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Combinatorial designs of minimum ¢-rank
and Hamada’s conjecture

Vladimir D. Tonchev
Department of Mathematical Sciences
Michigan Technological University
Houghton, Michigan 49931, USA

Abstract

The paper surveys combinatorial designs having the same parameters and g-rank
as certain geometric designs having as blocks the subspaces of a given dimension of a
finite geometry over a field of order g. The construction of such designs is motivated
by Hamada’s conjecture from 1973 about the minimum g-rank of geometric designs. A
revised version of Hamada's conjecture is proposed that concerns the g-rank of gener-
alized incidence matrices with entries in GF(g) instead of (0, 1)-incidence matrices.

1 Incidence matrices and Hamada’s conjecture

A combinatorial t-(v,k, A) design is a pair D = {X,B} of a finite set X of v points, and
a collection B of & k-subsets of X called blocks, with the property that every ¢ points are
contained in exactly A blocks [2]. The incidence metriz of a design D is a b by v (0, 1)-matrix
with rows indexed by the blocks and columns indexed by the points, where an entry is equal
to 1 if the corresponding block and point are incident, and 0 otherwise. Two designs are
isomorphic if there is a bijection between their point sets that maps the blocks of the first
design to blocks of the second design. An automorphism of a design is a permutation of the
points that preserves the collection of blocks.

The g-rank of a design D, or rank,(D), is the rank of the incidence matrix of D over
GF(g). Equivalently, the g-rank of a design is the dimension of the linear space over GF(q),
or the linear g-ary code spanned by the rows of its incidence matrix.

The interest in designs of low g-rank has been motivated by one of the early applications
of combinatorial designs to coding theory, namely, for the construction of majority-logic
decodable codes (Rudolph [26]). A linear g-ary code of length n is a linear subspace of
GF(q)". A linear code C of length n whose dual code Ct supports a 2-(n, w, A) design among
its codewords of weight w can correct up to (r+A—1)/(2X) errors (where r = A(n—1)/(w-1))
by majority-logic decoding, and even a greater number of errors if C* supports t-designs



with ¢ > 2 (Rahman and Blake [25]). Consequently, a linear code being the null space of
the incidence matrix of a t-(n, w, A) design with ¢ > 2 admits majority-logic decoding. Since
the total number of blocks in a t-(n,w,\) design with £ > 2 and n > w > 0 is greater than
or equal to n by the Fisher inequality [10], the incidence matrix can be of full rank n, in
which case the resulting code is trivial, consisting of the zero vector only. Therefore, for this
purpose, it is important to choose a t-(n, w, A) design of minimal rank (over the considered
finite field) among all nonisomorphic designs having the given parameters.

Most of the known majority-logic decodable codes are based on designs arising from finite
geometries, the most notable class of such codes being the Reed-Muller codes. We refer to
any design having as points and blocks the points and subspaces of a given dimension in a
finite affine or projective geometry as a geometric design. We denote by PGg4(m,q) (resp.
AGg4(m, q)) the geometric design having as blocks the d-dimensional subspaces of the m-
dimensional projective space PG(m,q) (resp. the m-dimensional affine space AG(m,q))
over GF(g). The geometric designs having as blocks the hyperplanes in the corresponding
affine or projective geometry (d = m — 1), are called classical geometric designs.

The ranks of the geometric designs were computed in a series of papers in the late 60’s
and early 70’s, starting with a paper by Graham and MacWilliams [9], where the p-rank of
the incidence matrix of the Desarguesian projective plane PG(2,p*) of order p* (p a prime,
s 2 1), was found to be equal to ,

(” “; 1) +1. Q)

In the special case s = 1, the formula (1) implies that the p-rank of the Desarguesian plane
PG(2,p) of a prime order p is equal to

(p;1)+1=¥. )

We note that formula (1) was derived and is valid specifically for the Desarguesian plane of
order p*, PG(2,p"), while the formula (2) gives the p-rank of any projective plane of a prime
order p. This follows from a more general result for the p-rank of a symmetric 2-(v, k, A)
design (a design is symmetric if it has equal number of points and blocks: b=v). If pis a
prime that divides k — ), but p? does not divide k — A and p does not divide k and ), the
p-rank of a symmetric 2-(v, k, A) design is equal to (v+ 1)/2 [10, page 382, Theorem 17.3.1].
Consequently, since any projective plane of a prime order p is a symmetric 2-(p?+p+1, p+1,1)
design, its p-rank is given by (2). This implies that although for each prime p the only known
plane of order p is the Desarguesian plane PG(2, p), if a non-Desarguesian plane of a prime
order p would exist, it will bave the same p-rank as the Desarguesian plane PG(2, p).

The result of Graham and MacWillims [9] was generalized by MacWilliams and Mann
[22], Goethals and Delsarte (8], and Smith [29] to the following formula for the p-rank r,
of the classical geometric design having as blocks the subspaces of dimension m — 1 of the
m-dimensional projective space PG(m,p*):

rp=(p+:—1)‘+1. 3)



A survey of other related results is contained in {32]).

In 1973, Hamada [11], computed the p-rank of all geometric designs in general, when
blocks are subspaces of any given dimension d, 1 < d < m — 1, of a projective space
PG(m,p’) or an affine space AG(m,p®). In his remarkable paper [11], Hamada made the
conjecture that a geometric design arising from a finite geometry over GF(q) has minimum
g-rank among all designs with the given parameters.

Hamada's conjecture is of fundamental importance for several reasons. First, it indicates

that a geometric design, being a design of minimum p-rank among all nonisomorphic designs
with the given parameters, is the best choice for the construction of an error-correcting code
with majority-logic decoding. It is known that the number of nonisomorphic designs having
the same parameters as the classical geometric designs having as blocks the hyperplanes of
PG(m,q) or AG(m,q), m > 3, grows exponentially with linear growth of m (Jungnickel [16],
Kantor [19], C. Lam, S. Lam and Tonchev [20], Lam and Tonchev [21]). This result was
extended recently by Jungnickel and Tonchev [18] to designs having the same parameters as
a geometric design PGy4(m,q), for any 2 < d < m — 1 and any prime power g.
Secondly, the conjecture provides a computationally simple characterization of geometric
designs in terms of the p-rank of their incidence matrices: the complexity of computing
the rank of a matrix is a cubic polynomial in the number of rows (or columns), while
the complexity of finding isomorphisms between combinatorial designs is as hard as the
notoriously difficult graph isomorphism problem; see [4, Remark VII.6.6).

Last, but not least, Hamada's conjecture implies the famous conjecture in finite geom-
etry that for any prime p, the only (up to isomorphism) projective plane of order p is the
Desarguesian plane PG(2,p).

A narrower form of the conjecture, due to Assmus, concerns only designs defined by
hyperplanes, i.e. designs with classical parameters, and there is an even more specialized
conjecture due to Sachar [28] that applies to projective planes only.

2 The proven cases

Hamada’s conjecture has been proved to be true for the classical designs of the hyperplanes
in a binary affine or projective space (Hamada and Ohmori [12]), as well as for the designs of
the lines in a binary projective or ternary affine geometry (Doyen, Hubaut and Vandensavel
[7]), and the designs of the planes in a binary affine geometry (Teirlinck [30]). Namely, the
following results are known.

Theorem 2.1 (Hamada and Ohmori [12]). (i) The 2-rank of the incidence matriz A of any
symmetric 2-(2™! — 1,2™,2™"1) design D satisfies the inequality

rankz(A) 2 m +1,

with equality if and only if D is isomorphic to the complementary design of the design formed
by the hyperplanes in PG(m,2). Consequently, the 2-rank of the incidence matriz A of any



symmetric 2-(21 — 1,2™ — 1,2™~1 — 1) design D satisfies the inequality
rankz(A) 2 m + 2,

with equality if and only if D is isomorphic to the design formed by the hyperplanes in
PG(m,2).
(ii) The 2-rank of the incidence matriz A of any 2-(2™,2™!,2™~! — 1) design D satisfies
the inequality

ranky(A) >m+1,

with equality if and only if D is isomorphic to the design formed by the hyperplanes in
AG(m,2).

Theorem 2.2 (Doyen, Hubaut and Vandensavel [7]). (i) The 2-rank of the incidence matriz
A of any 2-(2™ — 1,3,1) (or a Seiner triple system STS(2™ — 1)) D satisfies the inequality

rankz(A) 2 2™ -1-m,
with equality if and only if D is isomorphic to the design formed by the lines in PG(m—1,2).
(1) The 3-rank of the incidence matriz A of any 2-(3™, 3, 1) design (or a Steiner triple system
STS(3™)) D satisfies the inequality

ranks(A) 2 3™ —1-m,
with equality if and only if D is isomorphic to the design formed by the lines in AG(m,3).

Theorem 2.3 (Teirlinck [30]). The 2-rank of the incidence matriz A of a 3-(2™,4,1) design
(or a Steiner quadruple system STS(2™)) D satisfies the inequalily

ranky(A) 22" -1-m,
with equality if and only if D is isomorphic to the design formed by the planes in AG(m,2).

We note that the binary code spanned by the (m — r)-dimensional subspaces of the
m-dimensional binary affine geometry AG(m,2) is the Reed-Muller code R(r,m) of length
n = 2™ and order r (1 < r < m), while a binary code spanned by the subspaces of a given
dimension of PG(m — 1,2) is a punctured Reed-Muller code.

3 Non-geometric designs having the same p-rank as ge-
ometric designs

So far, there are no known examples of designs that have the same parameters, but smaller
prank than a given geometric design. However, there are some examples of designs that



violate the "only-if” part of the following stronger form of Hamada’s conjecture, which holds
true in all proven cases of the conjecture:

If D is a design with the same parameters as a design G having as blocks the d-dimensional
subspaces of AG(m,q) or PG(m,q), then

ranky(D) > ranky(G), (4)

with equality ranky(D) = ranky(G) if and only if D is isomorphic to G.

Until recently, there were only three known parameter sets of geometric designs for which
there exist non-geometric designs with the same parameters and the same p-rank as their ge-
ometric counterparts. These parameter sets are: 2-(31, 7,7), 3-(32, 8, 7), [33] and 2-(64, 16, 5)
[13).

A design having only two distinct block intersection numbers is called a quasi-symmetric
design (27]. In [33], the author used the classification of binary doubly-even self-dual codes
of length 32 to enumerate all quasi-symmetric 2-(31,7,7) designs, proving that up to iso-
morphism, there are exactly five such designs, all having 2-rank equal to 16. One of the
five quasi-symmetric designs is the geometric design PG,(4, 2), while the remaining four are
non-geometric designs that violate the “only if” part of Hamada’s conjecture. One of these
non-geometric designs was mentioned also by Goethals and Delsarte [8]. In [33], the proposer
proved also that there exist exactly five non-isomorphic 3-(32, 8, 7) designs with even block
intersection numbers, all having 2-rank 16. One of these five designs is the geometric design
AGj3(5,2), having as blocks the 3-subspaces in the binary affine geometry AG(5, 2).

In 2005, Harada, Lam and Tonchev [13] found two non-geometric 2-(64,16,5) designs
baving the same 2-rank as the classical geometric design AG,(3,4) defined by the planes
in the 3-dimensional affine space AG(3,4) over the field of order 4. Up to this date, the
non-geometric 2-(64, 16, 5) designs found in [13] are the only known counter-examples to the
Assmus conjecture. An alternative construction of one of the exceptional 2-(64, 16, 5) designs
from [13] based on line spreads in projective space was given by Mavron, Mcdonough and
Tonchev in [23].

In June 2008, the first infinite class of non-geometric designs that have the same param-
eters and g-rank as certain geometric designs was found in a joint work by Dieter Jungnickel
and the present author [17].

Theorem 3.1 [17].
For every integer d > 2 and every prime p there ezisis a 2-design having the same parameters
and the same p-rank as the geometric design PG4(2d, p).

A crucial tool in the construction of the new designs found in [17] were polarities in projective
geometry. A correlation of a finite geometry G is a permutation « of the subspaces of G which
inverts inclusion, i.e., S C T implies S* D T for all subspaces S, T of G [6, p. 41]. A polarity
is a correlation of order 2. A correlation « is a polarity if and only if S C T* implies S* 2 T'
for all subspaces S, T of G [6], [14].

Jungnickel and the present author proved in [17] that every polarity of PG(2k — 1,q),
where k£ > 2, and ¢ is an arbitrary prime power, gives rise to a design with the same



parameters and the same block intersection numbers as, but not isomorphic to the design
PG\(2k, q) of points and k-subspaces of the projective 2k-space PG(2k, q) over GF(q).

In particular, the case k = 2 yields a new infinite family of quasi-symmetric designs with
parameters

g -1 k_q3—1 ,\_qa—l
T g-1""" ¢-1""" g¢-1"
and block intersection numbers 1 and ¢ + 1.

By construction, the new designs with geometric parameters share many properties with
the geometric designs PGy(2k, g). In particular, there is always a set H of ¢*~1+...+¢q+1
points on which the blocks of the design induce an isomorphic copy of PG(2k —1,q), while a
copy of an affine 2k-space AG(2k, q) is induced on the set A consisting of the remaining ¢**
points. To prove that the new designs are not isomorphic to the geometric design PGy (2k, ),
the sizes of the lines in these designs were computed. A line in a 2-(v, k, A) design through a
pair of points P;, P, is defined as the intersection of the A blocks containing P, and P,. In
any of the new designs, the lines through two points of H or two points of A still have the
natural geometric size, that is, ¢ + 1 or g, respectively, whereas a point of H and a point of
A determine a line of size 2.

The construction of these new designs was suggested by a careful examination of the five
quasi-symmetric 2-(31, 7, 7) designs from [33] and observing that one of the designs, having
its points partitioned into two orbits of length 15 and 16 under its full automorphism group,
shares the following property with the geometric design PG2(4,2): the restriction on the
orbit of 15 points resembled a hyperplane in PG(4,2). It turned out that this particular
design can be obtained from PG,(4,2) via a permutation of the lines in a subspace PG(3,2)
defined by a polarity, and that observation led to the general construction.

It was proved in [17] that the g-rank of a design obtained via a polarity is bounded by the
g-rank of PGy(2k,q) from below, and by ((¢g%*+! —1)/(g—1)+1)/2 from above for arbitrary
prime power g and any k > 2. In the special case when ¢ = p is a prime, it was proved that
the new non-geometric designs have the same p-rank as the geometric design PGx(2k,p),
hence these designs provide the first and only known infinite class of counter-examples to
the only-if part of Hamada’s conjecture. An essential part of the the proof in [17] that the
new non-geometric designs obtained via a polarity from PGx(2k,p) when p is a prime have
the same p-rank as the geometric design PG(2k,p), was the derivation of the following
apparently new closed formula for the p-rank r(k) of PGx(2k, p):

1 p2k+1_1
2 p-1

v

rp(k) = +1).

The simplest previously known version of Hamada’s formula for 7,(k), found by Hirschfeld
and Shaw [15), (see also [1, Theorem 5.8.1]) looks as follows:

o) = % B "g (=1)' ((k - i)(pi -1)- 1) (k -|-2 fck_—ii)p).



Recently, Munemasa [24] proved that the block graph of the new designs from [17] is iso-
morphic to the twisted Grassmann graph discovered by van Dam and Koolen [5].

In a recent paper by Clark, Jungnickel, and the author [3], the following result was proved
that extends the construction from [17] to the case of binary affine geometry.

Theorem 3.2 [9].

For every d > 3, there erists a resolvable 3-design with the same parameters, block inter-
section numbers, and 2-rank as the geometric design AG4.1(2d + 1,2) having as blocks the
(d + 1)-subspaces of the binary (2d + 1)-dimensional affine space AG(2d + 1,2).

4 Ranks of generalized incidence matrices

In this section, we discuss a revised version of Hamada’s conjecture aiming to characterize
finite geometric designs in terms of minimum rank of matrices with entries in GF(q) instead
of (0, 1)-incidence matrices [31].

In order to apply majority decoding to a linear code C, it suffices that the dual code C+
contains the blocks of a ¢-(v,k,\) design among the supports! of code words of weight k,
and it is not necessary that C* contains the incidence matrix of a design Motivated by this,
we propose the following

Definition 4.1 [81]. The dimension of a t-(v,k,)) design D over GF(q) (or g-dimension)
is defined as the minimum dimension of all linear codes of length v over GF(q) that contain
the blocks of D among the supports of code words of weight k.

Definition 4.2 [91]. A generalized incidence matrix of a design over GF(q) is a matriz
obtained from the (0, 1)-incidence matriz by replacing 1's with arbitrary nonzero elements

from GF(g).

A design D with b blocks of size k has (g — 1)*® generalized incidence matrices over GF(q),
and the g-dimension of D is equal to the minimum value among the g-ranks of all of its
generalized incidence matrices.

The dimension and the rank of a design coincide if ¢ = 2. However, if ¢ > 2, a codeword
of weight & that supports a block does not have to have constant nonzero coordinates, and
consequently, the code does not have to contain the incidence vector of the block. In general,
the g-rank of a design is an upper bound for the dimension of the design over GF'(q) if ¢ > 2.
For example, the 3-rank of the (0, 1)-incidence matrix of the 4-(11, 5, 1) design supported by
the ternary Golay [11, 6, 5] code is 11, while the code is of dimension 6, hence, the dimension
of the 4-(11,5,1) design over GF(3) is at most 6.

In (31], the author determined the dimension of the complementary designs of the classical
designs having as blocks the hyperplanes in a finite projective or affine space over GF{(g). In
addition, it was proved in [31] that the classical designs are the unique designs of minimum
dimension.

1The support of a vector is the set of indices of its nonzero components.



Theorem 4.3 [81].

The dimension d of any 2-(L—=% _1 1 g% q" — q"1) design (n > 2) over GF(q) is greater or
equal to n+ 1. Moreover, the equalzty d = n+1 holds if and only if the design is isomorphic
to the complementary design of the geometric design formed by the hyperplanes in the n-
dimensional projective space PG(n,q) over GF(q).

Theorem 4.4 [81].

The dimension d of any 2-(¢",q" — ¢"~!,q¢" — ¢*~} — 1) design (n > 2) over GF(q) is
greater or equal to n+ 1. Moreover, d = n+ 1 if and only if the design is isomorphic to the
complementary design of the geometric design formed by the hyperplanes in the n-dimensional

affine space AG(n,q) over GF(q).

These results generalize Theorem 2.1 by Hamada and Ohmori about the classical designs
over the binary field.

