTIEHT 3 L OERNRELN S,

EH 2.2 (Mdller, 1976 [10] ( [11] +E8) )
(i) 2—2 Y v FEMD 2e-FHA > X 1238 L TROREXHRY 2.

|X| 2 dim(Pe(5)).

(i) 2—=27 Y v FZEMD (20 + 1)-F¥A » X i2x L CEROAFXHBRY L.
(n) e BEEOWE, E72id, e BNMIT 0 ¢ X DR

1X] = 2dim(P;(S)).
(b) e HHBIT 0 € X D
|X| 2 2dim(P;(S)) - 1.
EB1 2—72Y v FERD 274 X OSOBAROTRIZSWVTIT [8] (S HIRI
52 H6NTWS. 2—2 Y v FEM®D (2¢ + 1)-TFA 2O T RIZHWTIT antipodal >
2 w(-x) = w(x) BMIzFT LV RMEEDFT 8,5 TFRABEFLZOATWD (T4b
LX &2 X=X"U(-X"), X*n(-X*)={0} Xiz 0 TEET D& |X*| > dim(P;(S5)
ALY L0) . M ROTFRERIEE £ T Moller ORBIZKBEMT IV,

Moller IZEHICKRDHEREH/TVD (BB b2 & —BMRFTERTVD) .
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TR 2.3 (Méller, [10, 11]) X #2—2Y v FZEHM®D (2e 4+ 1)- THA & LER 22
(i) DRFROE AR ELTOD L RETD. ZOFILIZ, e VTFHETHDIH), £
(IMET 0 e N Zili7e LTWuE X 1T antipodal TH Y weight N w RIS LT
HEETHD, THbEL, w(-1)=w(z) B v,

Moller it e 3BT 0 ¢ X i/ L TODIBBITOW TR HEBRTHARdh o2 h
Moller DFiEENV D EH>EDERAM LS.

B 24 EBX Fa2—2 Yy FEHNOD (2 + 1)- FFA & LA 2.2 (i) OFERD
FEBRULTVHERETD. EIC e N, 0¢ X L35, TOHp<E+1 T
ST X T antipodal THY weight MW w (ZRAICEALTHETH S,

tight OB H

ERBE LOFHA o ERRIC2—2 Y v FEBIOFHA LI2o0TH lght tEEERL
Tehol-OTHBEN, ZHET I BHROBEIc2—2Y v FERD -FFAL L OHR
RTROFEWEZMORMHT-TUC L O R EOERLITE RN, Ekod Moller
DEPEBREZATTFRORICERTS.

TH 2.5 (tight THA )

WE 2.2 OFRFFIIBOCESHNRY SLOIF X % p MO S Lo tight 78 2e-
ik (2¢ + 1)-THA LR, & 51T dim(P(S)) = dim(P.(R")) HRY M4 6T X
Ta—r Yy FEMNOD tight 72 2e- Xid (2 + 1)-T WA v LIRS,

EB 2 EH 24 XY, ¢ BHEBROEE p WOFE.CERE S 120 tight 72 (2 +1)-FH¥ A >
HREEET VI EBbMS.

X 3 p EOEWLERE ETO tight 2¢- XX (2¢ + 1)-THA L OERIIHAR TH DN,
2= Yy FERD 2e- Xit (264 1)-TFAL & LT tight THBH LT IBEERT DM
2, FHA v X 29— T BRIOCKTADOAES SR L S e —2 Y v FEMEK
RLTWDHEEI=aTV A5 EE Ll TOEKRT Aim(P(S)) = dim(P.(R"))
LEIRFETIOTHS. REOHF W T ERADOWEEO/MIILE S > TWD
PERESTHD, 2P, SHRAZEUMHICes =1, BERVFHI c5 =0 LEHTHL.
dim(P(S)) = dim(P.(R")) Zi#il=Fhbd p OMIL [LE] + 1 THDLERDLND.

T 2.5 ROVER 23, £ 24 hHROERAEONRS.

EE 2.6 (X.w) % p HORLEKE LO tight (2¢ + 1)-FH A &3 5. ZOFRAKRY
0,

(iYe WHEETHDH, F203, e BT 0e X 2T 260 X X antipodal 1D w
FRACELTHETSHS.