The author believes that a revised form of Hamada's conjecture for ¢ > 2 modified
by replacing the g-rank of the incidence matrix with the minimum g¢-rank of a generalized
incidence matrix of the design over GF(q) may be true in general.
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{(0,0),(1,1),(2.2)} {(0,0),(2,1),(1,2)} {(0,0),(2,1),(2,2)} \
{(1,0),(1,1),(0,2)} {Q,0),(2,1),(2,2)} {(2.0),(1,1),(1,2)}
{(2,0),(0,1),(0,2)} {(0,0),(2,1),(0,2)} {(1,0),(0,1),(0,2)}
{(2,0),(1,1),(2.2)} {(1,0),(1,1),(0,2)} {(0,0),(2,1),(22)}
{(0,0),(0,1),(0,2)} {(0,0),(1,1),(2,2)} {(2,0),(2,1),(2,2)}
{(0,0),(2,1),(1,2)} {(0,0),(0,1),(0,2)} {(0,0),(1,1),(2,2)} /

35578 6.3 DIRERMT=T > T, BLDHET DMSEHS STDg[18;3] &
HRT BT LAHRD, TDDRERT BERLENIESTINDED I
DNTiBNRB, DITHIET 5 GF(3) LD 18 RD—MBT A< —IViT5li
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COITIZIEREL TRONB —-RTE—VTHIR HLETBL

/0 0 0/0 0 0[0 00|00 O[O0 O[O0 0 Oy
0 00|00 o[22 2|22 2[11 1|1 11
0000 o0oo0f1 1 1[11 1|2 22|22 2
00 11 2 2]0 2 21 0 11 0 1[2 2 0
0 2 210 101022 1|1 10|02 2
01 0[2 2 1lo o0 1|1 2 2|2 0 0|1 2 1
00 1[2 1 2[1 002 2 10 0 2f1I 1 2
0 2 2(1 10|12 1|200|200[211
go|0 1 0[1 2 2[11 2]0 2 0[21 2|01 0
=91z 21z T 1z 001 2 2[0 0 1
0 2 2(0 1 1[2 0 2|10 121 2[1 00
01 0[21 2[2 20|11 0|1 1 0202
01 2(0 2 1|1 2 0[0 2 1|0 2 1[2 0 1
01 2|21 0flo1 2|10 2[0o 21|01 2
o1 2|10 2201|2100 2 1|1 20
0 2 1[0 1 2]0 2 1]0 1 zJo I 2|0 2 1
o 2 11 2 o2 1 0|0 1 2|2 0o 1|1 0 2
\o 2 1(2 o 1|1 0o 2|0 1 2|1 2 of2 1 o/
_ 100 010 0 0 1
%L,?T?UH&C-‘FSO\T,EEﬁO,l,ZE‘%h?h(o 1 o),(001 {100
00 1 1 00 01 0
THERATROENDITINE L = (Lyocijcar £9 B &, LD STD[18; 3

DIEFULENTBETINCE S,

— T X — TSI H e & > TEBRE NA NN 7T A > % D(H) &
3,

EE 7.3 9D, BATHEETH S, (153 D elation ZHLEER (RE
Tay iU T) #2/KDSTDg(18;3) IR EZEAR L TTE 20EH %,
Fhold, D(H) (i =1,2,---,11) L D(H;* (7 =1,2,3,4,5,7,8,9,10)
TH3,

TZC H; (i=1,2---,11) i Appendix A T5X 53 GF(3) LD 18
RDO—R]T X — TP THB00

Q% = Q(D(Hy) & A = A(D(H;)) BENTEN D(H;) DRI FANLEBE
B, DH;,) DTav I IFANLBDIEELTE, TDLE, RDEXLR S



i | [AutD(HE)[ | O DHBEIE | A; DHELE | IEAIE CR%a |
1 54 x 3 (3,6,9) (18) FFFIE
2 54 x 3 (3,6,9) (9,9) FEFTE
3 54 x 3 (3,6,9) (9,9) FEFIE
4 54 x 3 (3,6,9) (9,9) FEFE
5| 108x3 (3,6,9) (9,9) JEFE
6 | 324x3 (9,9) (9,9) FETFIE
7] 432x3 (6,12) (18) FEFTE
8| 432x3 (6,12) (18) FEFTE
9 648x3 (9,9) (18) FEFFTE
10| 1080 x 3 (3,15) (18) JEFE
11| 12960 x 3 (18) (18) JEFIE

E 7.4 (i) EEOEENRE T LT, STDy[2g; q) DI T3, ([6]
DEHE 6.33 BREK. ) FIC, =9 DL ¥, STD,[18;9] NHER I Hh, ThHD
STD,[18;9] Zf/INd 5 ([6] £7=ik [9) BR K. ) T LIZ&>T STD,[18;3]
MEEh3, BLRTINLED STD BWIRTHBEWIHERT, TD STD &
D(Hs) ICERETHBC EEFzy 7 L7

(ii) F4ald STD,[6; 3] & STD,[3; 3| DT >V IVHHIC K> TiHS5 N3 STD,|[18; 3]
W D(Hy) KARITH S L bFANTz, HEo>TEE 7.3 D D(H,) & D(Hy) %
B §ARTD STD IIF LW STD &EA SN B, ng ZIEFE STD,[18; 3]
DEE LT B L ng>20TH3,

(ili) D(Hy) BRESL 7oy JEE@mADLTEAIC/ERT 3 BCRIBEE
%ﬁfi&b\o

COETR A=TDLE, 6HIOREREX S, TadL, i3 D elation
e, RESLTay 7EEHADLTHEIERICER T 340081 9 DIEKE
BCREREZRD STD;[21; 3] 49 HT 5.

8.1 %H (Doo, Dos,--»Dos) & (Dooy Dios---, Dao) DFTEEEIZ THE
NXD 158D TH B,

(1) (D1, D1y D2, D4, Dy, Ds, Ds),

(2) (D1, Dy, D3, Dy, Dy, D5, Ds),

(3) (D1, D2, D2, D,, Dy, Dy, Ds),

(4) (D1, D2, D, Dy, D3, Dy, Ds),

(5) (Dla D2, D2’ D37 D3, D-h DS);

(6) (D1, D3, D3, D3, D3, Dy, Ds),



(7) (D1, D3, D3, D3, D3, Dy, Ds),
(8) (D2, Dy, Dy, Dy, Dy, Dy, Dy),
(9) (D2, D2, D2, Do, Da, D, Ds),
(10) (D2, Dy, D3, Dy, Dy, D3, D3),
(11) (D2, Da, D3, Dy, D3, D3, D3),
(12) (D3, Dy, Dy, D3, D3, Ds, D3),
(13) (DQ,D2’D3’D3’D3, D3)D3)1
(14) (D2, D3, D3, D3, D3, D3, D3),
(15) (D3, D3’D3’D3’D3’D3’D3)

§7 I BIF B D LAREFREZ L TROEE 2185,

EE 8.2 (MHOD, BATHETH S, (H3 D elation ZHLHIEHI (L
Tay ZicBELT) #ERFDSTD,[21; 3| RANEENELTTEIB/D 5,
Fhbik, D(K,), D(K.) & D(K,)° TdhHb.

TZT, K1, K; i& Appendix B TEAXA 6N3 GF(3) £D 21 RDO—T X
T—ITHITH %,

Q; = UD(K:)) & A = A(D(K)) ZENTH D(K;) DEI S AhbiksE
&, D(K:) DT av I IS5 AhbRBEELTE, TOLE RDELES,

i | [AwD(H)| | O DRELRE | A; DBOBEDFE | \ERIE Caiae
18 x 3 (3,9,9) (3,9,9) JEFIE
2] 336x3 (21) 1) FE

3H 8.3 (i) D(K,) & DK WRHH LW 2DD STD TH 5,

(i) D(K.) RRBEEL Ty JEEWMAD L TIERICERT 2 BCAEHZ
D, D(K,) I [14] THER I,

(iii) B. Brock & A. Murray (8] {& Appendix C TE5X 5 hi=zfthd 2 DD—
7 H<—ITHI K3 & K, ZR Uiz D(K;) (i =3,4) % K, IcHInd 3
STD,[21;3) £ T B, TDELE D(K3) & D(K,) 13HIT self dual T, XRDE%
83,

i | JAutD(H)| | O DHEDFE | A; DHBL R | IEHIE CIZigt
3] 12x3 (1,2,3,3,12) (1,2,3,3,12) FEIFE
4] 16x3 (1,4,8,8) (1,4,8,8) it

(iv) B> T n; ZIEERR STD,[21; 3] DEE LTS L, ny > 5 TH 5o

BE W
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1B58 Appendix A ZEBDOBEFRLEEDVTWEEE T, Tonchev IEFHL
DK U7z STDg[18; 3] 2T LV EBRD B 2-TH' 1 VKT 3T L 2R H
TeESTIM, BLOLDIEAMENT=8DEST1FS5 T, HHPHWEAE
(&, STD;[q;q) ZUT g DT 7 7 A4 Y HEEICHKT 5/ ED—IELTH BT
LEBEMD, LTEEEE L (BLOTFVA VOFMRITEANTLE
Sh% ) BL ik, BRRRTRBADHEZRANTH LU STD DOIBRIIOHE
RICBEII L TOWE AN, BERRKOFGAREIRL Ol EE —R{LLRAKD
% STD,[q;q] (g REEREBNE) OFBRAZMEEINE Lic, £k, ER
BESAKDHBARERERZ BT X—ITNET VT — a3V AF—LE
DOBGZEHEREENE Ul BLADOWERICHENEE > THEWALITER# N
LEY,

Appendix B
{0 0 0|0 0 0|0 0 0|0 0 0|0 0 0|0 O 0[O0 O O
00 0|1 0 2(1 0 2|10 210 2|2 2 2|1 11
0 0 0fo 1 2|0 1 2|0 1 2[/0 1 2|1 1 1[2 2 2
0 0 1|0 0 1|2 2 2|2 2 O 2 O[]1 O 1|2 1 1
0 2 21 2 1{2 1 0f0 1 0/0 0 0j2 2 1|1 21
01 0{0 2 2|2 0 1|2 1 12 1 0/1 2 2|0 0 1
0 0 1|0 2 1|1 1 1|1 2 1|2 0 2|2 0 0|0 2 2
0 2 2(1 2010 2({2 00|21 1|1 0 1|2 0 2
0 1 0/2 2 2|1 2 0]2 200 0 11 1 01 1 2
0 0 1|1 2 0O[2 2 1|0 1 2|2 0 1|0 1 2[2 1 O
Ki=| 0 2 2|0 0 0f1 1 0f2 2 2{1 1 1|0 1 2|0 2 1
01 0/2 1 0|2 2 1|1 0 2[0 2 1|2 0 1f/0 2 1
0 0 1|2 1 1|0 0 02 2 2[2 I 1[2 2 1|1 0 O
0 2 2|11 2|0 2 12 1 0{1 1 2|2 0 00 1 0
0 1 0/1 2 1]0 1 2{2 0 1]1 2 1{0 2 of2 2 0
0 1 2{0 0 0[]0 2 0|1 I 1|2 2 2|0 2 1[I 1 2
0 12|21 021 20 2 1(1 0 2|1 0 2{1 0 0
0 1 2|2 0 1|1 0 1f/0 1 2f1 2 0|2 1 0|2 0 2
0 2 1|1 I 2|2 0 0|1 2 1|0 2 2[0 1 0|2 0 1
0 2 1|2 0 2|0 1 1|1 0 of2 2 o|1 1 2|1 2 0
\o 2 1|2 1 1|1 2 2|(0 0 1|0 1 0|0 2 2|0 1 2/
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L DOREHAC BT 2 REBWREERICDWNT
T e t

=

FRTIRAEREHAS TRDNSHEICDOWT, BHREL EZRWTEN
T 3.

1 FL&IC

HERBHEHC DD D Z L S5 IE>THL T TIC 10 EEVREN e o Tz, FDE-H
Vi 2001 SEDFEIC Diaconis-Sturmfels DFRSL ([10]) DT LT FH—EIE, FHC 3x3x3
HEIZOR IBTFRAERETNVOERREDDHD T LT H—BEDOHICOWVWT, &
ABENOHAZZI TTFRBREANSRLSHD, EAHBDI LW S BRNEZLEDOTHS
7o, BEAEBEHCBEL TR TICABEMENOBEEEX 5N T3 ([2), [22), [23),
[26], [24]). FHTR, VW OPDRHEHETHES TV IREWCLEEEL LI,
BEafEx LA THRERBFEHOBEEIC OV TH o D TRNTS. £k, &
Fid, BB ZESHNGEENDIRER ([25) L o EEAHZ T LEBEKTO L
<.

LT, 28iTCiE, HEREHHDO—DDRIFTH S Pistone-Wynn FiDEEE HICD
WTHAT 3. £L3MTR, BOETNEWVS BEMRBOIHEREIZIBORLEE
MEEZAICRS> T, FEEROTIVITVEEICETSEXHESIATS.

2 Pistone-Wynn RODSEEREHE]

COETI, EHAL—FREERFEOHNT R FE EOEENTES,
Pistone-Wynn FiOEHEREMHE! (17, 18)) DB OB A C itk b, FEREH
SN\OEESITESX 5. UTTIIHAOHBED=HIC, BHLICEEREDKIED 2K

HRERFEAFRARETERMAN
tIST CREST



BTHHBEICOVTHAT . 12120, SEABOFiELHWLAUIKMEEN 2 LIS
OBBERBRICRS T L TE 5.

ZEROKEN 2K TH S & 5 BFRTFERERO—EEHEEIX, Wu and Hamada
(2000) 7x L OEERFTEZEOBR G TIRENICBEH T T3, —4, B -5H (1969)
DYEICILUTOL S ZitadhH v, HOX—LEOLHNEOERIHMEh TV 3.

SHRTFEROE L FETE, MERR) ZHVACLICEST, EbHTT
LAY MNCBTES TENTES. Chid, bHIEMSOFETH-T, H
OX—KFCASLOTHS. #HETR, WEREREZAVY, @
BBty A2 LTWA b, COFALXFEOBEMNWVNAEBNT
V3.

—REMERFEORGRAFEOH®NCIE, VCERENERUNT S, Lilhk
M5, ToO MEMNERT) A, RIBHENROAF7IVORECHET ST LICD
VT, B 3 DBETEEB OV TE SR &0 Fhllhiice a7 g
EOWMEDHT, BEARDA F7IVORECEIEOEBIATWRTTH- 1270,
Pistone-Wynn FiDERIEDOEZALERTH S C LiclEradh &M Ohih-o
Jz. J=12L, Pistone, Riccomagno and Wynn (2000) DAETOHAE, PRERMIC
BEZEGHHY, BENT—EREREREL OBE bIMDIC{WT LIREET
HBLES. XML TE, TDHizbDPEMELIIRIZ Pistone FOERL O %I
TTHY, 1) 2/kEROHRE Fontana et al. [13], 2) & b —DIFEI3 Pistone and
Rogantin (2008), THBMNCENTRTVIRRLEX NS,

2.1 2KERO—FEMHEOES (RERORE)

39, 2KERO—FBEMHBORKIC OV THNBNETHAEZEX LS. H3H
mOBETRICEVWT, BROGEICEBEEX2BEHL LT, REPENEZENL
DMDEBERINEZI NS LTS, B&flO-HIc, BEEEEG &L, ThbDERY
A,B,C,D,E,F t§%. ThThOERE Mk L ki) onwihhiciE
LTEREBC I LT3, TH#Y) ORRETIE, BkiE +1 (B3 WIEMHRIC
+), fEkiE® —1 (HBWVE -) eRTTELLTS.

IKEDTRTOESERZITSLT3L, 64 =2 BDOERIBELES. TCT, £
BREEZ 1/AD 16ETHRERICLRBERS. COXDAEB® 252 design L1,
FLT, 14 CELTHD NEBEHE] LLTROZDEERS:

I=ABE, I=ACDF )



# 1: 252 GHEopl

A B C D E F
+ + + +  + 4+
+ + + -  + -
+ + -+ + -
+ + - - + +
- - -+ + +
____+—

FIxiE, 1= ABE DXL, A, B,C OFhThOKHE (+1) ZhiFE&bERIC, £
NEOHMN +1 LS XS IKBOHEEGEDEE>TWA T LEEKTS. COIN—
WICHZXWE, A=B=+10DKICE E=+1 & T§bFIF] 3.

WE, ThTFhOKEL £1 THAIH5, 28T B LEIC +1 THB. FCTT

A=B'=C'=D'=F*=F’=1] (2)

LWSBEON—IVERDS. ZLT, (1) D5 1RDOMAICIE E ZhiF, (1)DE2
ROMLIC F Z#MFd L

E=AB, F=ACD (3)
LBEETTLNTES. COF—RDV—)liz, BE E Okit% A, B DR LT
EHBTLERLTWVWS. A,B,C,D QKR ETHMAIC 2¢ = 16 HH DEAETH
Tk, EF OKEZENTH ) RADLSICEDTRS L, 16 ADERODKEDHE
BRDOBERER1DESICD. EL, HEROHHDIDIZ161TDD B 6{TDH%
RLTW3.

ET(QRDL—NVDEET (1) D=DDOREDL DT HDEB L

I = ABE = ACDF = BCDEF @)

WS BEEES. 1 2EVXIET DX S XBIRE contrast subgroup £ E 5. 1 %
SELVEBBRLLTE, RARHAXIT AZIFEZCLICEST

A=BE=CDF = ABCDEF

LxEBB. COXS5BFRE IFIEBHER] LS. FEHICE, CThED4EDEH
BEIURBIERAMN—SEMOIDICTLEIC 1348 LTHY, JlLici3itETth
WC EZEKRLTWAS.



2.2 EEAOETRZ LBEFSLORENR

T TRAiofEMERIcB E X 5 Lic kb 2/kERO—EMEHE L BT
BORMEEZHRAL LS. fifiCidkigr £1 LU, KEOHESEDOHES AB 3 ¥
OHOETEL. LHALENSEENICIE 2 2ELTIMEORBEEEZ IZS5 A,
WA HIBU*TENARELES. Thid, 2 ZELTHMEEREICID F, = {0,1}
NIk ZELTEDY, F,OBENSEZINY MV EBBEOBRGARBOFETHRS T
LR TEZHOTHS. WE THkdE| & TEKEE) % 0 B&KU 1 TRHEELTS. D
¥h

+ =0 - -1

LRHEEEZEITRS. £573 L, MHOBDEED mod 2 TD “exclusive or” D
MEDOHEBE LR U THB T Lhbhs.

AIEID 26-2 design DFIT, 68D factor DIk¥E6ED v ) LEX x,,...,26
LY. ETFRYD 4 €y MO T full factorial (FE2FEMEE) ORICTL. D
bR, BYID4EY MIZDEE IEETSH) CLZBH/RLTWS. 5EvFELE6
vy FBid, BYTEDEDIC—EDN—NVTlEEDTHINGTS. (3) REMERNC
=g

) + 22 (mod 2)
T+ I3+ T4 (mod 2)

Ts

Te

Lixd. DEHLRIDLEY FO 1 DHOBEHFEZRD, TR UTSEv FBE6EY
FEEEDHZCELED. BOD4EY FOTRXTOHEAEHRICOWNTRITTHIEYL
Tiird. 1 LEEOHHDIHIC 161TDS B 6 (TOHERT.

), Iz T3 Z4 Ts T¢

0 0 0 O 0 O

0 0 0 1 0 1

0 0 1 0O 0 1

0011 00 (5)

[ == TN

1 110 0
1 1 11 0 1
Thh&1 e2{[UETHEILIIASHTHS.
iRz X S, MERICEL T LD A v M, —HEEAEEERE LD
HOBERBIC K> THERTEZAICHS. 27T F, = {0,1} OTEBRL TS p Kt
DR FZDWT, BEC LIC mod 2 CHEEBC S T LICK-T, {01 F, £



OHILTM L x5, TOBRD 5 contrast subgroup I = ABE = ACDF = BCDEF
[
{(0,0,0,0,0,0), (1,1,0,0,1,0), (1,0,1,1,0,1), (0,1,1,1,1,1)}

D4 ELEIBED 2 RTOREBRILER L THY, TOEEL LTI = ABE =
ACDF D 2& DT bV

(1,1,0,0,1,0), (1,0,1,1,0,1)
BLAENTES. ZLT 5) ROTH54X3 16 pUd L DEXRMEMTHS.

2.3 HESLEDOAY Y I

HEOLSICHRETH L, WHiICEMERIDEEEDIE S HEBEMICRBLNK VK
C2BF35. FHUCHLT, 2.1 H0BRIOICEE TBHEBZHAEI DXSKKRXS. #A
BERBVHEZOLS KHIRERF > TWiz. LHALERIBIBOREDIZS M bR
REDTH3.

#& %% Diaconis-Sturmfels FiD< /a7 BEICT 3HEREHH ZHMELIZTC
B, PHFZEIAR (monomial) ICHEE ST L BENSFRBREEUMN L.
move BEX B8C, ADERERTHOREFIIHEETIC, monomial DEL LTE
TOh, Hbhrbkhol:. monimial DFER B THSH. FRICTANT, EU
HTREOFEIMEZ B THS. Pistone-Wynn FiOERHEOREFE TLEL
TEHRETVABT LICEVHES O b o1z,

2.1 OBEIECEDORENIEHRINEXDOX S Icilk D THS. WE A, B,C,D,E,F
D6 HDXFEE [FETI LEAT, ThHDORETA S BBEAME k[A, B,C, D, E, F)
BEZD. kIIEYTETE. kA, B,C,D,E, F| DFIC, RDSEDOSERTER
ENBATTNEEZS.

I={A*-1,B?-1,C?-1,D*-1,E* - 1,F? —1,ABE - 1, ACDF - 1)

Pistone and Wynn DHEE T “design ideal” TH 3. 16 EIDEERIE I DFAHEEL
LTEAbn3%. 2.1 HiORINTRIER, WA, B,C,D,E,F|/I DOR{EL2{R
CTH5%. 2{AD monomial HFNBHERICH BDDLB+REFIE, ThEDEN
design ideal I ICJRT B L THB. FIAE

BE - ABCDEF eI

THB. TOBRICITIE, PistoneWynn DES &5, FIXIERIBBROMERA
FTNVRBMETHZH2 5, I OTLTF—RBEERDTHIERABESUETE



BT icixs. WTNICL TS, TTTHRATRERE 2.1 DK S TR ORETD
—BEAEHEORENMEENZEDTIEEL, RENICHEELVWLDTHI LS
TLTHhB. coT iR, FROEENREMERORKIC L > TEBEEhaho/
O, LS TEDEAIREZ->TWSLBRDNS.

M EBRT &/ 2 KERDFPETIE, (+,-) « (0,1) ORESOMNCEL BT, &
L5 TEATLRALTRAVWALEDh A ENaL. LM Lads, FIXIE3K
BROKREEADBEICRLOFHENEENRA T S5DTH 3 ([3)).

T/, BBIOREDAY v M UT, non-regular 5—EKREH EEZH—HICES T
ENTER LV RDBITFENS. (4) RDE S5 % contrast subgroup &V TKED
HHEDEEIGET 23 EE regular fractional factorial design & K&, TD& S &
I #EENZVEE# non-regular fractional factorial design & k5. BURTIX, —&fsE
FEEHHEDEEIRR regular ZIBEICHTzK > T Y, non-regular HEERFEOWFEIZE
BEXFETHS.

fl X iI Pistone, Riccomagno and Wynn DD 4.6 Hilc i 2 K¥EDBERH 5 HDIF
A1, “indicator function” f % '

f(z z)——l+-1-zzz—lzzz+-1-zzzz+lzzzz
Lieeoy B6) = 5 F Z81T9%4 = TT1TaTs + JI1T2T4Ts + {T1T2T3Ts
1 zizo(za(zs + 1) + z3(z5 — 1))

=3t 1

LERL, 16 AOKROKBOHEALEDEE,
I={z?-1,...,22 -1, f(z1,...,25) = 1) (6)

DBABEL UTBEFIAREN TV S, Fontana et al. (2000) IC&k>T, FEO—&
E/EaHEA" indicator function f ZBWT (6) ROWDA T 7 VDEREEL LTEADL
N3 LAYRENTVS. Indicator function DFEF X /513 non-regular design DBFFEIC
KEARTHY, [5] Tid indicator function DL EZVT, €A% regular fractional
factorial design DEDHME L L A5V K S ERBHEOHEEZFH/ITV3S.

3 BEOETFIVHISRIETIVIAZRE

COMiTR, BOTFIEWVS BRERSSMEEIIBORLEFNTEZI AN~
WATRIEOERICEERATHA T L EZRATS. 278IRICOVWTOREREZ LA
Bhs, FUL7F—8E, sorting, WHEBEOIERA LICOWTHRS. E5IcHTHH
FHODEAIETETIVADHIELISIHT 3.



3.1 2xoEERETERIL—IV
FFROMBY 3 x 3 HPHORBLEZ LS.
FiE1 FAOEELSUTOXSIKEX SN TV AREIEOHERZS> £ 5H L.

# 2: 3 x 3 AIEROH

BRES. TBETETHISSHB T LEEXS. £9ET# min(4,5) =4 £T 3.

CORBET, SZIX3FEMN (0047 L3 TLRRATVWAD, TEEDRICIZEC
REEMELXNTEILTS. FTTHIC (3,2) BRE min(1,5) =1 TH3H3 L (31
BRL O LED

L, i THuD 2fTEHZSHB L

kixh, /RE



Lix3.
—HAREDFING, PIBETIHZHEREZD. BINTHLEA

E3EYD, RE2FDNTHhE EN

LEED, BRAUCRICEETS. (RREBIE)

UEDRDFHELTNBT LR RO LTHS. ETOEBRMSTEIREITREN
BEZANTITSRMER, TULT7F—BEOBRRM S revliex ROEEFF (term order)
REZTNBTLILH=D. FLT, 2tRICBNTIE, PIEED reviex THITEE
D revlex TH, BMRMVBMUICE D, BREBEQ LT F—BECKZADHED &b}
(standard monomial) IZ$H7=%. DX D 2RICH VT, ZDDR%ES term order
WKKEDWTRRICHERZITS &, BICAU standard monomial (CE# T 3. %=, B
BEOBRMNMSIE, Rix? term order KMEUBEREZEX 2H Lix>TWV3,

Bt I ni-fd, NAafhacEE  R_E->THY, EMEBEERKIELTVWS L
R3TLbTE3. TOLS A, BBREEOSHFT ML —V]) (Northwest
corner rule) & JIEN TV 5. ILEBL—VIADORDIHRITORDIHICEERT S
MEiRE) OFBMRTHY, LUEEI R FA “Monge " LHEN 2B 2 H OB
&, IAMER/MELTBLE>TWAENMIONTVS. ThEDRITONTIEM
HACKEL Y TEBRWZEW:.

3.2 AP0 sorting ICLDFE

RICERFD sorting DA% EDOHI%ZFVTHIEYT 3. Sorting D5} Sturmfels
DE(21) D14 EICHD, EHICKE - AICEDRBENTWRHETH S ([6, 7|



%#28). Sorting DEEIX, FLT T —HEOHEBTHRNZLDTH S, MOFEF
TiRRHBEDRHFEVEREDLS IZBDNS.
RIBFSEEEE S Bz RDFZR L LICEZSB.

3

2
2
7
ChEBREACHBEES:

3.2 2 2,2 .2
11%712T13%2) T2223T 31 T32T 33

TOBFOHHEHTL B &, BADFEEELY

1568, 245548, 3A°5 M
TH3. FIOFEFIRAKI

15748, 2518, 3A%4 @
TH3. TTT, NOBEFDIESH, T—TL LT, [TOFFIDHRLEZS. f
i‘f, ﬁ]®ﬁ$‘: 3 %hﬂif Zi; }& Zij+3 tﬁ?. Co)ig'%. mji,fl'u 7"& AV ti
g Licixd. £S5 LIESAT, fTOBFLIDORFZRFETIC sort T5HE

1111112222233333 4444444555556¢6¢6¢6
t7%%. TTT, z; D1HHEHD i DEPFIC LOBFZENSIRICS HTWL:
Z11217217717 217217222221 227227 227- 237X 31231372 37
CTT—HULIDT, DEHEE 2RI BT
T14714714%14%14214T24 22522525 25 35236236 L36 T a6
TTT, 4,5,6—1,23 LBREERTL
23 201213073,

72Y, sorting Z—EIEY IV CTRIBILOMRZES.

3.3 27REFBDETIV

HIENOD sorting RKRIBZBEDETNTEZIZLDMYHRTL, FlE1ZRDX S IcHE
B2 3.



fiE2 WX, BOHIZ, 105 16 ETESDS - 16RDI—FAHZLTE. &
H— R 2HOBEEB NG S. CTRThHOEEEEZBHTV. ZhFh
OIS 123D0VThhORFEEEL. ZLT, F1ick

1 2@ AH—FiZ 6 i

2B A—FRR 5

3EHSAHA—FRIZ 5
ek, FE2Hici

1 2B/LA-RIR 7T

2EBLA—FIZ 5

3B AH—FRI4
Lk, ZOXSEHFDOSHAT, BULFRMNTREEFEERE.

PRER: B, h—FOBEIRIC, 1 26KIcH;E, 225McHE, 32RHOD
5HUCEL. Wb ARICEL.

Sorting &, FARHAEN DX THFE sort TAT LICXH>THAAFEERT, Th
PoBIE 2 DFETHFEIDEL TR LIEHIE>TWS, &b, TLTF—
BEOHAMNLEELHSE, Thbb 2aR0BaiiTABEEL 2 R0 28 AN R
3TV7F—BENMIETIT L, IKHBLTRARDILD.

fliE3 UEDES5H16 ADBEDSHHELREZS5HA% LIRS, BT 280
A—FRZBETLNTE, F2HORFRLIDMABZLICEST, RANEGS A
WEDJ BT LNTESTLRIRE.

BAOBMFRELYOMZB LI, HETF—2OREREICHT S swapping ITHIS
T3 ([27]). Swapping &, REAH 2D move ICHBITHIEL T3, FHUd swapping %
SEIROFETEZ T, ﬂ :_} DD move LixBM5TéHS. standard monomial
WEDT B & 51 swapping 32 ki, LT F—BEOERTOHRITHILLT
V3.

3.4 BAONHBEDOIER

BIETFNDOL ETROZER]: I x J D25 REROREDESTRIBRITIH
THH, HEREZ ,
ITicy Zet ! Tl 44!

n! H‘j a:.-,-!




DO TEZENB. TORHHLDEBEBOY S JTE, BODETNVEEIBZEL,
TOXSILMATSH . TOMBEEENNGE S, OEHE LTEEBTESC LI,
It ERZOFERATERIC L VBT hTW3.
WER2DLSIKBAMNMEL LT, BRAQHICR-> T2 xE2 EET R0 E
T3, FORHIC, 11516 ETOEE L 2FOH (UMNIZEA) NHB 16 DH—F
ZEICAND. ZLT, BODELSRETHS, IRBICH—REROHLT, 27
E1frRIE
6HDAh—Fic 1
SWDH—FRIC 2
58DA—FiC 3
YIRICS HTWL. R, A—REZHEICLELTHEEIKEBEETHSE 2B
THROA—FIC 1
58Dh—Ric 2
4DAh—Fic 3
YIRS 3%, ThTHRABNS VA LICERTET, 205 IBEANHTHS.
EC, ULETREOHZ 2EEFETWAN, THIXHHEE S, n=16, ZEFNTh
DOHICHIIICERZE R TWA L EBRT I LN TES. Thbb S, xS, B¥h—FD
BARIEALTWS. 1220, 2nRDOBEE, 231 BHORSREEARERC LI
oM THSB. THDLLIDBR/ICKE S, Z1EFZFE 2FICERATENE L.
B2EEDORARFEABUT, RAUMICS DhE, aifi tEh~R7 sorting &7/ H,
JLFERERYD standard monomial HESL N T3S,
DEDKSiC, 2 nBOBRAITHOBEICE, WHRELO—BISHIIHEEE3
T kickh, BRI S DEED sampling BATHETHS. LH LS, —fic

i MCMC DI > MERTENENOT ] 7] OO move ALz MCMC 255

LTHB. #9593k, SHATERICX>THEIBENATWA L3I, TD move %
FEDEICFIERLT EINI, £ S, DERSTTHAIERES VHLIEHTET
WART eMbhB. TDXIIICS, WIKFIZRLTELD L, FREDT7A4/3—LD
MCMC A%, S, DEBIC K> TERENBZ SV H LU F—JIicELTWA T DD
B, FLUT, Sa kD5 H LT+ —— OUCEEE DFEMEL, Diaconis DHH ([9]) I
HBESIC, NHEHOERDIEEERWTRENITIZLHITES.

3.5 SEEEEEFTIVLAD—ARIL

TCETD2TRDERDIFLE A LRZ—RODERTHEETVICEEIC—RR{LENS.
EL, UTTR 2x2x2x2 D—flERTCLic ¥hs. WEBEETSRAD%
{1,2},{2,3},{3.4} &9 5.



P4 BMOPIC1HS 16 ETHEEDL 16 DA—FHHB LTS, Eh—Fic
RA4HOREEBMOSHS. CTRThHSHEEEZTOTVL. FhAFhOWlLY
1200WFhhDOBFZEL. FLT
B (1,2) fricid

(1,1) DEESEN 6., (1,2)H3H, (2,1)H 24, (2,2) H5#
B (2,3) flcid

WTFhoESES 45D
8| (34) Hriciz

(1,1) DESEH IV, 1,2 D58, (21)H3#8, (2,2)H 58
KRB L3 K. CDEIBHFEDSHAT, REFAIMTERETAEERD L.

RRES: (1,2) HHIEHICIRICS HTITL. (23)f1, 2iBDEFHH S5 h— FEIFHIC
UAWEhS5, 3HBZIAIC S HTITL. (34) i, SHEHOEEND S H— FEMEIC
UB0EH5, 4HfiBZIFICS HTIL.

ROFIEIZEIEI MR DBEL .
PES DUEDXSLEHFEDOIHALREDS AR LIRS, BT 2ROA—F%
BETEDNTET, B THIBFREANBRAZCLICIH>T, HTULDSBAK
I LN TEBLERE.

flsie O(IfE4 LA UCBLFRERORE, BRADHHIOERY VTV ITT5HIC
RES5SThiEvhrzere.

FREH: (1,2) HIRBUCIRIZ S HTTL. (2,3) H7id, 2HHOBFIC &> TEHER &
KERILT, BPETLREYS. (34) 1k, SHADRFI K-> TELZBIEICH
BILT, BIEILICEYS.

Gl 5 &, 2REATHEE FIVICIE 2 XD square-free binomial h5#4 37 L 7T+ —RE
MEET A LITHIELTWS. fIE 6% MCMC FRICIEEBIE, MCMC DU
O OTHEICX 3 L FEEh 3.
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BnE

SEHORERE » L L EANYOBEA T NS et OFET
H3. RROMEHETIR, FOIHIC, REOZERDOERNLE
iKixd. REAMICIE, <VaTJ8gie7hh o (MCMC &) i
&b, EALNEHREDND, RLICHIBIDIREME L TTL.
T TiE, ARRELEDS >V H LT +—2 0 Diaconis I X 2@ ZH
L, FHIZMA (Metropolis-Heisting 1) OBERNE R ERR3B.

1 RIVATZEEERIVATERE

REERZEATZLOHNERS L, BRHIOPHFXE EEFENERA
KRR LS. 2L, HEENMBHAFOZXICTFENEC LIcEER
FRMNHZLEXZREREAS. TTTRR, BHOEZXLLT, BB
DEFBPHARRZICHALR TV S, <NV 7EEFIORRS
MPLEBEELTHL.

F9A=[0,1] ZEAREETS. TAF7E, REREPCHROXR
ROERGE, AIKTEELTHS. LIENST TA LomwZzr Cy
Lit, "WEEETHBEEZS. A DEA,

CxAxC—-C;(z,t,y)— (1-thz+ty



TTHY, A REEBI f:C-o>DR7PI74VER(WER) L&
A5

A=tz +ty)=(1-1)f(x)+if(y), Vz,yeC,teA.

MYEMEEET T 7 A VEROETATIV-EROBEERD. (1) IX
TOFRER, FR{ERERFD. (2) 7774 VEHE—ENL2HEMH S
fR%ZRFD. (3) cartesian closed, 9715 Hom(C, D) &LWEmEDME
ZHFD.

CTCREEDIY, ZICHEENTNESTEXS. UT, X &R
FRESLTS. X LOBRSHLEMERAELEDNZDIE, BB
p: X = ATHST, Y, explz) =1 ZGETEDOTHS. TTTIIH
KRMLNWITLILTSE. X LOFHDESEZ VX TET. Tbic

AX :={) exit(z)z | L € VX} CRX

LEE, CThez X LORIVATESEVS (BERBGFZELENS). T
DEE (X ZRAHEELTIHE) INEESTHD, VX L—X—H A
H3 .

A=) pz)e.
zeX
XN ATEEOEDOTIVATERIE, HESROT 774 VEHELTE
#93. ChoDRELIEERISFEVIEENThANC LICERLTSEL.
HRES X (REESEVS) LovIVa7E# L3, =D (AX, po, P)
DT LTH?D. TTT, e AX T, P: AX - AX ENVITER
THB. o, po e VX ILE>T py = jio LEES. p ZHADHL
W3, P, EROITERTHRES !

P:z(e X)— ZP (z,y)y

yeY

LEED. TOLEDTH P = (P(z,y))eyex ZEF1TF (transition
matrix) €3, F e X ICHL, y— P(z,y) i X LORHTHS.
Thbb

Y P(z,y) =1, P(z,y) € A.
yeX



BB DREERIZTIIH P = (P(z,9))syex &, WHERITH (stochastic
matrix) €NV ATEEWS T BB, EHil, <NVaTHEEH (AX, po, P)
RIEET I3, (X, po, P) #IEET 3.

< IVATEEH (AX, uo, P) BT, <)V aT7ZERARDSH

Ho— H1 = Mg =+ = =y M= Plpyq) = P"(1).
AR S. MIET ZHEBTHOIN
Ho— p1 = flg =< =t = oo iy 1= prpay P o= o P

8B (uoP™ &, po ZRXIMVERT, 175 Pm 2EULE D).

R 79 € X 2R po(z0) TEY, RNT z) ZHER P(z0,1,) T:ET,
COBBELSDELT, XDz -1 29— -+ (X LDSVH
LA—0)M85N3. P(r,y) i3, Rz Hy lcBIHERERT.

SRR r Ic&-T, PIX)NX =0, AU LENEBHERTY
P HEf#97%x 5, Perron-Frobenius D, I——F|DOIGRYE, H3
VW& Brouwer DREIAGERICK b, P™(X) RIlE—R (BERHHZ WV
BARESH) IR 3.

2 HR#ELDILI7EH

G ZHARBMLTS. TOLE, AG IR CG OWRT, #icBALTH
CTwa.

(Zp(g)y) : (Z q(g)y) = > p(9)a(h)gh =) (p*9)(9)g

geCG geG g,heG geG

T T T p#*q i377=H3AH %4 (convolution product) TdH 3.
pxa(9) = plgh™)q(h), FTbB pg=(p*qf

heG
T DFE, BAIFTTTOT 15y 754 6, = pt*® HEihE B3 DF] ptm)
(m=0,1,2,---) BB5N3. Thik G LOTINVaT7EH (AG,1,p) #
5x%. BBHERE pz7'y) THB. OV TEHEOHEHEEI
pm=p™ (m=0,1,2,---) DEBTRES. T pt™ & m BEIEK
HTH5.



LIFTR, p B EEAMOBED Diaconis DEGZEBNT 5. TIERER
Tz, 2> RS ERREOERRIC Lz > T2mmMiceed
TV, HRBORFROBHD SHBEL. In(C) & G DEIKISHED
BERETLTS. B x elr(G) ICHET 3 CG DHRLEBAFF T

ex 1= 72;1')— =1 X3 x(@g

9€G
D2 LTS, KB EBR w:CG-C %2

. X9)
X9 x0)
TREHTS. a€CG & ce Z(CG) WL, wy(ac) = wy(a)wy(c) TH
B LEBESICbDS. L, w i Z(CC) IR 3 & S7rRNm
?’E.'t‘.'.fg:'f)fll‘%. EBGCIE’)'EBEG?:J: D wx(eg) = 6)(9 TH5.
p WEBBDIES, p=3,c0(9)9 € Z(CG) RRDL S ICEHETNS!

P = Z wy (D)ey
X€lrr(G)
ooptm) = P = Z we (@)™, (Mm=0,1,2,---).
x€lrr(G)

T,

x(g)
wy(P) = X(l)(x,p) gze;p @
ZDT, 0<p(9) €1 & |x(9)/x(V)] £1&D |wy(p)| £ 1 THAHI LITHE
BLTHL. &, o™ OERIHRHERBITIE, VD |wy(F)| = 1 B
TBMERRNUIIN. S :=supp(p) = {g € G | p(g) # 0}, N :=(S~1S)
LEBL. TOLE S RHERBEOMEASTHYD, N JIEHASIHTDHS.
G0 €SEE, SCgN THY, LizH>T S Z(G mod N) TH3.
Eitﬁﬁﬁ ic&ko k?‘ﬁ FGIRENS.

#E. |w(®)|=1 <= NcCKery.
EBE1. HRIMge VG R

(g) = 1/IN| g€ SN
970 FDith



TEHTH. TOLERDBEDILD.
(1) p*™ — g™ - 0 (m — o) TH 3.

(2) pt™ HURT 27 DDORBE+HEMHE SC N T, FDOLEDOHER
SR q.
(3) pt*™ H—BO IR T 2= DDRBE+5%EE N =G THb.

Bl. G=C,=(g) ZHE n DKEF LT 3.

G LOWMRLH p 2
m (g= 90)
p(9)=<2 (g=g")
0 (else),

FE%?% fCt":b 0 < Po < 1,(]0 =1 — Do .(“55. Co)t% ﬁ=
Dogo + Qg5 € CG TH 5.

xk 2 xx(g0) = ¢, TTT ¢ = exp(2nv/=1/n), %5 G OBHEIZ
L95. Fl: CG DEBANFETIX

1n—1
. — —jk o3
ek.=exk—?-1’-zc g7
=0

kb, 5
ck 1= wy, (P) = poC* + go¢ "
L3 hid,

n-1

p= Z ceer, = poC* + go .
k=0

Lizhi>T

n—1

pm) =p* = chmek
k=0

AT LR,



4k
|exl? = P§ + @€ + 2pogo cos Tﬂ
el =1 752D, k=0& k=n/2 (CDFEE n BEY) OBPET
HB. co=1,cqpp=-1¢%2%. £/ k # 0,n/2 T || DRAKAEI,
k=1,n—-1DLED

4r Lo 2T
p = D+ qp + 2pogo cos —= 1 ~ 4poqo sin? —

Bl. B G =5 LORDHERSGHZER .

(o) = 1/10 (g DE#DIFH)
Py 0 ZOfth

TDFE, N=A; THB. ELIC w,(p) = x(7)/x(1). TTTriEHR
BB, 3 T BN EnE o L35 L, IR LD

1 1 1 1
= 61+—62+—63--65—566-e7,

P 2275875
~p" = 31+(§) 32+(§) 33+(?) €5+(T) es + (—1)"e,
RECRNE SN U A\ NS O£ A O £ A
P = 139X Tp\z) X2Tg\s) X¥Togl\s ) X5
2 (2) +—( —1ym
3\ 2/ X120 X7
o m. o glem)
~ 120>c1+120( "% =¢q

TCZT, g=(1/120)(x1 —x7) &, MBEMT O, FEMT 1/60 ZHS S5
LOERS . pt™ — g™ = 0(2~™) (m — o0) TH 3.

3 G-£ALDS w‘w;r—a

G REMBE, X 26 G-£8, nmeVX 93, £k X K(IHTE
BigtlR oy LT 5. <_0)}:% G LoD pe VG IE X EDSUVF
Lot —7 pm™ (m=0,1,2,...) ZBEHET 3. TTTulm™ = pgoxptm.