(i) e KBETOL X 02, p<§+1 ThHIUL X 1 antipodal 1 w IR LT
HHTHD.
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AR 4 - p AORLOIRIE LD tight 72 (2e+1)-FY A 2 X 128V T e RBET X A
REEEERVIBRIIRNOBEANE < 45 & antipodal 1272 5 RENIRVDTH B, »
&V o T antipodal TR tight 78 (2e+1)-T A Y OIFHEL LN TV V. ZhETIC
Roobate tight 2Bl Tid & A K 0AA5, REO T dim(P.(S)) = dim(P,.(R™))
it T RN D p OEITIZIFE L oo TV 3B,

ROHIMIL [3], [5] CHEBEN TS,

WA 2.7
(1) X % S 10 tight 2¢-THF A > &£+ B L ROBHKY Lo,

(i) wid®s X; 1<i<p) LT—EDflix L 3.

(i) & X; (1<i<p) iTidxe-BRHIRETH S,

(iii) ¥Z p =2 22 X; # {0} ThhiL X, 13EKili LD (26 — 2)-FH 1 ThH 5.
(2) X % S kD tight 2e +1)-FHFA L &45. E6I1T X N antipodal 12 w(z) B
SUSH L CHBTHRITEROYENEK D 2o,

() wids X; (1<i<p) LTC—EDfix L 5.

(i) % X; (1 <i<p)l3ie - HRIEETHS.

(i) % Xi (1 <i<p)idiha(e+1)-HEESTHS.

(iv) ®iZ p=2 2 X, # {0} ThHL X, 13RI LD (2¢ — 1)-FHA > ThH 5.
ZIZT XX, =X U(=XD), Xen (=X = {0) 13 0 il THRETH .

R 2.7 (2) 12 Moller OFBUCL Y —BEBIS/R o7,

3 21—y FEREOD tight 7-FH1 >

X %&2—2Y v FERNOD tight 2 7-F¥A ¥ 5. ERLY |X] = 2dim(P3(S)) =
2dim(P3(R")) = Ln(n* +3n+8). TDHB e=3 THHDOT X i3 antipodal THY
BHEEZEERV. £ dim(P3(S)) = dim(P3(R™)) BV L>TWHIE LD p>2 Th
5.

p =2 DIFE.

Wik 2.712k9 X, Xp KA LD 5-7FHA U THY hofx 4-IBHILETHS. €
TH X, BB ED tight 22 5-FY¥ A ThHEINERL 5-FHA 0 - FEHESOV
ThrThsd. GEORAIT X, L ERKEMICHE T S & Delsarte-Goethals-Seidel [7],
Hoggar (9] DFEMEZEM PV (R) EOTFFA AT 2 ERL BTN TED. T
b, X, ORMEEM~HEE X7 £T5L, X 12 PPYR) D3THATH
D 2-HBERG THD. ZIT X ONRE AY(X]) = {(z-y)? |z, y € X} LEREN
5. Hoggar OFERIZL Y X 1L Q- BIAA R X — LDMELEEL, AYNX!) OFTOYPHH
HRBHRTRTIERLRVW I ERENEN TS, TOEK O <o, 8 <1 MBEEL
TAX)) C {0, %a, -1}, A(X2) C {0, £8r%, -2} L 2o TWD. ThHbDBREES LI,
X (3, 5] CHWNBEEMWD Z LITLY ZoDRMCYHR—r&hda—2 Y v FE
B tight 7-FH A AIRD 32O ENNERBTHH I ENGEH TE .
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n||X] | Xy |Xz| | A(X)) A(Xy) w
2| 12| 6(tight) | 6(tight) | £3,-1 | £5r°,—r° | %
1| 48 21 20,21, -1]0.4 % 7| &
7

| 2 23217
.‘,—1 O,i‘l' , =T 57 7C

En#T X, Lo weight 12 [, X; kO weight idw THS. LORTn=2DBEE X,
E X IIIECHIBTHS. n=4 DESIX X, & X IZEWVIZHEITRY @ kissing %
B2 BEBBIZRSTVS. n =7 OHAEIT X, KT LD ight 5-FHFA L THD. Xo ik
E;BON—=FTEZLAINEAETHS. ROGELTIHMLATWEN2—~S Y v F%E
Mo tight 7-5F% A & LCRMHTERBENTZLDOTHS.

p>3 OBE.