CCTHpl3EERBELTS. b L x < wx (BEHHER x DY nx DRRS)
THEWiED, (CX)e,=07%DT, Hrxe X ITHL,

Tp = Z wy(D)zey.

x<nx



x [ (1) 2 B) @) (2 3)2) (5)|uwn(P)
x1 | [5] 1 1 1 1 1 1 1] 1
x2|[41] 14 2 1 0 0 -1 -1]|1/2
x3|[3,20 |5 1 -1 -1 1 1 0| 1/5
xa|[3,1)]6 0 0 0 -2 0 1|1 0
xs|[2%1]|5 -1 -1 1 1 -1 0 |-1/5
x6 2,134 -2 1 0 0 1 -1]|-1/2
xx|*] |1 -1 1 -1 1 -1 1| -1
& 1. S5 DfEHxR

%%, Lo T,
mpm = Z wy (D) " ey

X<nx
BROYTA, CGEELDSVHELYA—ILAMEE LD LREAMICIE
Eb Sk,
METRE, Ny TE® Gelfand NORBFRE EANDRBRICDOWT LA
iz, TTTRERTS. 2009 4F 8 ADILIR COEFEMMALESTO
A,

4 T2ty EREER

N:={1,2,---,n} C, LJ,--- ZEREELTS. S, & N LOXH
BL95.

AXE) T—2tvheld, BR[f: N-I| DT THB. TTT, ¥
BBER f LRRIE BT, EMEMITHE. F—&Ey b [f: N -
I| DEBRHE (B3I A NS L) &id, tablf] := (|F2@))ier P
TLTH5.

HFEHENINCIE, N REBS{FED MBI (observation F/zld case) DEE
B, filae NI, « BHOBERER f(o) e I 25X % HREEU
(random variable), I Dytid [IK¥E] (level) LMHINS. T EAFITV—
EHESTLLHBL, HBEBERA—RI5LeHDEIK. HEBH
OB ZBBEEORBETEERTOER>MNTH 3.



SIeDDT—&Ly b [f: NI E[f: NI HPER (=)
THdLd, B2 1S, BFELT f=flor BIFHITILTHS.
BRLOMB LI, TORFRAUERIHELFOCLLFEHETDH
%. ZhuE, avhTIV— set/I KB ZEARHEEBZOEDT
$5. Xo—flc, HFE Hom-sets 2FH, —BEMN2HEHASENHEKS 4
FIAV—IBNT,

X 2Y & |Hom(A4,X)| = |Hom(A,Y)| VA (EBEH)
AELD AL D.
a=(a;)ic; B, Y a;=n RiHLTIEABBNI VLTS,
DSw(a) := {[f] € I"' | tab[f] = a}

&, 7%ty FORBEBEOEETHS. AU LN, X S, 2,
[flr .= [fon] TERESRICLZDWETELHS. ThbDb tab[fl=a=
(a,-) &: Lfcki’.

DSn(a) = S5\S,

THY, Lizh-T

DS(a) = (Sa : ;) = %: - 'ﬁ%

TTT, 85< 8 i3 Young OB THB. tablf] = (a;) DEE,
Sy={x eS| fr=7f}=2]] S
iel
@QRT) F—&E Yk [f,g] £ IV x J¥ O, AT LD Ix N
DILDT & THS. tab[f],tablg] ZABEHSH LS. SX5NED
BT a,b RO 2RILT— 2By  DEA% DSy(a, b) := DSy(a) X
DS(b) THT:

DSw~{a, b) := {[f, g] | tab[f] = a,tab[g] = b}.
ZDLE, S, xS, & DSy(a,b) ICAIBIIEAT S : [f,g](0,7) :=[fo

g,g90 7]

SRTET— Rty b [f,g] OBBREE I x J BT

tab(f, g] == (I (2) 0 ¢7'(5))ierjes



DTLTHA. AR [fo)=(f.9) %, f=fong=4gon BT
7 € Sy DIFEL L TERTS. TDEMH, tablf,g] = tab[f',¢'1 %3
LLRETHS.

—HRIC (a,b) BOZHIRZE, FRBEITI X = (2i;)erjer T 5X
5Y gWrd PN 1 Ejzi,j = a;, Ei:t:,-,,- = bj ZROLDLERTS. TOX
S NBROEER TABla,b] £LT5. COLEER tab i3, ROLH
He5X5

DS(a, b)/ DS, = TAB(a, b)

CTT DS, :={(mn)|7e S} R WAMITHTHS. Thkb, [f4]
LRLZRRERFO 2T —& 1y FOER

n!

nl
1Sy N Sl Hijxij!

T T T, tablf,g] = (z:i;) & Liz. 845 tab™'(tab[f,g]) &7 7 A3 —LFE
Ehs. &<IC tablf] = a,tablg] =b D & ¥,

|tab™" (tabl[f, g])| = #{[f", '] = [£, 9]} =

TAB(a, b) & S;\Sa/S,

TdH 3.

HFBELD RW 55 DS(a,b) LD RW B FEEEHh, E5IC TAB(a,b)
EoORWHFERENS. 27EL S, & DS(a,b) LOMERSTHII—BSTH
TH3. TNHSFEHUI NS TAB(a,b) LDIERY IS HBREMA D

H(xz) = Prob(X|[f,g] = (zi;) | tab[f] = a,tablg] =
= TTe! [T0s /n!Hz,.j!
i i ij

TbH5.

T—4&ty FThL, FEERTEISKED, S, xS, ZIEATEZL
B2z, S, OEA ([f,9],0) ~ fo,g) KO TTHTHS. Thik
tab[fa, g7] = tab[for~!, 9] DD ILDOH S THS.

#. [f,g] € DS(a,b), tab[f] = a,tablg] =b &§5. TDLZE, S, LD
RW X, TAB(a,b) LD RW(IBIRSHMNSIBREM 1) Z2FET 5. X
¥ LD RW & LT, lrandom transiposition] iC X3 &D%REX3. C
NIEH# + BSUVALHID—RIGEAT, oo or %



5 DEIROD—HERENDIGA

CCTRI=JEL, =&ty b [f,g: NI BEXS. WS
Aa8IFE I x I ROEATTHITHS -

tab[f, g] = (IF (&) N g™ (N))ijer

B33 % a; = f71(0)], b5= |¢71(j)| £ T B. tab[f,g] DL —R%B—
B (measure of agreement) 115

zo[f, 9] := Tr(tab[f,g]) = H{a € N | f(a) = g(a)}.
F—&+tv b [f,g) € DS(a,b) £S5V H LICH - 1z L ED—BE zo[f, 9]
DR F2

EE. (1) G 2EE& N =1{1,2,--- ,n} LORNBEHEE ((FRARIE,D) L
T3, B neGXU z(n) :=zo(fn,g9) LEL. CDLE z(n),n€C
DEEHE m &

m = Epeglz(n)] = = Za,b

IGI
TEALN3B.

(2) G Z#EE N=1{1,2,--- ,n} kO + BEA[ZEGEH (FAREN D) LT
3. TOLE g(n),r€G Dt KEBRE—AV M

= (7)) = 2 ) ()

St=t
TEAbh3.

¥ ICHFREE G = S, DESICERT UL, BT a = (a:), b = (by)
W, —BU z(n) DD —BIICIRE S T LAbI S, B,
UTFOE31c UTER PAERRSDS T LAHES.

T 5, MOBSARSERET 5.

Fop(2) = 2Fo(—a,~biz) = Y (Z) (z) ki 2

k>0

T DR DOICRERIE - ETTEN, a,b O—AHEEBEE S ZHN
(BRMABEN) THS.



EXohiBlnfa= (a,-), b= (bj) iexfL,

F(z):= HFa,.,b..(z) = Z (Z) klq(k) z*

i€l k20

CEMYTS. &6
Y ak) (z— 1= P(k)

k>1 k>1

LMY 5.
EE ETEXSNEPr)(r=1,2--) 3—BEucNT 3 PETH 3:

P(r) = Prob(z(r) > r) = %u{w € S, | z(m) >}

D& ST L TIRREAPEIZRO—BE (A OEOSHERSH
0D, Lieh> TiEMER pEIZHRTESC LICRS. T THRREAE
{3, Fisher DARBIREL VWS HHZDOFEFDLDTHS.

—RFeELEMZERE LI =TI ONARIC DOV TIE, 3 Fo-iB84
LEAPEX ZAROERNBONS. LHALEXYIELLDIZ3IDH
% 2 XTI Zigt, Tojt Totk ZINTEEBLIEDERICOVT, #
SR S AR A ZRFH B V) DY p-{E

Prob(S(z) <€)
EROBILTHSD. T ODWTRNARIIKDOWTHELWY.

6 RERODSVEALYGVTIVYT

FEFEREORRNEF/ER, GAXAONRANERFOSRIERES
ZLICT=K EAMFD. FDIHITIE Markov chain Monte Carlo (MCMC)
EHMEDN B.

tab[fo, go] ZBRENIET—ZLY b [fo: N > I,go: N = J| »
Lo pEIERLTS. COLENHE S, LORWIE, RAZHEN
tab|[fo) =: a,tablgg) =: b TH 5 & 5 &2 7EIRD RW Z2FEET 3.

S — TABa, b); o — tab| foo, go]



NFRBE_ LD RW B —BaHICIERT UL, 281%D LD RW RS EHE
BAIZHICDERT 5. —ROHDREIE SV LF KRS, FXE, X
DE/ERNHS.

¥9, F—&t v bR tab[fo.g0) DEPATH B L, BITRIC
1AFLOLEOULAENT LRV, FIER 0, =0 (X2 b;=00D
TBDIR, HEHNCIIEX Z2AENT. LIz > TRZIEBRICONHT
TS aFE, BfksBIEL IR, BRTITHS T LREKT 3.

TEE 57828 tab[fo, go] HBHTRWVWERET 3. EHICHZSHpe VS,
NN THY, p£6(TAov o) LIRETS. COLEp D
FEHXN3 TAB(a,b) LD RW iE—BIHICITRYT 5.

fl. XFBF S, LOWERD

(@7 o wES
Pa(0) {o L

BEZD. T, py INFEE LO—BSHICPER LAV, EBE, pt2™ i
m — oo CIE A, LO—RBHHICWERL, pPmt) ik S, — A, LD—
RO mICDERY 5.

LTAD, TORHEHLFEREINZFEED LD RW E—ERIHICI
Y5, BATHEWDEERTIR, H5EE » BFEELT, tablf,g] =
tab[fr,g] £B>TVBNHETHS.

BE

[ BEHE (S L U r—I—ENcBOCRRELRR WEEE
(2002)
HMDOACEBDD. BIEKEMDIEANE LA L D> T3,

[ L.Saloff-Coste, Lectures on finite Markov chains, in ” Lecftures on Porba-
bility Theory and Statistics,” Springer LNM 1665 (1997), pp 301-413.
ABRE=NV O 7HHEDRE L RLTDE L OMEER T 5. [ P.Diaconis,
" Group representations in probability and statistics,” IMS, Harvard, 1986.
ERBLOS VH LU — I \ORBFHROISA L LU TR 2@, #
BRTFICADIZW. B3 T . [] P.Good, "Permutation, Parametric,
and Bootstrap Tests of Nypotheses”, Springer, 2005.

VYUY TEDAMIE. RLEFOFSZEH> TWBRENDS.



[| S.Lauritzen, ” Graphical Models”, Oxford, 1995.
SKTULDREIRICOWT, INVIATERERBRKDOHEL SHaNB. H
I H EMN.

| HF- T -7 - RER [etNEO 7 a7+ 7 | BiEENE, 2003.
eic TRE#ZE 1 ) & TRHEHZIL ARKED. FZAPMELTED
& LAYV [| O.Higgstrom ,” Finite Markov Chains and Algorithmic Ap-
plications”, London M.S., 2002.

MDAV NRT MEEE>TOVTHEARTY. AFIBELTHETTH.
[| L. Pachter B. Sturmfels, ” Algebraic Statistics for Computational Bi-
ology”, Cambridge, 2005.

REFEHHZDED T FADRLZIGH. 82 - HiEt - EMOFRBICDONT
EnhicELITNIMAEHTDS. BTTH.

COFHTE-ELEMLTNBDIE, 5 Tld Diaconis & Saloff-
Coste, AATRMTHEERABRLEZDIIN—TTHSB. v FeRE
FThiEz TADYA FHBRDOHB.



TBR—_ T A< —ILITHIcDOWNT
T & (BEEKZ)

1 FL&IC

FEEHIE (P,B) b transversal design TDy[k;u] (u > 1,k = u)) TH3
P = |B| = ku (= u?)) TRERIZT T LRV,

(i) PRAKETLBEDRY T X (point class)Cy, - -- ,Cx iR ENESD
SRR umHEEB: P=CUGU --UC, [VG|=u
(i) BIZPDk-BREES (7O v V) DH S family TH 3.
(i) POREB 22T 7oy /¥
_ {A REBRITADLIRADLE,

0 RULRISAD2RDLE.

transversal design D = (P,B) ONX##iE D* &AL parameters D
transversal design T35 & & D & symmetric THB &1 5.

transversal design D MU (< Aut(D), |U| = u) IZBL T class regular
TH 5 L3 U D% point class ICIER| (BATUNEERZRF-IA#)
WCERIT BT L2005, DA UICBL T class regular 5 U KRS
ZHD k(= u)) RIEEATTHIM = [di ;] WFIE L T generalized Hadamard
matriz LFENTRERHTIZT.

dodydg =N eZU) 1<i#e<k), U=) =
1<i<k zeU
PUF T M % GH(u, )-8 & & LR,

W8 v DB U £ D generalized Hadamard matrix GH(u, \) D%
ET U U % class regular KECAEB L L THD transversal design
TD,[k; u] PHREE NS ([2]). TDBE (P, B) EARIC symmetric TH
BT ELARENT S ([5]). TDT M5, transversal design TDj[k; y]
M LIEHE 548 class regular T HCERBEER AT &ichkh, T
D & 3 72 IEXSHR transversal design i3 generalized Hadamard matrix 55
MET AT LIITERN.



CCTid, ERRDX S %IBE T transversal design ZHER T&E 351
ICDWTELRT 3. transversal design(P,B) A PUB _EICEIERNCIERT
3 (AERELZEET Oy 72RO EATICR2) ECRARE G 2
£, B point class C ICHIEL TG DL U(< G)BEE ST, Th
MNC LERNCER T2 DREA TENRER—RT A —IVITRILFE
& (Theorem 3, Definition 4). TODEBKICHBWT, U i& "EFID class
regular %5t ” (depending on C) & THEMIRELDTHZ T &Hoh 3.
Wic, BEE—8RT I —ITHHEZ Shhif transversal design H'H%
R ENTENIZ—ARICIZ class regular 7 B CREIEE 2Rz \> (Theorem
7). Bl LT, TOFAEEZBVWTEED translation plane 5 transversal
design B E N3 T L #7RY (Theorem 14). & 5ic, ZEAZ Kronecker
] IC& D Z< D transversal designs MG 5N 3 T & %KY (Theorem 17,
Corollary 20). LT COIEBEOFMI [4) 2R,

2 Preliminaries
Example 1. zaJ:aJﬁ;ﬂJM=[é : 8]»: GH(3,1) TR TH 3.
0 0 1

BEHND TD,)\[k; u] HEALE @ GH(u, A) 175 DFIH
D Example 1 D GH(3, 1) {7555 TD,[3, 3] KT 5. mE/LLT
P={1,2,3} xZ; LEDS ({1,2,3} BITBEICHIE, G = Z; EBHTH
IB). 7av7EEBEREDZHICET, MOFIEFIALTRDIME
M "base blocks” ZEHT S :
{(1,1),(2,0),3,00}, {(1,0),(2,1),(3,0)}, {(1,0),(2,0),(3,1)}
B & LT base blocks Z# G D{EFHIC &L D translate Lizb D2 L LT
EDB !
{(1,1),(2,0),(3,0)}, {(1,2),(2,1),(3,1)}, {(1,0),(2,2), (3,2)},
{(1,0),(2,1),(3,0},{(1,1),(2,2), (3, 1)}, {(1,2),(2,0), (3,2)},
{(1,0),(2,0),3, 1)}, {(1,1),(2,1),(3,2)}, {(1,2),(2,2),(3,0)}
ZDLEPB)IIRDISAFIZEDTD (3,3 L&3.
CG={1}xG, C={2}xG, CG={3}xG
—ROIFEERRDTFET GH(u, \) {755 TDy[k; u] ZHKTE 3.
DX IICLTERLN TD)k; u) IKDWTRAE D IID.



Generalized Hadamard {70 585N % TD,\[k; u] DER

o (¥ u DB U LD generalized Hadamard {75 GH(u, \) H5X 5h
% & class regular 7% B C.[ABIBF 255D transversal design TD,[k;
N E NS ([2)).

e class regular 7% H 2RIEEE R & D TD,\[k; u] I & E I symmetric TH
% (Jungnickel [3]). f€> T, transversal design TD,[k;u] ' non-
symmetric D & ¥iX, Fh generalized Hadamard {FHH 5B 5
haZ &ldixw.

3 FLWERE - 75 ATEDEREHEDHIA

transversal design {CXf LT, PUB ¥ FRIGZBECEARBEG T, A7 5
AC X UTERD B Ue, (< G) BB > T C; LIERIC/ERT 5 (U, 1305
ACGIEBFLTEWV ) EDIZDVWTERS. TODDEK 57X transversal
design D7 S AL LTRDGEERZEDLEDRERTS.

Hypothesis 2. (P,B) Z TD)k;u] £ 95 ¢ &, (P,B) DECRAREH
AR (i) (i) BRI LT 5.

(i) HiZPHIUT B EHICKEERIC/ERT 3.
(ii) P_EDE H-orbit W DOHDKRT T ADMESITE > T3,

PAUF Tl Hypothesis 2 D% & TRONTHKER (1)-(5) ic DWW TR 3.

(1) generalized Hadamard {75% % U7z modified generalized Hadamard
TN RN S.

(2) T, modified generalized Hadamard 175 55 transversal design
ZREKTES. (JcL X class regular KECRBIREZ 725K TH)

(3) EED translation plane 55 T DAEIC K D %< D transversal de-
signs MRE E N 5.

(4) EFE 7z Kronecker §i&k D transversal designs AR E N 5.

(5) G L T5X 517: modified generalized Hadamard 175 75 G D
Wx &85> # T modified generalized Hadamard {79 Z#K T E 3.

CDEERDPRDIIDT LIIASHTH .

e Hypothesis 2 K DHBEH s (s |ur=k)BB>T |H| =us LREZ
NTPLDE H-orbit 3515 L s ORI SANLKES.



o t=f BT HRPLECEB LICEE &S &t D H-orbits %
5.

RO D ILD.

Theorem 3. Hypothesis 2D & T, {Q),---,Q} ZP LD H-orbits
2tk l, {B),---,B} 2B LD H-orbits 2L §3. ®i(1<i<t)
TLIK Q; € Q; BXY B; € B; BEATHEHTETS. TOLERMNED
iID.

() Ui={z€eH:Qz~Q;}, 1<i<t &BLL U; i& H DA udD
BoBTH 5.
(i) Dy={zr € H:Qz e B;}, 1<i,j St &BLLREHRT.
(a) |Dijl=s (1<4,j<1).
(b) X1 DDy =k+AMH-U) (1<i<t).
(€©) Yim DDy ™ =)H (1<i#£<4).

(LT GORAEE S LBROIRTY sz ZRA—H, LT THREER)
TR —&T AT —IV175] GH(s, u, \) DEE

Definition 4. U su DBt H O s-FOHEEE D;; (1 <4,j <t,st =ul)
LT, t REATH [Dy] B H OO v DEFHEE Uy, --U, BT
% Z[H| L OBER—7 #<—IV{75] (modified generalized Hadamard
matrix) TH 2 L BRDFH AT LZED.

Y DDyt =

1<5<t
LIFTIX[Dy) Z Ui, 1 <1<t ICBIT 3 GH(s, u,\) TR L EBEE T 3.

Example 5. H = (a,b) 2 Z; X Zy and Uy = (b), U, = {ab) LT3 &
%, [ 1+e a+b ] i Z[H] ED GH(2,2,2) (T TH 3.

{k+,\(H-U,-) (i=2DL¥) )

\H (i#£LDLE)

1+b 1+a

Remark 6. (1)U = --- = Uy(= U) DL ¥ [Dy;] i U ICBE$ 3 GH(s,u, A)
THTHBRL NS T LTS, Ho UDE %, Definition 4 {& Akiyama-
Ogawa-Suetake [1) TEBENTWVSRLDLELTHS.

(2) U \cB89 % GH(1, u, ) 175Id:385 D generalized Hadamard 175 GH(u, ))
over U L—8T 5.



B)HGDUILATS (uh,u,ul \)-ZEE D ICHLT 1 X1 175 [D]
& U9 5 GH(u), u,\) TTHB BB LHNTES.

B HICHLT, Z[H]) LDt REATHILZE%Z M,(Z[H]) TXTY.
GH(s,u,\) b*5DP & BDEE

GH(s,u, \) 175 [Dyy] € M(Z[H]), t = u)/s, KKHLTHRESPLTOY
JEEBERTEDS.

P = {1,2,-.--,t} x H, (2)
B = {Bu:1<j<t heH), (3)
T
BJh= (i,Duh)

2) & 3) BAVTRERT.