& XX p=3 OB, Kiilo 3- FFLLTHY, p=d4d DERER 1-FFSLTh
3. & X \imx 5-BEMIRA RO TT Yom—a v AR — AOE R B L & O R
B, p > 5 OEBEIRE X, IEFFA Lo TV BRIV, L EOBIIMNLRESED
BRIIEDEZABBITNIZIEES LB bhizv,

182 | 56(tight) 126 | 1

4 2—9 Yy FEREOD tight 9-TH 1 >
IDBPEE e =4 THRETHS. dim(Pj(R") = Hn(n + 1)(n* +5n+ 18) + 1.

0c X DS

0e X ¢RETDE X Ha—2 ) v FEMD tight-9 TV A THH DI | X| =
Gr{n+1)(12+5n+18)+1, #>T p =3 TRt b iv. F4tby X = {0juX,UX,
o TS, XZUXy 32— Y » FEMO 9-7H A L ThiM b, BMILERERNIED
2 SORLEKT LD tight 9-F VA L ORHIZHEEE 5. o8 X, X, 138Kl Lo 7-
FHA L THY home 5-HiIEETHS. o T X, 13Kl LD tight 7-F ¥ 1 >~ Th
AMELIT X, T S-ERES CHD. - T X, 1L tight 7-FY¥ 4 » ThiThif A(X)) =
{£a), £a2, -1}, A(Xa) = {25172, £857r2, =12} ERDIEDERK 0 < ay,09,8),0 < 1
TEETSD. o TRELGE~RWE, 12> 3 Thhid o, BLUG TR TRITH
HRLRWIENIUARATES, ZOZEE2ME>Tn <50 2T 2TOn iZ8LTH
HELZEZH0e X il tight 9-FHF A VX R2 OEIHHET D 2 Enlbhoalz,
ThbH X =17, X, Xo (ZESABICHETX, LCwrx)=1&T3L X, LTI
w(rx) =% THD. —BD n > 50 i LTHAER S tight 9-F ¥ 1 L OIETED T
s, ML EER s TR,

0g X DIFE

ZOHE X Ba—7Y v FEROD tight & -THA L THhHEHIZITp >3 TRiTH
262V, p > 4 OBEIE antipodal THDHRIETLR VA, p = 3 OBBEE X 1T
antipodal 7% 5-F ¥4 L Th Y fix 5- KA THD. n=2 DHEPAITIT |X]| =18 Th
Y Bajnok (1) ik EXLRAFIEG6 A 3 MEMERT-LOETTHD., — RO i
DVTH p=3 DHAOTMMITANT B [ EERDH D L E LTS,
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5 Hamming scheme H(d,q) Mo/ bohda1—9 Uy FZE
MO 4-THA

a—7Y v FEMD +-7H A I8 ENDBOBABAHFIKETECOTHEETS
AR EN TS, HlZ tight TR TH -FH A 2 BEMICHERYT S 2 & I3HH
Tid7evy. Bajnok ([2]) % B, B Weyl BFDgE %> -2 ML TV 58, ZZTiX
Hamming scheme H(d, q) 2{i>7=a—2 VY o FZEHRD 4-7F A - OBRIEZHOWVTHER
T5.

F={12....,q} £9%. A %R O regularsimplex £+5. A={w,...,u} &
BLEH ui BRI P THY R BT A0~ MABORRIL wiw; = -5 (( # 7)
Lo TS, WICA = {0} x--x{0}xAx{0}x- - x {0} CRI!xR"Ix.. . xRI! =
RU-1 L@, F2h Ap 1T regular simplex A % RO [ZHIDAATZ L O TH Y Rig
6:’30) A;, AJ’ IZEENDHAT MUVTEWIHER LTV, Kz Xy = A UAU---UA,

= {— (i, g, .-, 0y) | (1,00, .. 0g) € FO} EEHET S L X 13X RIG-D OBLERE
J:l HY Xy i3 \/r-i O LicdhH 2 2-FFEHHBEG L RoTW S, 61T X, i3 Hanming
scheme H(d, q) DIEEKE->TWS. #-T X, & Xy XENFRERM ED 2-F9F 1 &
2oTW%. X=XiUX &L X LD weight #xe X1 (SHLTw(z)=1, =€ X,
I L Tw(x)=q7 9D EEHRTDE (Xw) T RIGCDDAFHL LMD
ren
X [ RU-D 0 2FHA o THDHMG

> w@)|=¥ () = 0

xeX
MU+I<4,0<5,1 << ZHTTEED LIz 51 &wiﬂ%ﬂ%fﬁi\‘. @ 12PN T
R 3 2 & REEERV. RYD 0 3 ROWIMETIIL 2,2,73, o) — 3,23, 0 (22— 23)
BLUINLOUTFE SR bd(q y OET#HH L= LOTERENS. F2RI-D D4
KOBMEKEUL 2129737y, iy - 3Ti3073, Ty172(23 — 23). 7] - 3rixd + 3cdal — 3u3ad,
(:r, - z3)(zy — 23) BEEINLOWFEHHIE Syy-y PATHALILLOTERSh

T X OXMBEERHT I LIZE»T X BRD D L-FHL L THHZ EH

Ul M HRATHEIDLNS.
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Terwilliger algebras of subsets with minimal
width and dual width
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1 Introduction

Terwilliger algebras are introduced by Terwilliger to study Q-polynomial distance-
regular graphs {13, 14, 15]. Recently Brouwer-Godsil-Koolen-Martin introdued
two parameters width and dual width, which are the parameters of a subset in
a (Q-polynomial distance-regular graph I" and are expected to play an important
role in the study of local structures of T [3].

In this paper, we study irreducible modules of the Terwilliger algebra T
with respect to a subset with minimal width and dua!l width. Here, we use the
generalized Terwilliger algebra introduced by Suzuki [9]. This paper consists of
two parts:

(i) On the relation between the irreducible 7-modules of endpoint 0 and tight
vectors.
(ii) On the irreducible T-modules of Hamming graphs and Doob graphs.

2 Preliminaries

In this section, we give delinitions nceded for the later discussion. We refer the
reader to (1] and {2] for basic terminology and properties of distance-regular
graphs.

2.1 Distance-regular graphs

Let I = (X, R) be a connected graph with distance 8. Let D be the diameter of
I'. For z € X, let I'i(z) := {y € X | &=x,y) = i}. For 2,y € X with 8(z,y) =i,
let
¢ = |Fica(z) NTa(y)],
a; = [Fy(z) NTa(y)l,
b; = [Tiqa(z) NTi(y)]-
T is called a distance-regular graph if ¢;, a;, bi depend only on i.

Let T be a distance-regular graph. Let Ag, A),...,Ap € Matx(C) denote
distance matrices of T, i.e.,

y _J1 ifdx,y)=i
(Aidey = {0 otherwise.
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Let M := C|A;] C Matx(C). M is called the Bose-Mesner algebra of T'. Let
Eg, E\,- -+ , Ep be primitive idempotents of M. Then it is known that M has
two bascs:

M= Spanc{Ao, ven ,AD} = Spallc{Eo, veuy ED}.

Let P and @ be the base chauge matrices, i.c.,

(AOv---,AD)=(EO!"')ED)P’

(Eo...,Ep) = DlTl(Ao,...,AD)Q.

The matrices P and Q are called the first eigenmatriz and the second eigenma-
triz of T, respectively.

The distance matrix A; is expressed as a polynomial in A; of degree ¢ under
the ordinary matrix multiplication. This is called the P-polynomial property.
Dually, ' is said to be @-polynomial with ordering Ex, .. ., Ep if E; is expressed
as a polynomial in E; of degree ¢ under the Hadamard multiplication.

For the rest of the paper, we assume I' is @-polynomial with ordering
Ey,...,Ep.

2.2 Terwilliger algebras with respect to subsets
Let C be a proper subset of X. For y € X, let
3(y,C) := min{d(y,2) | z € C.}
and
I(C) = {y € X | 8(y,C) = ).
For y € X with d(y,C) =i, let

¥ = Tici (C) N1 (y)],
a; = [T(CYN Ty ()],

Bi = [T (C)NMi(y)l

A subset C is called a completely regular code if v, o, 5; depend only on i.
Let E; € Matx (C) be the projection matrix from X to I';(C), l.e.,

w _[1 ifzeriC)
(E{)zz = {0 otherwise.