Theorem 7. su D HIZX LT [Dy;] € M (Z[H]) 2108 v DERS#:E
Ui (1<i<t=u)\s) KT 3 GH(s,u, )75 LT 3. P L B% (2)(3)
WKL DEBHB L ERDKDILD.

(i) (P,B) i& TDy[k;u] (k = u)) TH3.
(i) ERDz € HIZWLT Ciyr = {(i,wz) : w € Us} (z € H) LT
i Ciye & (P,B) DETSTATHS (Vi) .
(iii) (P,B) END H DEAZRTEBINE H < Aut(P,B) T HIZ P
HXU B LICHIERNCERT 3.
(,0° = (i,cz), (Bja)* = Bz (Vi)
(iv) 7z & RIS ACy, LIERNCIERT % (V2 € H, Vi).

Example 8. u=3, A=2H"DH={a,b)~Z3xZ3 Ts=3,t=2
43, Dj€ZH|, 1<4,j<2bU;~Z;, 1<i<2%RTEDHS.
=), Uz={a)

1+ab+a% a?+b+ab

[Dy) = [ 1+ab+ab?® 1+a?b?+a2b



TDEE Dy & U; BREBIT T LMD LHTES.

DDy + Dy Dy = 6 4+ 2(H - Uy)
D21 Dgy ™V + Dy Don™V = 6 + 2(H — Us)
Dy Dy, ™V + D1 D™V = 2H

B> T [Dy] & Uy, U, icBEd % GH(3,3,2) 1751 T3H%. Theorem 7 i
A LT TD,[6; 3] £83.

Example 9. u =3, A=4 T H = (a,b) ~ Z3 x Zg £HBL. EHI
t=2, s=6 é:ﬁ(. D,'j (152,]52) bl U12Z3 (15252) %;XTE
H3.
Uy = (ab?), U= {ab")
[D--]=[ 1+b+b2+b8+a+ab 1+a2b5+ab4+a2b+b4+ab]
kK 1+ab®+a2b?+ab+b'+a% 14+b+b2+b +a?+a%

TDLZ [D;] IMHBEUL, U, iCBIT S GH(6,3,4) 1THITHZH T L &HE
NHBTENTES. > T AAERIC Theorem 7 & D TD4[12;3] 2185.

Example 10. Example 9 T H OF98 L = {(a,c) ~ Z3 x Z3,c = b?
2EZD. 5=3, u=3,A=4Tt=4¢,B Fl, =0, =
{ac), Us=U;= {(ac?) LBFHIRD [D;;) i$EBHBE Uy, --- U ICBET S
GH(3,3,4) 175ITH 5. Thd&b TDy12;3] M Eoh 3.

l+c+a c+c+ac l+ac?+c a®+a’c+ac

l+c+a l+c+a a®+a*+a l+at+c?
14a%+c® a+ac+a*c l+4+c+a® c+c+a%
ac2+a+a? 1+a’+c 1+c+a? l+c+a®

£+ Example 10 D175id Example 9 DiTHIEE &ICLTELNED
DTHBMEFDHFEICDNTI Section 5 D Example 23 TR 3.

Remark 11. (i) £8Di, 1 <i<tIKDWTHp U; THBHT ERRRET
D53%. UL, Uh=---=U, THBLRESEL.

(ii) SR BHE U; D DEMENBEE (Uy,--- ,U) 1, B2V T transversal
design BB TESH1-DDHIEHKTRIDBELNZXB. 2L X class
regular ZZEEDETE LU non-symmetric ZIBE&TH T hIXFEEDRTAEME
nHs.

(D] =



Theorem 7 T8 51 5 transversal design H° symmetric T3 % 728 D¥|
BRI OVTRRS.

Theorem 12. {i#{ su D H KWL T [Dy;] € M, (Z[H]) 248 u DEB
SEEU; (1 <i<t=u)s)cBT3GH(s,u, ) 1THILTS. TDL
Z [Dy;] XSS B TDyJk;u), & = ud A symmetric TH B T=HDLET
R

DY DytY ... Dy

- D™V Dph ... DRtV
[DyHF = | 77 :

D™V D™D ... DutM

W H OEYGHIEHEV, of H, 1<i<tIcBIT 5 GH(s,u,A) AL %
3L THB. 37D,

Z DD, = {k""\(H—V}) (j=LDL %, 3V; < H)

. (4)
AH (G£LDL %)

1<i<t
FosEE% VT non-symmetric 7% transversal design D% HIF 5.

Example 13. H = (a, b)zf_v Z3 xZz L9 5.
[Dy;] = [ jrabtab cAbia ] % Example 8 T8I Z|H] LD
GH(3,3,2) 75§ 5%. COLE,
Dy“"VDy; + D™Dy =6+ (H — (a)) + (H — (b))
TH5M5, Theorem 12 & U [D;;] h 5@ 515 TD,[6; 3]t non-symmetric
T#3. [FEHIC Example 9D GH(6, 3, 4) fiflH BB 5N 5 TD,[12;3] i
non-symmetric TH 3. TELZSRMVELNDSNEH 5.
D1;,"VDyy + Dy "V Dy = 124 2(ab? + ab* + a®H? + a?b*) + 3(ab + a2b°)
+4(a+a? + b+ b + b3 + b + b° + ab® + a?b?) + 5(ab® + a2b).

4 Spread &\ Tz transversal designs DiEAY

#Hp DR g = pITH L THE ¢ DB H DL g DS B {H, - -+, Hyr}
Mspread THB LITRDBAI=ENB T LEZES ([6)2R).

|Hi| = |Ho| = -+ =|Hpa| = q, HiH;=H (Vi#Vj)
C DRGNS H* = Hi U+ -U Hpyy " RBAITTUSND H Otk H* D5
Blx5X5. COUEBAEZFALT, RHEEDIIDT LHGHS.



Theorem 14. p 2R Tg=p &L, {H,---,Hy.} 20 ¢ OB
H®Dspread £§%. A=ny]| Z B53%ZT={1,2,--- ,q+ 1} icFFDOqR
EATFHTRERIZTHDLT S.

I={nil7ni27“')niq17m}) ISZS‘I, (5)
I= {nlj7n2j7"' 7nqj1ej}7 1 S] S q, (6)

(3m;el, 3;el)
Dij=Hy,, 1<i,j<q&HBEL. TDLE, [Dy] & Hy,,...,Hn, I
B9 % GH(g,g,q) ITHIT [Dy) 585N 3 TDy¢% ) i& symmetric T
$HB.

5 GH(s,u,)\)ZEHD 5D product construction

B U LD GH(u, A) 175 GH(u, X') 175UA 5 Kronecker BT & D GH(u, udN’
FHMBENBZT MBI TWVS. TTTRTDAEE GH(s,u,A) 17
Fl& GH(s,u, N) THIDHEIC—RIET 5.

Definition 15. G B8XU N 28 L95. X7z, fi : N— GZHhA
DEBE/HL TS (i,1 <i<n).
2=3 enCZ (EZ[N]) KNLT 2f = 3y ezl (€ Z[G)) LEDHB.

A = [ay] € Ma(Z[G)) & B = [b;] € M,[Z[N]] i£3 LT nr REFHITH
A® B ta) BRTEDB.

Bhau Bf’au . Bhaln
A® BUiridn) Bf2gy Blq,, ... Blg,,
Biay, Blrayy, - Blrag,

TTT Bl=[pfl.
A® BlUvifn) % ZERZ Kronecker TREMELZ LICT 3.

ZH Kronecker iAW A70IC GICBAT B ROEMEZEZ .



Hypothesis 16. H & H' Z# G OMPHT HaG = HH' ZHIT
9%, ¥lU=HnH, |Ul=u, |H =su, |H|=us &HBK.

() D =[Dy] € My(Z[H]) (t = u)/s) ZEHBEU; 1 <i<t) BT
Z[H] LD GH(s,u, ) 1751& T 3.

(i) W = [Wem] € Mp(Z[H']) (¢ = uw)\'/s') ZEFHBEEUICBIT S Z[H'] L
D GH(s',u, X) 175& 9 3.

Hypothesis 16 D& & TRM D ILD.

Theorem 17. Hypothesis 16 DRELEEDELLTHi (1<i<t) I
DNWTHADRBER f; : H — G HREAI-T LT S.

Uh=U;,, G=HH" (7
TDLEA={1, - ,t} x{1,---,¢'} EBHIRHK D LD,

(i) &' REFITH D@ W) i& ERSBERE Uy = Us ((3,9) € Q)
ICBEY % Z[G) £D GH(ss', u, uAX) 175 TH 5.

(i) D@ Wl n58 53 transversal design A symmetric T
HB1HDORE+IERMEE DHHB5NS transversal design A
symmetric €53 L TH%.

Example 18. W= |0 1 o |. &35 & W i3 Zs £ GH(3,1) iFHIT
0 0 1

$%. D = |D;;] % Example 8 T 5z Z[H] £D GH(3,3,2) {TRlL
'§‘Za (H = (a,b) >~ Z3 X Z3). EP’\GDIﬁJE!"%'-{% fl, f2 : Z3 — H %
filz) =, faz) = o® (z € Z;) TEDHD. TDLE, Theorem 17 2 Y
BLEBALTHELNS D (0, W) X Z[H] LD GH(3,38,2-3") 1T
HT&H 3. Theorem 17 & D X5 % transversal design ¢& non-symmetric
TH%.

Example 19. D = [D;;] % Example 10 T85N 7= Z[H| LD GH(3,3,4)
LTS (H = (a,b) ~ Z3 x Z3). THOITFINLRENS transver-
sal design A% non-symmetric T35 C & Theorem 12 ZAHWVWTERIC
EMDLEND. —f, PANORRER f; (1<i<4) : Zz— HZ
filz) =a® (i=1,3) BXU fi(z) =* (i=2,4) (z € Z3) TERT B L
% Z[H] LD GH(3,3,3™) 175 D @ (@1, W)Ur—/2) 218%. Theorem
17 K O XT B TD3ny[37+14; 3] (X non-symmetric TH5.



Theorem 17 H 5 X%18 5.

Corollary 20. H,, H, % G DIERFSPE T G = HiH,, U= HiN Hy,
U| =u%Hfz3Ld 3. i=1,2lKH LT D; € M, (Z[G)) % S9BEU
iCB9 B Z[H]) LD GH(si,u, M) 7713 (1 =42). TOLE,

D, ® D,'¥ & Z|G] £ D GH(s189,u, M ou) TTHITHSB. TT T, idy i
BEEEHLTS.

Remark 21. Corollary 20 i& Davis O} 1ERIMENZEE SIS S product
construction ([3]) D—#{LTH 3.

BB S GH(s,u,\) DIEBR

HCGRIBIBDIETENVHFES X IINLT GBI S X D normal
closure X¢ % X€ = (g7'Xg: g € G) TEDS. TDiLBDLLT, b
BEICH B GH(s,u, ) D, TOWMLBB S GH(s1,u,)\) B2 H
FELDNTRRS.

Proposition 22. H Z{# su DBL T 5. [D;;] € M(Z[H]) Zhif u
DFPEEU; (1 <i<t)ICBT 3 Z[H) LD GH(s,u, ) TR LT 3.

H DESBEND N > (UH,--- ,UF) BBIcTELT|N|=s1u, r=[H:
N)&BL. T NICHETI2ERRESHZ H=gNUgNU---Ug.N
93 CDOLE, D(,-,g)'(j,m) =Nn gg‘lD,-jgm & B rt REHTTH
[Disim)] € Mee(ZIN]) ¥& Uy = g;7'Uig5 (1 <1 <t,1 <5 <) Icfd
¥ Z[N] L0 GH(s1, u, )) 75 TH 5.

Example 23. [D;;] %2 Example 9 TESNHE H = (a,b) =~ Z3 x Zg
D GH(6,3,4) 175 LT, N = (UE,Uf)(= (U, U,)) £LBL. TOD
L&, N=(a,b?) ~Z3 xZ3 THB. NICHT S HOERERESRE
H = 1N +bN &35< & Proposition 22 & Y GH(3,3,4) THIHELNB N,
Thh Example 10 TRHCE X 12l & 7x> T 3.



2E3

[1] Akiyama, M. Ogawa and C. Suetake, On STDg[18;3]'s and
STD,[21; 3]s admitting a semiregular automorphism group of order
9, preprint.

[2] T. Beth, D. Jungnickel and H. Lenz, "Design Theory” Volume I, Sec-
ond Edition, Cambridge University Press, 1999.

[3] J. A. Davis, A Note on Products of Relative Difference Sets, Designs,
Codes and Cryptography, Vol. 1 (1991), 117-119.

[4) Y. Hiramine, Modified generalized Hadamard matrices and construc-
tions for transversal designs, submitted

[5] D. Jungnickel, On automorphism groups of divisible designs, Canad.
J. Math. Vol. 34, 1982, 257-297.

[6) H. Liineburg, "Translation Planes”, Springer-Verlag, Berlin-
Heidelberg-New York, 1980.



Quadratic Planar Functions DWW T

TR - BT - BEH
IR 7S

Section 1 ¥
pRAREBELL. VEWEGF(p) LD n R FNVERL T 3,
f: VW g fiz)aeecV (@#0)lcxl.
Ao(f) Ve W, v f(z+a) - f(z)
ZalCDWTOD f DEZBE LN,

(BER) FBTHEVWEREDae VIEXUT. AlSf) M bijection THB L & fid
planar function(Z 7z{& PN-function) &\ 5,

L&D flcDWT,

by(z,y) = flz +y) - f(z) - fy) + f(0)
LEDB,

(GB#8) LD by(z,y) H symmetric bilinear form i %% & &, f % quadratic function TdH
L1035,

ZE1
f M quadratic T 3 1=bDHE+ 3R

f@+y+2)=flz+y)+fly+2)+ f(z+2) - f(z) - F(¥) - f(z) + £(0)

MDD L THSB,
y: 3=
V=<ee en> W=<u,uy, -, u,> 893,

f(Zx.e,) Zf.(zhzz, )t

LIZoTWBEE, fi(z1,22,",Tn) b‘f@%t@gﬂﬂﬂ'ﬁﬁ%o T, fOREEER
BN GF(p) Lz, 25, -+, 2, CEET B NFR2 XN B, f 1T quadratic TH B,
I
f:GF(p") — GF(p"), flz)= Za.,,x"z”’

% 2 DOMEUZ quadratic T B.



Section 2 Quadratic planar functions £ commutative semifields DH§A%,

f 2V 5 W D quadratic planar function &3 3,
GF(P) EDRIFNWVW ICHZGAL L S, £\ VORTETeZ—OROHT, O
¥
Ae(f)(e)=0
BBacVEEXD, COLSR ZHE—DEET 3,

9(z) = f(z+a) - f(a) (VzeV)

LEDDB, CDLE, gldFE - quadratic planar THB, TDgldFtelcdkd f DER{L
EEEIN 3,

9(0) = f(a) - f(a) =0, g(e) = f(e+a) — f(a) = A(f)(a) = 0.
UTF fDelc & BIERLBRZELSD T f &H<,
A(f): Vo W
DYEHE o LTB: (p: W V) ET,
z oy = by(p(z), v(y))

LREET B
(2.1). (p(z) =052 5IF, z=0)
BEES, z=A(f)(p(2)) = f(p(z) +€) = fp(z))

(2.2). (W, +,0) RBATFEL220
TR, zoy=00Dz#£0kE&e (21) &D, o(z) #0. /2. flp(z) + 0() -
f(p(2)) — fle(®) = 0 DG, Aue)(f)(e®) = F(e(z)) = Bpir)(F)0). Ay)(f) AP
bijection & V. »(y) = 0. BXI, (21) &b, y=0.

(2.3). Ae(f)EV 55 W AD isomorphism TH 3.
BEES Ao(f)(u+v) = flutv+e) = f(u+v) Ae(f)(v) = flute) - fu), Ae(f)(v)=
flw+e) - f(v) fle) = 0IEBT IS, f A quadratic & D Ac(f)(u+v) = Ac(f)(u) +
Ac(f)(v)-

(2.4). (W, +,0) T, TEBRIRIT S,
ET. A(f) DR o LHERD. o(z+ 1) = 9(z) + (') KFEL T,

(z+z') oy = fp(z) + (') + (v)) — fe(z) + p(z) — flo¥) =



F(e(z) + o) + f((z') + 0(¥)) — f(o(z)) = fp(z")) — 21 (p(y)) =
zoy+zoy.
(2.5). f(2e) & (W, 0) DEAITETH B
BEED, Adf)(e) = fle+e)— f(e) = f(2e) &V, o(f(2)) =eTHL, zo0f(2) =
S(e(x)+o(f(2€))—f ()~ f (¢(f(2€))) = f(p(z)+e)—f(p(z))—f(€) = Ac(f)(p(2)) =

T

Section 3 Commutative semifields ¥ quadratic planar functions DFE#RE & UK
B,

Commutaive semifield (E,+,0) i LIFAEIR f(z) =z o0z : E— E Hplanar TdH
BT LT SHERBTE 5. 4. qoadratic planar function f : V= WIZHL T

zoy = bs(p(z), (y))

IC& DY Wik commutative semifild THZ LBHIDL I ayTHhI-LBYTHB,
F(0) = f(e) = Oy = A(f)) THoFT LICBEREE, £, A() XV HEW A
O isomorphism THo> 1z, Tld, W OFFEH L & LD quadratic planar function f &
OMRIES B> THWBDIZRTHE S,

Ve We W, v Adf)(@) = Adf)(1) 0 Ac(f)(¥)

ZoglHBll. glu) = f(2u) - 2f(v) i3,
u=(z,T2,"" '7-'511) &L, fo)gﬂﬁﬂﬁﬁfg(zl,zz,---,zn) 73‘:1:1,.1:2,---,,1:,, D2
Rixb5, g(u)=2f(u) x5,

planar function f : V =» WIZH L., P:V x W % points set,

L:D+(a,0),L; (a,c€V, a€e W), ZTZT. D:={(zf(z)|zeV}, L.:=
{(c,y) | y € W} % lines set & LT affine plane A(f) B E 3,

commutative semifield W 5% W x W % points set &9 5 affine plane A(W)H'H
RICHRE NS, lines sets IXHE co DERE L

y=moz+k (mkeW)

THRINZERETH S,



planar function f : V » WHLHRETHLE, A(f) = AW)DRKDIUD, /-
9(z) = f(2z) - 2f(z) DL E. A(f) =2 A(g) bHEDID.

Section4 E-A equivalence £ CCZ equivalence

ZODEMR f,g : Ve WIEEHL
g=AfAr+ 43

HEDIUDLE f & gld Extended affine FHEL VS, TTC, 43: V = V affine bijective,
Ay : W W affine bijective, A3 : V — W affine maps T$%, CDLE, f~g (EA)
Eh<,

E7z. V x W LO affine bijective L 3B > T, L(Gy) = G, BDIUDL E fLgld
CCZ FfEE V.

TTTC. GG RENENS & gDgraph TH D, £z, L(z,y) == (Li(z,¥), L2(z,¥))
T, LV x WH5L V D affine injective, . L iZV x W H 5 W A\D affine injective
TV VWV, e (zf(z)) » Lz, f(z))) & bijective TH D, DL E,
f~g (CC2Z) N,

41) f,9 : VI WKL, f~ g (EA) BBl f ~ g (CCZ) TH 5.

(4.2) f,9 : V= W and f % planar £ 5. f~g(CCZ) %5, g & planar TH B,

(4.3) f,9 : V= W and f % quadratic €93, f~ g (EA) %biE. g & quadratic T
H %,

(4.4) f,9 : V= W and f % quadratic planar £33, f~ g (EA)&bIE. A(f) =
A(g) THB.

(4.5)(Budaghyan-Helleseth) f,g : V= W
fEplanar £ $3, f~g(EA) & f~g(CCZ)XRIETH S,

Section 5 Commutative semifields DA E &

TNETICHF Y F< D Commutative semifields TR T N TWiEW, BIHIDEEA
D Comm. semifields DF A E4&IT quadratic planar function {27k > TV 5,
(1): Dickson semifields DL A EH,
(2): Cohen-Ganley semifields DA S,
(3): Ganley semifields DF-AE#,
(4): Penttilia-Williams semifields DA E{R,
(5): Couter-Mattews semifields DA E(R,



(6): Ding-Yuan semifields DF 5 E{R,

(7): Couter-Henderson-Kosick semifields D AE{f,

(8): Budaghyan-Heleseth semifields DEAE(R,

(8) D Case D quadratic planar functions i RD & S icicdEh s,

s, k IZEDBET, 2(* +1), 20 Jp*+1). T ¢zP % GF(p") L bijective £¢
B. Fic. b#£0, L. ged(k+s,2k) = ged(k-+s,2k) EFid (946 1) J(o* — p*)/2)
9%,

TDLE,

£(2) = Qa1 = oy 4 Tt

i=0

& GF(p") L quadratic planar function T3 %,

(Problem)
Commutative semifields DA EHIL quadratic planar fuction TH5H, "H " L5 D
RFIzEA K.