Let T = T(C):=C|A, £],.-., Ep}. T is called the Terwilliger algebra of I’
with respect to C. This definition is introduecd by Suzuki [9]. If we set C = {z}
for a vertex z € X, T(C) coincides with the ordinary Terwilliger algebra T(z).
T is a non-commutative, semisimple algebra.

Let V = CX be the standard module and < u,v >:= 7% for u, v € V.
Since V is semisimple, V is expressed as a sum of the irreducible 7-modules.
Let W be an irreducible T-module. Let r := min{i | E!W # 0} be the endpoint
of W. and d := |{i | E{ # 0}| — 1 be the diameter of W. Then we have

W =EW+.-..+ E 4W. (orthogonal direct sum)
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W is called thin if dimE!W < 1 for all i.

A graph T' with thin modules has nice combinatorial propertics. Let Tx
be the primary module of T, where x is the characteristic vector of C. The
following theorem connects the primary module and a completely regular code.

Theorem 1 (Suzuki [9]) The primary module is thin if and only if C is a
completely regular code.

2.3 Width and dual width

Let C € X and x the characteristic vector of C, i.e., the vector whose xth
coordinate is 1 if x € C and 0 otherwise.
The width of C is defined as follows:

w := max{i | xT Aix # 0},

i.c., the maximal distance between two vertices in C. Dually, the dual width of
C is defined as follows:

w" := max{¢ | xT E;x # 0}.

Theorem 2 (Brouwer-Godsil-Koolen-Martin [3]) We have w + w* > D.
Ifw4w* = D, C is a complelely reqular code and induces a Q- polynomial
scheme. Moreover if the induced scheme is primilive, it is P-polynomial as
well,

Remarks. When w + w* = D holds, w and w* take the minimal values
respectively.

Remarks. Recently, Tanaka showed that except for few cases, C with w +
w* = D induces a Q-polynomial distance-regular graph {12].
3 7(C)-modules of endpoint 0 and tight vectors

Let C € X and T = T(C). Let W be a thin irreducible 7-module of endpoint
0.

Proposition 3 (Suzuki [9]) There exists v € EgV such that W = Mv.
By the above proposition, we have W = Muv = Span{Eyv, ..., Epv}. Hence
dimW = |{E; | Es2v #0} = D +1 - |{E; | E;v = 0}].
The dimension of W can be bounded using the following:
Proposition 4 (Suzuki [9])
[{Ei | Eiv =0}| < w,--- ()

where w is the width of C.
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The vector v is called tight with respect to C if equality holds in (x). The
irreducible T(C)-modules of endpoint 0 for C with w+w* = D are characterized
by tight vectors as [ollows.

Proposition 5 (H.-Suzuki [7]) Suppose C satisfies w+w* = D. Then every
endpoint 0 module W is thin, and

W=EW+--+ Ej oW

Jor some 0 < j < w. Moreover, let W = Mwv for v e EgW. Then v is tight and
EFv=0ifi<jorj+w <i

We can interpret the above propesition in terms of the cigenmatrices:

Theorem 6 (H.-Suzuki [7]) Suppose C satisfies w+ w* = D. Let P be the
first eigenmatriz of the induced scheme of C. Then

zpleﬁ=0ifi<j orj+w' <i.
=0

Solving the above system of equations, where P is unknown and Q is given,
the parameters of C are determined by parameters of I' and w (or w*). See also
(12].

On the classification of subsets with w+w* = D, there are a lot of examples
by Brouwer et.al. [3] and by Tanaka [11] [12]. Our next project is to investigate
the irreducible T(C)-modules of endpoint r > 0 for these examples.

4 Irreducible 7(C)-modules of Hamming graphs
and Doob graphs

We will determine every irreducible 7(C)-modules, other than endpoint 0, where

C is a subset with w + w* = D in a Hamming graph or a Doob graph.