Section 6 IERIX symmetric 3-cubes £ commutative semifields

F = GF(p*) £ n 3R 3-cube & i, n® 0 F OEHOES)
(aizk) = {(@igk)l @ijx € F,1< 4,5,k < n}
203, TNZnlOn RITHEHBTLHTES,
k&S A=2 9 500EE (EEHSRENDERER) ST kicddL,
Ar = (aiga), Az = (a552), 7+ An = (Giiin)

NEORB T, jZNRSIA—2 LT 3EEE (EOEISEDEN\DER) LS Lic
T5E.
B, = (ai1k), B2 = (ai2k), * + Ba = (Ging)
ASE DR T.
i %S A—2 L9 30EE [ LEH»S TEANDERR) &W\WH T kicTse,
Ci = (a154), C2 = (a2,ix), - - -, Cn = (@n )

MEDREBE L%,



3RO S; DIT o & n KD 3-cube (a;;,) I U (o) 0i)ow) Z (@iga)® TEY .
Thoo6 Dot NEm,» SMENDERE ], EOEMSEOHENDER]. B&
U [ E@h 5 TENDER ] OMOANEA LEERICHY 2EREETHZ L5 T LicHY
9%,
(BE®) n XD 3-cube (a;;,) BERITH S Lid.

Ay oA+ -+ agdy
MIEERGEBIERICa, =0,00=0,---,0, =0 72D LTIV,

(6.1)(D.Knuth) {£#D o € S; 5 X %, 3-cube (a; ;) BERRSIE. (aijx)° HIERT
BB
(B THED cube ix GF(3) £D 3 X 3-cube TH 3.

1 0 0 01 0 001
o 0 -1|{, 10 1], 010
0 -1 0 01 -1 101

PEFFRBLL. Q = {4),4s,---, A} 28 A, DAKTHTH2 &5 GF(p) £D
3-cube £ T3, £/=. VEGF(p) EDn XTI MIVERIL L. e 62, -, ZTDEEK
9% VIERDES IcBIZAND, EEDz =30, 76, y=T)y5¢; € VICHL,

Toy:= i(x:,xz, coo Zn) Ai(y1, 2,y Un) €

=1
TODLE, V(+,0) NEBEFRZE S, Al#isemifield ThHB. /e, 3-cube QHIE
Al 6IE. V(+,0) & commutaive semifield THH . FOWE D LD,

BE R
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18T A—Z— (276,140, 58,84) DIRIERIST 7 DF LWHID
FERX

BFETL

HAERZAERMMNEMANRERE
BAEZHRRSSHNRRE PD
nozaki@ims.is.tohoku.ac.jp

1 BE

1R A—&— (276,140, 58, 84) DWIERITS TIc DWW TR, BEERIN—DIE1F Goethals-Seidel i & IR
ENTWIE[7). Fie, 1984 ££0 Brouwer-Lint IZX 3 Survey paper T, TO/RTA—Z—EFOMIEAY
STIH—=BAILEIDLWSHENMEREIN TV S, BEASHTVA/IS A—&— (276,140,58,84) D
BWIERNT ST G = (V,E) IC, Seidel switching LEHENAIERIEL, /3T A — 52— (276,140, 58,84) D
HWERASS70H L WRIOBRETTS. MEAMY 57 D Seidel switching 75, FHiLMEMT S 724
RT23L¥, TOMERYS 71 Regular two-graph L IHINZIHBHMSMBTES C AL TH
3 [2]. %7z Regular two-graph IE{TEMICIE, HHHOLREZMIT2—-1) v FZEH LD equiangular
lines L B—HENB LHIMENTIS. T TR, FOD equiangular lines IZHE L, BE%HXRHED
5 Bose-Shrikahande A5 X TV =RIERIY S 7 D switching (B3 2 SEREMBR{ET 3.

2
G := (V,E) RH#iT57 (W70, TEEOAIEW) LT3, G = (V,E) PRSA—Z— (n,k, ), 1) D
FRITS 7 LHENBDR, KD 4 RGEBTHTHS.

1) [Vl=n.

2) EBDveVIEHLT, |{{v,u} |ue V,{v,u} € E}| = k (k-ERI).

3) 8D {v,u) e EKHLT, |{teV|{t,u} € E,{t,v} € E}}= )

(4) EED {(v,u} ¢E (u#tv) KNLT, |{teV|{tu} € E {tv}€E} =4

MEAIY ST L EORMT 7N ELL6MiET L &, FMNTH S LS. MERSFS 708IS5 70k, %
ISSRERSS7ixs. FS5T7GRNTS (0,1)BBTA AR, VEEXDBAFIILNIGTAT, TOM
B, {u,v} e EDEE M(u,v) =1, TOMDHN0 LERENSD. F57 GCHT3 (0,1, -1) B
TR B, VEEOBAFITONIFAT, FORPE, {v,v) e EOLE Mu,v)=-1, {y,v}¢E
DEE M(u,v)=1 BARSZLEBENS.

Hy CV, H c V (H, U Hy = V{disjoint union)} {THLT, B = {{y,v} €e EJu € H,v €
HYu{{u,v} e E|u € Hz,v € H3}U{{u,v} € E|u€ Hy,v € H,} LB&®TS. H,CV,HaCV
129 % switching &k, BME%E (V.E) = (V,E') LE{LE L2 %FTHS. £/, B H, I@T3
switching L HIER. Thid H, & H OMORBRRMEEPEREEESC L 2TURLTWS. TS5 70
switching B3 5 E{fAB% switching class ZFEE,

EE/DOG IS, 2—2 )y FEMRY N, equiangular lines & L TOEDAASTISN TS, (0,1,-1)
BHETTR) B DR/ EEHE —p < 0, TOMBEEmMm LT3, TDEE, B4 pl iZEEEMHIHIHTA
THD, 2= Yy FEMRVI-™ LOBRMESLA—HREN3. DX, BAERE SVI-=-1 LM
WB X THF LA M(z,y) = (& 9))egex = 1/pB+ 1 BROLODNELELTVS ((z,y) ZIREBA
BD. TTT AX) = {{z,¥) | 2,y € X,z # y} = {1/p} TH Y. equiangular lines LFA—HTL 3.



I B OEBHEDN 2 DUIEWBE, F0J 57515618503 equiangular lines 2 EBROBEC TS L
R VI d(g? - 1)/(¢* ~d) BBRT B EMNTMSNTVS, %1z, BOEBEMN2 DUhiw, By
5 7 D switching class {3 Regular two-graph L HENZ R EF[—HHUES T L MMSN TS, Regular
two-graph & El—# T % switching class %, Regular two-graph {89 3 switching class LFERT & IC
¥3. TITCE, Regular two-graph DERIZTHAL,

BMERITS7@, 73R 208BBTYYI—vaVAF—LELTRIShTYS 1] Ao =T (Hifi
7)), RERIY 57D (0,1) BRETII%E A, 757D (0,1) BETAIZ A, LT3 (h+ A1+ A2 =
J(all one matrix)) . Ao, A;. A2 TERZTNSAEE Bose-Mesner fABILFER. AIERIY S 70D Bose-
Mesnar REBDBRFRETT Eo = I/v, E\, B2 (BiEj =63 8y =1(i=j),6i5 =0(i # j) ) R—8&
IKEED, ERFOMNBETNTHZCLIMoNTVS. mZE, DSV oL$3. S EZBVWT, XD
&3k, BERIYS7 (FYYX—~varyARE—L) ORGREEI—S ) v FEMOYARRE s™1 i
AL T LA KB ©

n
zeV o J—Ee,.
-y i

TZT n=|V|, e €R i3z BEDRTH 1| THROKZE 0 DAY bLHB. TTT, BETORHA
b, ETE; = E;E; = E; TH3h5, E REERBITNTHS. £z E ONARSE—E mi/n TH
b, Vn/mE; DFIRY RV big s™- LORE LEI-HTES.

CCT, BELOEBRMRELT7YV I I—y3 VAF-LOMELERTZS5 X T, SEELRTAR
WEDHRETH S, s ERRESLEME t TV A OEREBNTS. X £HiE S9! LOBRKELTS. L
TERLE AX) DBEEAS s @O L E X £ s BRMA LR, Harm(RY) % d B8 XEXFASERD
BEZEMETS. CTT, WRSHRLRS 7S5V 7 Y A:=T%  6%/822 DIEAT 0 KB 3MNTHS.
X HHfit THA 2 EFINBOIR, £8D f € Hamy(RH(Q SIS ) KHLT T flx) =0 kixBL
2THD. sERRALIE  FHA LD s & LIHUT, ¢ > 25— 2 BT X RNBEBEIEDIS
ARsDTPYYI—aAEF—LOWBEEROTLIABNTNS 6] DFED, AX):={a1,02,...,0,}
KEMLUT, (z,9) € R & (z,) = o; EBFEIIEE, (X, {Ri}izo1,..s} BT VST —3 VAF—L
L3 MERTS7EDVTRR, 2ERIRE Tt > 20 2 X IBRER TS T7DHEERD. £R
BETRIERI Y 5 70 E; ICBT A RRADIBHARIE, 2BRILE, 2 FFA U THITLMIMLENTNS
5] E;iid A; RB50BERKESTBINBIC LMD, E T 31EDAHE, ABIE LTHEZEEFELTY
ZedahB. DD, RELD 2BRNE, 2 FVA Y ESRT AT LI, FHBNSMERNY S 7%
B¥aciciizsix,

3 IR

S(GHY%757G=(V,E)b H C VLT3 switching »5186h35757¢ 5. HOFERES
J57Lik, G OREMEERET Y57 (H,{r.v} |u,ve H, {u,v} € E}) DT LTH3. HWEAY
5 70 switching iCBIL T, ROZEE STV 3 [2).

Theorem 3.1. G = (V,E) BTG A—&— (v,k, A, u) DRERTS 7LD, H, 2V ORFMELL,
Hy:=V\H ¢¥5. XlthZH ORDEBETS. 2k-v/2=2+pZRELILE, XIEET
H3.

(i) S(G, H)) WREM IS5 7TH5.

(i) H, DFERES TS5 75 0, - EERIDD Hy OBFEBES TS5 75 wo-ERIT, ROERERT.

hy-h
w;-wz=l—2—2.

SIERN TS5 7 D switching MSMIERAIT 57 (RAU/RFA—2—LIZREEV) MBONhBLE, O
BMIEAI TS 713 2k —v/2 = A+ p BRI BIEXETV 2. 2k —v/2 = 2+ p BERT-TEEENTS
713, Regular two-graph @ switching class IKBENA T LIS TV 3 [3]. HWIERIS 57 D switching
MEELIRT A—2—DREAT T TIHBENZDRROEETH S [2).

Theorem 3.2. {X5ElL Theorem 3.1 LA U TH 5.

(i) S(G, H,) BHRET S 7 TH 5.
(i) Hy DETDTTH ho/2 8D H; DFTLRREL, H; DLTOTH by /28D H) DFTLBHEL TS



switching SRS NBMEMT S 7R UNRS A—a—2f§lla L &, TONRFA—2—{F (v,k+
At pt+c) ¥BBTLNRIND. TZTCe=v/2-2u. 62 G D (0,1)BREFAD L LIRIZED
BEEATHH LTS, 2k—v/2=A+pZHBTRHENT ST, EFOMIT 57 v=2(k- 6,) &
3. switching K819 3 2 DOEREROBIC TR L 1=,

Theorem 38.3. G = (V,E) /35 A—&— (v,k, )\, p) DFREHIIEEN T ST TCHHLTE. HEZV D
BIRET, TOBBMEL LTS, TOLE, v=2(k-6) 2RETILXNEHETHB.

(i) S(G,H) D85 A= % — (v,k, )\, p) DRENT ST CH 5.

(ii) H ORBBH TS5 7H (k — Z2)-ERITHS.

Theorem 3.4. {H5El3 Theorem 8.9 LWL THB. c=v/2-2u kT 3.
(i) S(G,H) MRS A—F— (v,k+c, A+ c,p+c) DRENT ST THS.
(ii) H DBHEER TS5 7 DFERBH v/2 THD, (k- p)-ERITHS.

4 FEREROGA

COMTREBROMADRRRZMENS. X 8] BBREhi-L.
Theorem 3.3 DIEHATHE, RDOHENRETH 3.

Lemma 4.1. G = (V,E) ® v=2(k-6,) Zifl=9, FHNLRERSS 7 THILTHS. TDLE, E;
IC9 3 AEREANDEWDAIRD equiangular lines & L TOREADEDAHR L —BT S,

COHMEN S, equiangular lines DIBHARBMERM 2 7 A >V THBHT LA B, equiangular lines
L LTOEMDADDERE o: Va3 X LT3, 570 H C VICBEY 3 switching % equiangular lines &
LTHRT 5L, BT S o(H) ZERITRETHS —o(H) KRBT AT LEZTKLTWS. S(G,H)
D equiangular lines & UTDRENDIEDABE Xy LFHUE, Xy = (X \@(H))U(—p(H)) &3, T
DLE, Xy 32 ERMEOREREROTLEERETOIW. CTTXy M 2T ekNIE, X T
b S(G, H) QAERIT 5 7 Dl FOT Licix 3. ¥18IC. S(G, H) HSSRERIY S 7 D%+
DRBIE, Xy 2TFFA 2 TRIINERLHVTLNREND. XgN2TFHFALTHBTL L, o(H)
M1 FHAL/THATLIEETHS. Eie, o H)D1TFALTHBT LY, HOBHE? TSN
(k- 43b)-ERITH B LHEIETHS. Thid, Theorem 3.3 EFBKL TV 3.

Theorem 3.4 DEEEATIX, ROBWENTMBE TS 5.

Lemma 4.2. G = (V, E) B v = 2(k—6,) 2§, BIVEIEERIT 57 THHLTB. £z, c=v/2-2p
LT3, L, S(G H)MRSGA—F— (v,k+c,A+c,p+c) DEEMNT ST LBk HIMFEELI L
THhif, B ClT3RANDEDAMITLm, — 1 XTOFTE 2 DOBERD LICHFET 5.

w(H) 3—20BEEcR->TWD., EBIC, 1 THFAVOERNS, HOFTOBEB v/2 THBT E
A3hB. HIBT 3 switching 13, o(H) % —p(H) BHEEA T L 2BBL TV NS, Xy i2—D
OBEMMICHRAT LIS, HOAZENRENIE, Theorem 3.1 505 H DIERES T LA HES.

5 H

Theorem 3.3 ZBAL T, /85 A—&— (276,140, 58,84) DAEMT S 7DFH LW BEMRT 5. LTk
Magma i XBHETHS. £¥, [2] 15, —ORFMSIhTW:-Bi&H G ZEROHY. G OBBEH Y
F7TORRELYTS7 (TRTOARIERMCANSH D) THAHLOELETHEMT. TOLE 6 /5%
21RWE5 Y5 713 Theorem 3.3 2L T3, G DETERE Aut(C) ZHIYT 3. BCERTHED
H5BBBRYS7 H, H 65X 503 S(G,H), S(G,H) IZASIMEARTHH»5, ACART
BhHDEV 6 RELBRENS V5 7DORELEFEWT. BENSN TV S/85 X —5— (276,140, 58, 84)
OMENT S 713, DX 5% 6 RELBHRER TS 72 6 DGR >TVWS, TOENFND switching
PEEWKARTENAU RS A—Z—2EDBEMTS 7EFIC 5 DONBTI T LFMES. 82H
BBTBOSOIVRERS /S5 71:5 T, BWE S(G, H) 25X BTHEENS S C LICERE Az,
57 OREIEIE Magma OEHRAZBEE RV 857 5 D0OH LVWEIERIYS 7IcHLTE, [
UR{EETO C LAMHRS. COREERDIBETT LT, 10 AU EOEWCIRBZRIERYS 7 285
THRLREEHLE: (RERCRHERSLEEDES 272D TEIEEER).



COERRICE L OIERBARE T A VISR TERC L2RTTFY A Y OBGECHRRT I LBARTH
. Theorem 3.3 D (ii) D&RHFE, H DIBEDARKLTHD o(H) WERE 1 THAL THIT L LEHATSH
3. 200t THA Y X, X' BB R 2 (disjeint) LE, FOZODOHMERE X ¢
FHFATHD. DD, 6 ATLBBERST Y5 7B 0 disjoint XFIREIIE 2, Theorem 3.3 D (ii) D
ZUEERIELTVS, IHDICEXBNTHWEEEAITS 71k, 6 RETEHENa /57 % 27000 LLEA T
W Cho2BUCHBEDENE, BALROFKGEELT HERRTHLNTES. DAL, 10
FREOH LWHIREAO—ICBERNT LN, BRIERENE1ZSS.

135 A—&— (276,140, 58, 84) DFHIERIS S 74 Theorem 3.4 WAL Iz L EILBEN B35 A—4—
{& (276,110,28,54) TH B, TONRSTA—E—DRERIT S TIRIFETH I LHIALNTNSE. ThE
HREOEE TR Y 5. Theorem 3.4 DIFANS, TOYS 7 2 ERBRAL LT, 2 IKiEbABENE
Ui binn. LHL, ERREOTOBMICISA2MOBR T LRSI TEY, 52 L0 2 RN
BOROARUE 275 T THS. T Thd, FEERITS.
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A collection of subgroups for the generalized
Burnside ring

IN:: I 4 EOEAT

[0S09] DEREZHET .

CREMBHELTS. DZG-REDEATHLTVWS COBIHOKLTS. ARG-
HEX BEOEEDTT2z€ X DGILBIIZREILENDICESENS L Z (G, D)-H#EEL
X, (G, D)-#EL G-EHROBEOHTEMICET % Grothendieck H% Q(G, D) TEY.
Q(G,D) & {{G/H] | (H) € C(D)}, (=72, [G/H) 7% G-#4& G/H DREYE, C(D)
3D D G-HIRIFEDER) ZHR7 —NVEOEEL LTHD. HIC DAIIRTOHSE
DIRD L £, UG, D) IXER D/ — A FEQQG) Lk 3.

Yoshida i [Yd00] THLITEFOTRE RICH LT TR®z AG) D R-E5INE R o2
G, D) Dz HRE T TRISERFFON LS WBEER . FllhERIE [Yd0]
71X [(0S09]) ICERB DS, R®z UG) kb 2% G2M-IRERROL EDICETS—
§8/\—> Y4 FR (generalized Burnside ring w.r.t. D) LMEN TV 3. Yoshida
i3, BiC Z ORM pic & B BHE Zyy(C Q) S R THBBEDRAEERLS.

BoBEHSGIKHLRDESICEDE HZEDS:

.| NsevemS i D H)#0,
B e if D(>H)=0.

772U, D(= H)W& D > H 213 D ORLEOEELTS. SeDIicHLT, R
B WS := Ng(S)/S D—2D Sylow p-&f53 8% (WS), L <. Yoshida i&RD & 5 sk
HrEX I

(C), SeD,gSe(WS),={9SeD.

(C'), SeD,gSe(WS),=>(g)SeD.

FeIEL, (9)SIESLg TERETNBZBMAMLTS. (C), = (C), PEHILDT L 2K
B3, EhIC MYRTOEBpIcHLT(C), MRITH L) LRBETHFEUTOR
BrE I

(Co S€D,gSeWS=(g)SeD.

pRHEE TS, MEH M I, My =Zy®zM L35, Yoshida DEBIILLT
DAY THS:

Lemma 1. [Yd90, Theorem 3.11]

B AFBEMEENSEN  odafosci.kj.yamagata-u.ac. jp
IFRMALBTFLIHEN  savabe@faculty. chiba-u. jp




(1) Under the condition (C),, UG, D)y is realized as a generalized Burnside ring.

(2) In particular, under the condition (C)o, (G, D) s realized as a generalized Burnside
ring. Furthermore, for a prime p, the two ring structures on UG, D), defined by (1)
and (2) coincide.

G DIEEML p- BRI F U 13 RMF Op(No(U)) = U Iz T L& piRE LFHEh TV
3. GO piREMREOLEE B,(G) L#HL. By(G) DEZEE XX G-HBTALTY
BEDLTE. MR, B,(G) DI U T Co(U) DERBD piidt U LB ENS DL
ik G-HBTHAL TV AT LIRS TV, ZhER%E B=(G) THY. B2(G) O
Feid el p- BB LMINT V3. X OBNIHSBOLEE Xpn TRT. GO
Sylow p-B358¢ P 2 1 DEEL

Xuin(S P):= {Uy,Us,...,U}}

TS EDATvIRBERT={1,...,.} LTB. O£ FCIIENL, Up:=(Ui|i€
FYyL93. COLEG L XCB(G) L [0S09] DEJRTH B K N(X) BLLTOK
SICERRENS:

No(%):={*Nc(Ur) | 9€G,0# FC I}.

L, BB H<GLgeGIKML, IH=gHg™! LT 5.
[Sa03] THH TE D {bNIeRD - DDEAZRET 5:

Hypothesis (W). Each U; (1 < i <1) is weakly closed in P with respect to G. In other
words, if 3U; < P for some g € G then SU; = U,

Hypothesis (P). Forany9# FC I, Ur € X.

BE (W) DT T Xpin(< P) 13 Xpin D G-HBFRDORERKXRTHB L, KE (P)DTF

T Ng(X) iCBENZ 8 H & self-normalizing, 3774bB Ng(H) = H 2l L

CERTS. $NXTODILA self-normalizing T3H % & 5 I8k (self-normalizing collection)

D14 (C'), 273 DT, Lemma 1 D (1) i D (G, D)y 13— S 94 RIS,
EHIUTORERBHT 3:

Hypothesis (Z). For (S),(T) € C(D),

., _J 1 §f T<L9S forsomeg € @G,
§(T-fized points in G/S) = { 0 otherwise.
R7E (Z) 1 5 I RDOBENEZZERIBONS:
Lemma 2. ([0S09, Lemma 7|) Assume (Z) for a collection D of subgroups of G.
(1) Any element S in D is a self-normalizing subgroup of G.

(2) D satisfies (C'), for any prime r, and hence (C),, holds for D. Consequently,
G, D)) for any prime r (or Q(G, D)) is a generalized Burnside ring.

BFO&S REFEAMBIL TV BT LEEET 5:



(Z) for D L2V p iz self-normalizing 7/ = (C’), for D for all prime r = (C,,) for D
Lem® oG, D) k—H—2 Y1 FE.
[0S09] DEEEIRDED TH S :

Theorem. ([0S09, Theorem 1]) Assume (W) and (P) for X C B,(G). Then the collec-
tion Ng(X) satisfies (Z). Consequently, QU(G,Ng(X)) is realized as a generalized Burnside
ring.

Proof: Ng(X) DZODZ2UTFDELIICLS .
H:= '"NG(UF) and K := h’NG(UJ) € Na(x),

RIEU, hi,he €G,0# FLJCT LT 5. vou(IG/K]) = {gK € G/K | H <?K}| H'R
UTBDT, 2,y GIEHL H <K D H <VK BPROIIDEBE 2y e K HRLD
UDT EEREIEEL W,

H<*K ZEETS. cOLE

Ng(Ur) € %'*M Ng(Uy) = Ne(*'#22U,)

DEEDILD. No(ti'shU)) =M L$ 3. RE (P) &b Ur i3 pIBEHOBRLES. o
T, Smith-Yoshiara OFEH [SY97, Lemmal.9] & Y O,(M) < Ur BT 3. FE#kiIcER
£ (P) &b hi'smy, i3 piRESH BT

hi'shary Op(M)<Ur<P2U;
DD ID. BRICKE (W) 5 b2y, = U; L2BDT, hilzh, € No(Us) RE
n3. ERRIC hilyh, € Ng(Us) BERDIIDDT

h3 'z yh,y = (h7'zhs) " (hT'yhe) € Ne(Uy)

&7&'9 a:“y € h’NG(UJ) =K h‘ﬁ'\'éh%. 0
1

(1) Lie type groups in characteristic p: L(p) Z#8 p ® Lie BOHRH#, X =
By(L(p)) £ 3. L(p) D Sylow p AW P LD L
xmin(ﬁ P) = {U19U21 e :Ul}

ED2WT L& L(p) D Lie rank &%x3. TOLE, X ZEE (W) & (P) Z#iz9Z
EHHIGNTVS. AR 2 -1 O—3—294 FR Q(G,N)(X)) 28 5.
Niyp)(X) = {*Np)(Ur) | g € L(p), 0 # F C I} X L(p) DITXRTODEDINFTHRY v
Ho#ThHs. FEFE—REE A(B(L(D)) ~ AWNLe) (X)) PEEILT 5—H Nigy(X) &
(C), ZIRIZTH By(L(p)) RENZBHEILEBNT LRERKT 5.

(2) Mathieu group M and p = 2: G % Mathieu simple group My, X :=B5(G)=
By(G) £T%B. G DU LDD Sylow 2-85 8 P icDWT

Xmin(S P) = {Up 2%, Ur 2% Us 2%}



MO DT ERDHB. X B EE (W), (P) Bi#ild T Lid 2002 £5iC Sawabe Ik
DRENS. HoT, BH2S —1=70—HS—> YA FIR Q(Ma, Nagy, (X)) ZB5.

(3) Conway group Co,, Monster M, and p = 2: G % Conway simple group Co, ¥
Jzi% Monster simple group M, X := B$(G) C By(G) £ 9 3. Co, D 2-BELFHEFL
1999 £EiC Sawabe IC X b, ¥/ M DOFhid 2005 4T Yoshiara i & D ThENBEEh
fe. Coy & M D X MMRE (W) ERGE (P) 28573 T L& 2002 4, 2006 FFicENTEh
Sawabe IC X DREN/=. BERL 24 -1 =15 O—fs—>¥ A1 FBR Q(Co,, N, (X)) BEE
25 — 1 = 31 O—f§3— %A FIR QM, Ny (X)) B85 3.
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—BHEERBO =R AD SERET NS
BRSO R E

EAF— 8 (LB R FE KB R A B S 58PT)

1 gL End

THRAE & 13 1986 £EIC Borcherds[1] i< & > TEA T h i fEREAORIAERFDREL
RTH3. ERREOEBRERRS=HIC, z ZERNER, U2 C LRI
WERE UTUTORSZ#HET S -

Ullz, 27| = D uwwa' | uw € U},
i€Z
U((=)) = {D_ ' | e € Uuy =0 (i < 0)},

i€Z

Ullell = {3 woe* | wy € V).

RO ERRBOEBTHS.
JERR 1. ROZRHEREIT=D8H (V,Y,1) ZTHRABE V3.
(1) VIidC LR bV,
2) Y(=,2)i2 VD5 (End V)[fz, ]| AND CHREIER. o € VISHLT, Y(a,z) =
3 apz " a6, € EndV, L BHIESEL.

neZ
(3) a,u e VIZH L TY(a,z)u € V((z)).

)
4) 1€V TY(Lz) = idy(= 1yz---1),
(5) a€e VIEHRLT, anl=0("n2>20) ke 1=a.
)

(6) (Borcherds E¥=R) a,b,ucV,,mne ZIcHL T,

i (T) (@4ib)m4n-iv = g (i) (=1)(@tem—ibnsi + (—1) bryn—itmsi)u.

=0
B THEARBV ICHLTV mBoERES5X 3.
BB 2. ROFRHEETH (M, Yy) ZV INBELWLS.
(1) MiZC LD~ MV,



2) Yar(=,z) & V 35 (End M)[[z, 27| "D CREEB. o € V ICHLT,
Ya(e,z) = Eza...z"‘",a,. € End M, L BRA%EELL.
ne

(3) ae V,ue MIZHLT Yu(a,z)u € M((z)).
(4) YM(I,.’E) = idM.
(5) (Borcherds FEFR) ¢,b € V,ue M, ,m,ne ZIZNLT

oo

i (T) (a14i0)mn-itt = Z (:) (=1)(@remmibnti + (=1) Dpn—iOmsi ).

i=0 i=0

FRRBUICE IV O DR GZB LI D2 THRERZREE VS, 'Y
A —HUBENSECEMRL > TWAL—V Yy A VHRERRRBEZD. -
B2EHTHBD. HRIEAFRRBR L ZOECHERBHCH L TIXAKENTFELNS
30T, BEOMAOERL L &ICTOFHAZL LTS, ARIERAERERV &2
OHMBEROHCERENG < AutV 5 5hik L E, TERPEMVC ={uc
V]gu=1u,Yge G} RV OBIRAERERRE LS. VgL VO gL OB
FEMSDIZERTHD, VICHT 2BYTRET T VC InBEL twisted V INFEE
KRHEAHZT ENFRENTNS [4). twisted V INFE (3] LI V InB{OERZ
HERL 7= DTH AN, TR ERREW. TOFREL—>Vr AV
TFARERZERBOIBRICEMb> THWAEEBRLDTHS. TOTFTRIZUEH
INEIREBIRDBEITIZV S OO DRI TR TN TV 3 ([5| OXBIR) Y, —D
—DDFICHBNT Ve BERRD B 1-DICKELFHELEL LTWS. GHIE
ARAFOBEICIE, BRATEEEZBRVTRILZERICRHBEILZLES L, EBFHE
DORREEFIIZ TR,

FHIHERERRRB VS £ 28D TRARBOREH L TFEEZRRT
HBITELREZTHI.. L LFREAKEHEARBOEEZ I TRERZI LN
k2. UTR3 &S5, TRCESTRLEEFDLOHSHLHAKBORNP
TORIEBRT 2T LHES. ThbflicE)3ECERBCH L THFEE
RIEL, —ROBPESOEHID L LIEVEWS DBHAEOMBETH S, B, @
B3B3 LI EBSHEAEDBAICRFRNE DT> TWB T L ZRIEH
¥3. L, TORBCRBERUBOBECERBEIEHMICEERZ>TL
5. ERERRRBOFICRTHE CEHIMBBEONEIRES N TE:. —
ZREEAROFEITIZEAMFEI D T, HHEAMEIEONELRENT
W35 T LSRRI . '

AICEBTTR A L FDEDES D HSTRAREZHEK L /- Borcherds DER%Z
RcBNTS. ZOLSCLTHELNSEARROBEMIT L HES. EHIZE
SOMEERAWVTHEEHRECHES. T T D(ab) = (Da)b + a(Db) Zi1=T C
BRERD:A- A% ALDEZ L VSTV,



il 1. 1

(1) DEAMRACBTTRA LOEF LTS, a € AICHLT, Y(a,:c) E—z €
(Bad A)lla]] EEBBE, (AY,1,) BIURREL LS. CTabe AlH
LT Y(e,z)b= z( 0 i THb, ADEMTE 1, LEVTVS.

2) EBDue VIEHLTY (u,z) € (End V)|[z]) L BTRRARE(V, Y, 1) 5 R
BT, vveVIRELTu-v=u_w LEDDBE, EHD L (V,. )&
BT 1 2R OTRCSTTRELS. &5, BRD: V-V ZDu=1u,l
LEDHBL, DRV LOEF LS.

UTAZTACSTR, DR A LOBESFE LT (A, D) hoBRENETHRANK
B EOMBEZZERL T, MBEEEJTE i, STRELTDO AMBFeS
TR AME, FERARBE LTO AmMBRZERRE (A4, D)MEELnS T Licd 3.
E 1 L FROFBRIIBFHTH L TERYILD.

i 2. [1)

(1) MEZBTTRAMBELTS. a € AIKHLTYi(a,z) = Z—z‘ € (End M)|[z]]
LEDHBE, (M,Y) &ilﬁﬁﬁﬁ (A, D) Btk iz 5. -CZ:“(.'a cAveM
IR LT Yu(a,z)v = z (D “)” 7 THB.

@) HEBD o € AIH LT Ya(a,z) € (End M)[ja]] & 753 USRS (A, D) gt
(MY DEABNT=L TS acAveMIENLTa-v=a_1v LEDHS
EMBBTRAMEELES.

21, BTURAMBIERNAE (A4, D) InBEL BRI LRZERLTVS.
LA USTE AINSH STERRE (4, D) inBM2THONB T LRFEL TV
V. THIIBEIC Borcherds ik > THHEEINTWI=C L THB. D = 0DFE®
dimc A < oo DIPRICIE, BITK A INBED STRRCE (A, D) NN TELNS
TEMNHESKESDB. LHL, REES o> TWiaWAZSEXTWS. UT, mn
BIC EBBRTOEDEERS.

0 3. (6| —ERSERRC[s] LEDLDBS D = p(s)%, p(s) € Cls], ZER 5.

(1) BT ABH» SR ENhEV C EBERTREARE (C[s], D) nEth
FETHIDOLET IRt degp = 2 THD. degp = 2DR/ICIE
n=12,...&NLT, EDXS5 X n RTEBREIRRNRE (C[s), D) ngt M,
HEBZRNTRIE—DFET 5. M, RRORHERWET.

o M, i3l n=1.



s 0CMiCM;C---CM,, CM, ?Mn/M_lng k3.

(2) g € AutCls) ZMBAMOBCRAR L L, gD=DHEHIU>TWVHLTS.
HIRRTTIE g-twisted [ARIREY (C[s], D) B3 A BIHRS. FICHEBOARR
FTEETER IR (Clsle, D) tng$ld g-twisted TRRIE (C[s], D) AN B85
BT ENDh%B.

hnBE M, ZEENTRRESXI 2T LIHKZD, BLRZ2DOTHEKTS. (2)
BEAREV L ZOMBEROBECHBEHG < At VIEXH LT VS MBEL twisted
VB LAMELTWA T LORER L tH>TW3.

—EREEXEDBE TS, BB LTHIBA LTERARRE LTHIES

ETRMBMNRBEZBPENMMUTL 5. ~FESFRREZH L LTEBENWIFRA -

DURBTEHRICH U T, S AL 58785 WTHRAE (A, D) InBENEE
THRIHOFESROINTHANEEIN, EES X EMHZIRABT LNH
224N

ROEWTI, —EBSRAANROELRIRT—EMME 37X Cls, /(12 - f(s)) B
LT, ZOTHRRABMBHCET S BREZRET 3.

2 C[s 1/t — f(s)) LOTESA SN

z fist € Cls) R TABTRRT, JEH 3LLE TREROFED 105

lﬁi\‘.}:*ﬂé "4 = Cls, t)/(B-f(s)) &B%E, DEZALDEFLLT, ]Eﬁﬁi&(A D)
BT OV THN=T L 72% . AD7EIEIE C(s) DZRILK C(s)[t)/(£2 -

LB LiciEET B, Al Dedekind Biic 2> T b, ﬁmiﬁmgnlﬂ A 1Ju
BHOoNB X <ASNTVS (cf. [2, Theorem 6.3.23]). TOT &HhSHBRT
TRAE (A, D) IBEDORFLTRETRAVAEEX, —BERSHARDIFEDER
L UTTHARE (A, D) mBEEER L. FEEDBRBIHICROTBESEZHFHT
3 . D(s) = ay(s) + azx(s)t,ay(s),a2(s) € C[s], L LTz L &,

N-1

gi(S) =a (3) + 0.2(8)8”12(1 + Z f,'s'_N)l/2
i=0

= a@x sy (V 2) (3 Fwmis™Y) € C(s™))

3=0 J i=1

5L, gu(s) i D(s) C((s~V)) KBV TEBLI L DTHB. COEE, K
DREREB:



EE 1. SR ANEL SR E N C ELERXTRESRE (A, D) InBbE
TY 3 1=DDBETTRHAR,

o deg fOMBEL(CDLE, gu(s) eC((s7))) L%B) DD
® gi(s) or g_(s) = Kzzgis",gz #0,

THB. EbIT, TO/BCEn=1,2,.. . IKNLTFDX 5% n RTEBENLH
ARE(A, D) MBEYNERERNTIEF—DEET 5.

Bl 1. REORMFRGITERN f(s) L85 DDOFIREXB. f(s)= Z fish fa=

1, B ARFERTBVERD4RE=Y Y BHEXELTS.

ale)=f) ) =an-La- s, Coan# 1~ 11,

LB

p(p) = L) 719,
LEBBENT DIECls, 8| /(- f(s) LD LD, COLE, D(s)%C((s~))
ILBWTEBML g4(s) &,

D(s) = ai(s) + az(s)t,

@—Pﬁ+h+mW+@-k?h

+ (s7! ZEER t?‘%iBiﬁﬂ'ﬂ'\%ﬁ&ﬁ)

Eixh, (f(s), D) BEBOFKGZHLTVWAHT LA HERHRS. E/lEBOR
e hie 3 BE f(s) L& D B TOFLSHIKRICHIRT 5 T L AHRS.

BE 3R
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P

BT TRAERFERE (VOA) BA—Y ¥ v A4 VOA ZEBRBWI FAD—DTHS. &
BT BFICHBET 3841 % VOA O frame stabilizer I DV TD Lam K& OHEFIEQG
N9 3. FAIX [LS) ZBHIcThi=w.

1 BITERR/MEARAREBENS

KM TIRATE VOA DEHLEHIT OV TS, ¥z [DGHS) 2LRE K.

L(3,0) Z0ER 1/2 OBSIY 1+ 5V 1 VOA &3 5. L(),0) RERNTHY, Bt
IXEIBZRVT L, 0), L0k, k), Lo, ie) DEDTHB. ec Vo BN A I VIR THBLiZ e
NERTHIHERKED e BTV OTTL TS L(1,0) L[EER VOA L3RBT THS. 1
Ve, feV, BNERTS LiX [Y(e,21),Y(f, )| =0 2T L TH5.

5258 1.1. [DGHO8) V RMW#l VOA £ 5.

o V' Bfd¥ (framed) THB LIIREETEWVCHRETE VDI I /T e, €7}
NEETRLTHD!

w=e'+---+¢.
o T, = VA({er, €2, - ,er}) = L(Y,0)®" & V OTF 45 O (Virasoro frame) L1135 .2
B 1.2. [DGHO8| Bt & VoA BEBNHID C-BRTHS.

12405 V ORLETHN v/2 225,
2LIELIE {&,...,e'} BT s SvakRinS,



VEZRBHEVOALLT, T, V45Vl d3. T, 3EENZOT, VX T, e L
TRETHTHS. £ic, ERDOBHY T-BHIBLS L1k, 0)-InBED r BOT >V VI AR
5%. &o>T T-tn#e LT

14

R

& m. hf®L(l/2:hi)

hi€{0,3,7%

hRA 1.3. [DGH98) D:={a € Z5 |V #£ 0} REE r D Z, LOREFES L LS.
LI, VOO T,-ite LTONEEEZT,
Vo @ ma,.n @QLEk k).

hi€{0.3} i=1

.....

& B=(f1,...,0) € ZZ ITHLT MP % V° D T,-ER3hnBE ma,,..p. @y LA ki) T hi=Y2
LBBZDON G =1ICRENSMBERI T LICT S.

8 1.4. [DGH9) C:= {B€Z; | MP #0} BERE r D Z, LOBRERFSLLS.
TR 1.5. 2D (C,D) 2 T, IKMT 3 vV OERFS (structure codes) £S5,
ZE 1.6. WBEFBRY « 5V ORORY AT 3.

{TE VOA ILBIY 2 BAMNTMEL LTS 5.
PIRE 1.7. B{3E VOA DT 4 5V OREFEL, X1, MENSEIREL.

2 BRFIAET3RR{EREAH

FETIX, BRF L IZ{4BiT3 VOA V, L2 H 5 Z-HdkiliEic k- TESHhB V,
IZDWTHRNRS.

L ZBRTFLLT, VL i8F VOA &7 3 ([Bo86, FLMS8g]). V, DECHEE Aut(Vy) X
BRFOBCFERE Aut(L) ORFBL ETFEZSUDT, -1 € Aut(L) ORFL LT LTHE 2 D
0 ZMB. COLE IICIBERM VY = {veVe|o() =0} &V, DES VOA L%x5. 3

TTTLRIZEVaFLL, BROBI RO twist ROB Vi -ng v+ 205 4

39 DI D HR—BTIREVY, V] RERERVT—BNTHS [DGHS).
UL BL=EY255DT, TOLS TEMNBEENEDFNT—RTHS (|AD04]).



B2 2.1. [FLMS88, Mi04, LY0S] L #A—EVaSERFLLT, L ¥ 4-TL—L%HDOLT
B35 cnbE, V=Vie Vit ik VoA #E%RREL, TOMEE V-nBEHER LD L
LTRAEERVT—EBNTHS.

TD& 57k VOA DHER Z,-#88ME L ES. L 2 47 L—LEROEENIS W,
AT E VOA Lixh, {3 & VOA DFERYL U T LOFEEY [Mid4, LY0S] TERLNATVSS
LU, 7e4id [FLM8S| icHBW T, triality BCAREZRAWTY—FKRF A KRS V=T,
LICHAERAENMERE N, GERICRMLEREZET) V! 5 VOA iR L DT LAURENT
AY- 3

EC, VL,V DL D4TL—LICfiHETE T4 SV OVTRTHES.

0 2.2. [DMZ94] L 28 n OBRTLL,4-TL—L F={xfi,...,2f,} ZHDOLT5.
CDLE,

() = (1P 1k 7(eh +e75)
BAVYIRTHY, Vi, Vi, VL B FIEABET 374 5V 0k Tr = {wi(fi)) ZRORTE
VOA TH5.

CTTF L FHoAkmEns L ORGRTF oL, 2f; ZA—RL, Z-FS €= L/F C
F'/F7Z} %#EXDH. CODLE
S = {(,...,0on) € {0,1}" | Cy,...,2a,) € €},
¢ ={(a1,...,0n) mod?2]|(e,...,a,) €C}.

REZ n D 2Z, LOREFSTHS.
ETVL, VL O Tr KT AHERSZEER L XS . TORDIC Z3 H5 Z2 "D DODEH
B

d : (.'131, Ty .. 7zn) L d (-’51,21,22,1?2, v ’xn’xn)
e : (z1,%2,-..,%,) — (21,0,22,0,...,2,,0)
ZRVS.
i 2.3. [DGH98)
(1) Tr iCM9 % V. OBENSRRTEABNS.
D=d(), C=Spany,{d(Z3) e(C)}.
(2) Tr IcBAT 3 V, OMBERSRRTEXENB.
D = Spang,{d(€,),e((1"))}, C = Spang,{d(&,),e(C0)}-
122U &, = {c € 23 | wt(c) € 22}.
SF={xfili=1,2,...,n} C L BB n DIET L D4-TU—LTHB LIL (f;, f;) = 46;; PRUTB L
TH5. LEUIE FRERTIBT o),2f; & 47— LLEE,

SHEEICIE, EROI-EV 2 SMRTF L ICHLT, Vi ' VOA i O LOWRARSX SN TENEE
bhs.