4.1 Subsets with w + w* = D in Hammig graphs

Let I' = H(D, q) be the Hamming graph, i.e., the direct product of D copies of
complete graphs K, on q vertices:

Fr=rx...xrb,
where I'* = K. Sce [2] for the definition of the direct product of graphs.

Theorem 7 (Brouwer et.al. [3]) Suppose C C T satisfies w+w* = D. Then
C=C'"x:--xCP where C' = K, or |C’| = 1, i.e., the induced subgraph on C
is isomorphic to H(w, D).

For example, the subset
{z1,..., 2w, 1,...,1) €T | z: € K, = {1,...,¢}}

satisfiessw +w* = D.
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Note that the coset graph I' = I'/C is isomophic to H(w*,q). Later we will
show irreducible 7(C)-modules of I' can be obtained from irreducible modules
of ordinary Terwilliger algebra 7 of I'. Go determined irreducible 7-modules
for binary Hamming graphs [5]. Following Tanabe’s method on Doob graphs
[10], we can determine irreducible T-modules for Hamming graphs in general.
By using these results, we can determine irreducible T(C)-modules.

4.2 Subsets with w + w* = D in Doob graphs
Let T be the Doob graply, i.e., the direct product
P=T!x-...x +Da

where I (1 < i < D) is the Shrikhande graph and IV (D, + 1 <i < Dy + Dy)
is K4.

Theorem 8 (Tanaka [12]) Suppose C C T satisfies w+w* = D. Then C =
C'x -+ x COV*D2 yhere C' =T or |Ci| = 1.

The coset graph I'/C' is isomorphic to a Doob graph and similar property as
Hamming graphs holds.

4.3 The quotient graph of a completely regular partition

As we have mentioned, Terwilliger algebras of I' and the coset graph I are related
to each other. In fact, if we consider the quotient graph of a special partition, we
do not necessarily assume the group action, we obtain some relations between
"lerwilliger algebras of I and the quotient graph.

In general, a partition I1 = {C},...,Cp} of a distance-regular graph T is
called a completely regular partition if Il is an equitable partition of X where
each C; is completely regular with same parameters. The quotient graph /Il
has vertex set Il and for C;, C; € Il, C; is adjacent to C; if C; # C; and there
exists an edge joining a vertex in C; to a vertex in Cj.

Theorem 9 (BCN: Thm 11.1.6 [2]) I'/IT is distance-regular if and only if
I1 is a completely regular partition.

Suppose I1 is a completely regular partition. Let T' = ['/IL. Fix C € I1. Note
that C is a subset in T’ while it is a vertex in I'. Let T = T(C) be the Terwilliger
algebra of T with respect to a subset C, and 7 = T(C) the Terwilliger algebra
of T with respect to a vertex C.

Let K be the | X| x |Il|-matrix defined as

_J1 if x € C;
(K)zc, = {0 otherwise

The matrix K connects two algebras 7 and T as follows.
Lemma 10 (c.f. BCN: Thm 11.1.6 [2]) TK = KT.

Proposition 11 (H. [6], Martin-Taylor [8]) Let W be an irreducible T-module.
Then W = KU for some irreducible T-module U, or KTW = 0.

We would like to determine W with KTW = 0. We can determine them
when I' is & Hamming graph or a Doob graph.
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4.4 Irreducible modules of a Hamming graph and a Doob
graph

Let I’ be a« Hamming graph or a Doob graph. Let C be a subset with w+w* = D.
Let T be the coset graph I'/C and I' be the induced subgraph on C. Then
=T xT. Let vg,...,v, be eigenvectors of I' for distinct cigenvalues where
vy = X, i.e., the characteristic vector of C. Lel K; = v; ® I where I denotes the
identity matrix of size |I'|. Obviously, K = Kp.

Theorem 12 (H. [6]) Let W be an irveducible T-module of T. Then W = K;U
Jor some irreducible T-module U of T and for some 0 <i < w.

4.5 Concluding remarks

(1) Uulike the case of endpoint 0, for the case of endpoint r > 0, there exist
non-thin irreducible 7(C)-modules in a Doob graph.

(2) Let V be the standard module of 7. Let ¢ : V — V be the homomorphism
defined by p(u) = K Ty for u € V. Proposition 11 implies the exact
sequence 0 — V — V — 0 is split.
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