3 Frame stabilizer
ZAE T3 frame stabilizer & pointwise frame stabilizer (& DV T3,

EER3.1.V ERIE VOALL, T, 2U+5vuigkds. cOL%, T, O pointwise frame
stabilizer &%
Stabl,, ) (T7) = {9 € Aut(V) | g = 1 on T3}

TH b, frame stabilizer i
Stabaww)(Tr) = {g € Aut(V) | o(T3) = T3}
TH5.
pointwise frame stabilizer IZIBHCHEFEZRAVWTREIKREETNTWS.

EEE 3.2. [LY0S] V Y+ SVDR T, 2#FOR{TE VOA LU, (C,D) % T, icBT B HER
BLT3. COLE RDESLHEERINH BT

1 = Z;/D — Stabl, ,,(Tr) —» P/C* — 1.
7e’ZL P={€€Zy|ané e C Vae D}.

FT T, RICEX BXEIX frame stabilizer T3H3. pointwise frame stabilizer I& frame sta-
bilizer DR TIERTH D, TORRBFIT + 5 VOB ERIERT 3. Wic, 12> JcDE
BLBT, r DUHBOMIBLBXS. T5IC, ROGEVAOShTWS.

i@ 3.3. [DGH98, LY0S]| V ZJ«+ SvVuR T, ZRDOR{TE VoA &L, (C,D) # T, icBY
BHEFZ LTS, TOLE Stabauy)(T:)/Stabl,)(Tr) & Aut(C) N Aut(D) OEFEFLE
RTH5.

ROMBORERMNSG EDOHEDIHBEDO—DOTH 3.
R 3.4. Stabauyv) (T,.)/Staprtut(V) (Ty) ZRER &.

T i pointwise frame stabilizer DRICEX BZRNE/RE VS BRTIHBENH 2D, ThiE
UTERCRDKS BRANBEEGENS.

o frame stabilizer BIERBTHNIE, V1 SV ORIHBTEWV. XoT, Vs 5V
SEO/IAUDT EMEFENS.

o frame stabilizer IZfFFEDOHCFREAWTIRENS. - T, #{FE VOA DBCHAR
HOBRICIRIDEBDNS.

FTRBMAIBE L UT [Mig6] THBATNLFFS VOA DPEEEXTHS.

TZ8MES C,D ZAWT [LY08] TRKIERBREhTVWS,



B8 3.5. [Mig6] BT E VOA T (C,0) LW HHERNSEZRDOLDZ C IKiTHiT % &S VOA
vy, Vo elK8

B 3.6. [Mi96, Mi9g] Stabl, . (T;) = 23/C*, THY, RDOPRHTLRTIND S
1 — Z5/C* — Stabayve)(Tr) — Aut(C) — 1.

L7zhoT, FFE VOA O frame stabilizer XGRS EBAVWTREKIDRENS. 17,
Aut(Ve) DT 4 5 ORADIERIE [LSY07] THEENT 5.

@il 3.7. [LSY07] C HEE 2 OREHFLINE Aut(Ve) BT+ 5V ORARIBIC{ERY
3. [, MBS R—ETHS.

KT, —fROIBAD frame stabilizer XEXTHED. V ZRFE VOA &L, TSV
T, 2L Y, T, ICBT 28ERS%E (C,D) £T3. TOLE, VO IIFS VOA &KDT, C 16
TR VOA N RE SN, V © VOA il VO L D EUTR—BRRELRW. &»o
T, Stabauq)(Ty)/Stabl,(Tr) & C & D U TERESEVEBDNS. KB, RO
»H3.

@ 3.8. (1) V—F1F A i{IBITEEF VOA V), L L=V v A VOA Vt XR URGER
SEE5X3T 45V alReRo.

(2) V! ik frame stobilizer DIEREENE CBEFSEEX SV + 5V OleRD.

Lizhio T, ERFSUNOFRERE LKV, frame stabilizer ZETRT 2 DIZMEL .
ZTT, 50 Lam REHBETV =V, £123 V, DIBBIK L D 47 L— LIBT3 T«
Sy Tr O frame stabilizer ICDWTHELZDTHB.2

4 FHER

L ZB¥ n OBRTFLL,47VL—L F 2ROLTS. €=L/F %2 ZF5LT3. TOD
& Aut(C) i3 € Z{ED Aut(Z]) DEHBELT S, 272U, Aut(Z]) BREERH 1 - 23 —
Aut(Z3) = Sym, —» 1 TEA 5N 3.

EIR 4.1. [LS] K = Stabauwv,)(Tr)/Stabl,,y,,(Tr) &BX.
o K 1 Aut(L) DWW DOHDTOFFL LT L triality BECRARTERENS.
* |Aut(C) : K| = |Aut(€o) : Aut(C)|.
EE 4.2 [LS] L ZA=EVaSEBETEL, K = Stabyyyp,)(Tr)/Stabl, o (Tr) &5, &

Aut(V]
7 ¢y DER/NESD 4 ThdERETS .0 o

84, B3 A [Mi96] DEBLIEREBN, BFE VOA ERVWEBBRIECOIIICES.

LML, BE, HS-FH-RR-BAOWEICE T, Vi £:i3 Vi, OBENTRhEZVRTE VOA HEFEENT
SOWMENBHESMNIIE -T2, BRI, —BRD (EA) #FE VOA ICHY 3 frame stabilizer DM B L ix->
Fe. LI L, SEDRRIEL—V v A4V VOA ZEUS{DPEICHANNES C L E2EHELTBHL.

10,1, L A/Vh 2 DFEERFlZhE, CORBRBI-Eh3. PIAE VI NGERRIETSS.




o K ix Aut(L) DV OHDTDHSL LT L triclity BORETERENS.
e |[Aut(C) : K| = |Aut(€) : Aut(T)).

COEENSRENIC, FEOECREECETOBE CRIEEE BT frame stabilizer 2
ERTERLSTES. T, Aut(S) = Aut(C) TH S5 51 K = Aut(C), K = Aut(C) &
3.

BBIC V =V (resp. V = V,) DIBBRDHADRA y v F2E%%. fi 23 X0 C B d(Z)
(resp. d(&,)) ZHAFBLLTEUT LHbMB. BT T, H T d(Z8) (resp. d(&,)) & Affx
C DERHBLEDEAELRI LTS, k=dime} LEL.

9, K (resp. K) DFEH d(ZF) (resp. d(E,)) ZEET 3% 51E, 82 VOA Ve (resp. V;)
ZEETZCLILEBZDT, F 2FOoBTOHCRRORL EIFLRA T Lk, FLT
COECHEBE LTHRT ST L TRERS.

#6850 4.3, d(Z3) (resp. d(&:)) D K (resp. K) R B 3EESBIEE 20 Aw(T) (resp. 2% :
Aut(€)) LEETHB ..

V=V, DIRERRE 1 OISO T, AECRBEREZHWTRERZ T LNHKS.13
R 4.4 K 3 H WCAIBIC/EHT 5.

V =V, DBAR—BIINSECARERANS C EAHKENY 22T, RFOEEEE
OFS5 HFUSNOBCRETH S triality ETRE ([FLMSS]) ZAVWTAIBERY. £D®
i, ¥7, C ORE: LESERNEE (B LT, BE&0T, RMES) ZBVT H ZER5ET 3.
BN HIKBTA/HS EDORERS L, EN/ VL 2 DESEE {g,...,0.) CR*\L T
g,~+gj €L o {gzk_l igzk} =F %iﬁf:ﬁ'%@é’:ﬁﬁ)%l th‘bb‘% %{‘C, [KKMQ].] 75‘5 L
U —FRFOX 5 HHERIET Type 1 Z,-FF5h 5B 5N TV T &hbid. &oT [FLMSS]
ICHERA LT triality BEFAE o 2T 2T AR Y TD o i {gu-1 £ g} =F &b
Tr 27D, £z (5 B & LT g DHEL triality DIEREZRAT L T) 0(d(Z3)) = E
BT ERDOMS.

T 4.5 K3 HICOIBICiEET 5.
¥, BEEFSOACRBEDHENSXNMEENS.

i 4.6. Aut(C) ITBIT D d(ZF) (resp. d(E,)) PEERESEE 21Aut(Co) (resp. 2% : Aut(To))
CARTHS.

CNoHEZEHADEB T L TEERZEBH T LNHES.

1y, OFEBL TR [GHO3) KiFFERAVWTRREhTWAEHMIC R UEENS 2
12y, DITD exponential TERZT NS ECAE.
13PN [FLMSS] i2BWV T triality LFHENTW S HECHEERE WS,
HBPXE VI ORSEPRECERII V.
515[FLM88] Tid triality BECEROHRIE VI &b —RNTFEHNLBENEEFICHIHYT S VOA TEX
hTwa.



5 #l

5.1 Vg,

o L HRDERAVYNEWIER VOA THB Vg, ZEATHD. $TIREE 8 D Typell Z,-
FBICDOVTRVLHT.

£ 5.1. [CS93] && 8 D Type Il Z,-FSREHEZRWTTE 4 05 5.
EBL2DFRIIH LT, ORI OFEHWBICHEIDENS.
% 5.2. BE 8 O Type I 2,5 € iITH L T, Aut(C) = Aut(C).

LIet$oT, By D 47 L—A F IZHLT, Stabauvs,)(Tr)/Stab%yy, (Tr) = Aut(C) A
BT S, LTAT,|GHO3| T Vg, DT 4+ SVRRIISEINTWAS.

B 5.3. [GHO3) Vg, DV 4 TV ORBHBEBRNWTTHE 5 lidH3. Kic, 8D Vg, DY«
SV 4-7 LA LHTBT B Vi, £T24d Ve, (2 VE,) DT SYRRERRTHS.

EoT, LD TROERZES.

S2HE 5.4. [GHO3, LS| T % Vg, DIEEDOT+Svakk L, (C,D) # T icMT 3 MEREL
T3, TOLE Stabawys,)(T)/Stableyy,, )(T) = Aut(C) L% 3.

[GHO3] T®D frame stabilizer DPERMARDHITIC KX DITDh TV 5. FCHFEFOHI
HEESEAVTIAALTWSE5655. —H T (LS| DRREMES T LT, FHEMIC Aut(C) =
Aut(C) NEEZHNDNMS.

5.2 Pseudo Golay FSI{IBETS VI DT« SV ARk

5E3% 5.5. [Ra99, HM] B E 24 DIEENZ Type I1 Z,- 198 € T € =€, = Gy ZIHTED
# pseudo!® Golay S L35 .77

#RA 5.6. [Ra99] TEL 13 DIEMAEM pseudo Golay FFENEFEET 5.8

BE5.7. [LS| F 2Y—FIBF A D 4-TL—LT €= A/F I pseudo Golay FSL/5x3LD
LB TDOLE StabA,“(vu)(Tp)/Stabi‘,n(vh)(Tp) =4 2‘2.Aut(€).

iPR. ¢, DR/NEHIE 8 DT, 8D C DEE 4 ORFSIX d(&y) KBTS, &oT
Stabayeve)(Tr)/Stably,, ia)(Tr) & d(£2) ZRE, HifE 4.3 D SEEMGES. 0

[Ra99] ICEBEIN TS ¢ DECHEHEHROMERZRSC LT, KBCHMEFSI—BTIH
frame stabilizer HFEFERE T 1 5V 1D pseudo Golay FFENSBLNB T LHDhB. C
UIHI 3.8 (2) DEGKBIL > TS,

IBREMER> THNB L EIERL TR S o B DAICBBLET. p BRTFLERA.

1"Raing DARDERIIFIOBRTH> T, TOEBWTHELWINFHEIA L ZREAL I >THAZ AT E
T, EELTE oo RBEAKBHLE Y.

BHEPIRREE A LRBE AR > THRT NI LBV E LN, Rains DIEXOPRTTE 13 BTH5LT
MITVES. BRL TE oo IoRBEAKBRILE T,




53 U—FRBRFDHD 4-T7L—LICHMETS VI OTsSYOR
KLHBATVBESIT, Golay HE Gay D

A= %{(‘U;) e 7% ] (1‘),) E'G24, i v; € 4Z}) + Z;ﬁ(_& 1,1,..., 1)

=1

K-> T, V—FRT ARSI CDLE

1 1 1
&1 =%(2,0,...,0), 52=$(0,2,0,...,0), ceey €24=ﬁ(0,...,0,2)

frici=¢€aten1, frui=en—eay (1=12,..., 12)

LBLL, F={£fi|i=12,...,24} R 4T 1L —LLi3. B, Golay FEIIEBENTSD
BT LMD €= A/F ZEE 24 DEEN type 11 Z,F2L5%.-LHL, TD LTL—LD
{ED A& Golay HFEOBEDE Y HFICHKFT 3.1° T T, T T Tld Golay fFED MOG
([CS99)) ZEAZB. TOEEILE/LNS 47 L—L FI{IHT2 VI OT45Vafk Tr i
DV, KBFLhTH3.

il 5.8. [DGH98| (C,D) % V! D Tr icBIT 2iENS L T5. COLEC=D*,dmD="7
TH>T D = {(cc,c), (1%0%),(0'160'%) | ¢ € RM(1,4)}. €5iZ, Aut(D) = Aut(C) =
212 (S5 x GL(4,2)).

FoR6N% Z)-[F5 CIZDWTRNRY L DHMEHERTHN DL NS.
8 5.9. [HM] Aut(C) = Aut(C).
[LYos] &b Stabi'm(w)(Tp) 90 T3, Ko T, frame stabilizer i&RD X 5B

EE 5.10. [Mi04, LS] Stabauvy(Tr)/Stabl,,u (Tr) & Aut(C) = 2'2.(65 x GL(4,2)). &5
I, Stabauywy)(TF) & 2720.(21%(63 x GL(4,2)))

CORRIZ Mi0d] TREFSOACHEEY VOA OECHERICHEH LA 2 HENET 28650
VOA DHHEEFVENSEHERL TV S.

CDEILEV/AZ—D (Bl AKEV) BRHRZAEZAWVTEIERT 5 T LUK, Hig%
THRIFEINDOLEZTLIFENS. iz, T4 SV OROZBIHLTLERTHDHT LM
WiFEhs.
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Mobius numbers of some modified generalized
noncrossing partitions

B M (AEAFEEMEBNZENER)

tomie@math.tsukuba.ac.jp

ARHIZE 2 s ERBNEESERY VRIT LTORBBABTICW L DHhDHE®
MAFLBHILOTH B,

1 Introduction

noncrossing partition 33 X U* Catalan number & DB{#IZ noncross-
ing partition DE X _EIF 35X U refinement orderiZ K> TEE 5 poset
D Mobius function 2E%E L 7z Kreweras DR [6] ICHAE DB DA
Teblic K> THIFEMN I E T E 72, noncrossing partition & (& BIFREL
nDHETHALIC1 D5 n X TREFIEY ICE>MRRICIENT=E DI
FHRLILEFTOy J7OMAENRDLLENE S B DREKY
%, &RICHHEMICIE AR B B DB D noncrossing partition 3 &
UZD—{t & x5 k-divisable noncrossing partition & £ A Edel-
man, Reiner 5IC K DS E N T E 7z, —7 Biane 513 noncrossing
partition & Coxeter group & DBARICE K U Coxeter group D abso-
lute order Z A\ T noncrossing partition BAICESE L7z, [3] 2006
£ Armstrong i FR3C [1] i€ & D Biane DA LR & O —ANICIRA k-
divisable noncrossing partition IX$G9 % & D% Coxeter group %z
AWTERICHER LTz, BIZAGRICIV T k-divisable noncross-
ing partition DMEHF R T FTELA@MMSFH L LRARTV B, k-

divisable noncrossing partition {C (& EL-labeling, parking function,



narayana polynomial, associahedron &% < DHEBEEWVIRLE DD
TAD DR E N TV 35458 Tld Mobius function (A UEKTH
% /' Mobius number) DFE% UM ED TV EV,

2 Mobius function

RAERTEIEFES (CLT poset ML) D Mobius function
BEUTOXSICEEE NS,
Definition 1
P ZRFAER poset, Int(P) Z P @ interval DER LT 3,

p: P — Z H Moébius function

raet LYy, T, Y) = O, BTRTET

C DREFHE X Y Mobius function iITEE L T—EICEE 5. LI T poset
PHB/NTO, BRI 28D & & u(P) = 4(0,1) T 3,

Example 2.1

(1) Boolean algebra B, D Mébius functioni p(B,) = (-1)* &
%5

(2) set partition Il,, © Mébius function i& (—1)"n! £ %%,

(3) noncrossing partition NC(n) D Mébius functionld (-1)"C, &
x5, 12IEL C, 3 Catalan number,

Mébius function D& d EEZICAIE Mobius inversion formula &
EEh2E5DTH 5,

Theorem 1
F,G: P—ZIEKXNLT
F(z) =3.4,G) = G(z) =Y, 1=, 9)F(y)
OISV DHELHINTWALDTEBIEEDTHS
MIEF IS N S O TETMECEIC BT 3 5 E DEELRESTAN
X D8I BHFE 9] L REMITIT Mobius inversion formulalCED



WTW3, X7z Combinatorial Hopf algebralc B\ TIEEREEIE
ZROIFBBICBICHEN TV,

3 Fuss—Catalan number

EFEH Coxeter B (W,S) B&L U degrees d; < -+ < d, IEXLT
(positive) Fuss—Catalan number ZL{ T TED 5. (1]
Definition 2
(1) Cat®(W) := ]%[ I, (kh + di). Fuss-Catalan number.
(2) Catg‘) (W) = ]%[ -II%,(kh + d; — 2). positive Fuss—-Catalan
number.

ABlk =1 &9 % & Fuss—Catalan number 55 Catalan number
MEITTZ Catalan number D KIELE—{LL RBC LB TE 5,
Stanley DBFE 7] ICIE KB D Catalan object MEERIEL L TH)
HEINTWVBH AR Fuss—Catalan object ICBAL Tid#H & %<
DHIVRDOH> TS & DDO—HINTIRE L BHISN TV, KL
TV O FIZEET S,

Example 3.1

(1) root =M S E X % Extended Shi arrangement {Z &} 5 positive
chamber DE%Y (Fuss-Catalan number) B UZFDHRTERTH
35 DDMEE, (positive Fuss-Catalan number)

(2) root poset M SFE % % anti chain DB,

(3) associahedron IZ 35} % TEAR D ERL.

RDE T Fuss—Catalan object DT & DT 5 generalized noncross-
ing partition IZ DWW TR 3,



4 Generalized noncrossing partition

(W, S) ZEFREE Coxeter group &9 %, T:={wsw ! lweW, s €

SYeBLoEFLTly : W — ZZIp(w) :=min{i |w=1--- 4 1y,...

T} LD B,

Definition 3 (absolute order)
wy < wp <= Ip(we) = Ip(wi ws) + Ip(wn).

ChZTORDYICERR S ZRAVNI 5 ITEHEOR S L &
) weak Bruhat order #1585, absolute order {& weak Bruhat order
DEFELEL RBT L TES, absolute order I3F/vT e U THE A Te
ERFOMNBAITITFEIERT Coxeter elements WEATE 2%, S
Coxeter element & D NC(W) := [e,c] £F %, TD & E Coxeter
elements ZEWCHRETHAT L I BB TRETHA T L EVE
BERWT—RICEE S, NC(W) % noncrossing partition £FESR,
FHCABNCAAL TREUTOT EAMENT VWS, [3)

Theorem 2 (Biane 1997 [3])
NC(An-1) = NC(n).

R B, BID noncrossing partition & I& As,,_; EID noncrossing
partition 2 1 »5 2n XFT2FMMRICEEE LA LITEHR LIz
& & rotation TAELZLDDER L THEMIENS, ThE
NCg(2n) L BL. TOLELTOZ LHHIENTNS,

Theorem 3 (Biane,Goodman,Nica 2003 [4])
.NC(B,,) =~ .NCB(2TL).

noncrossing partition DX _EFICE LTI TOEBESMS N
TWa,

Theorem 4 (Reiner, Bessis)
(1) INC(W)| = CatO(W).
(2) pNC(W)) = (-1)*"'Cat P (W).

i; €



Reiner /1997 £EIC iy BN B L T case by case proof 225 X 2003
£F Bessis BWFIABICDWTERBTAIFA L 7co DRI K SBWVEER
BWEIZRSN T,

RRIC Coxeter group H*5 k-divisable noncrossing partition % &8
I
Definition 4 (Armstrong 2006 [1])

NC g (W) :=
{(1,-..,0¢)|0;: € NC(W), for 1 < i < k lp(d) +--- + Ip() =
Ir(é---6)}

NC\x)(W) % generalized noncrossing partition £\ 9, (&I X
- T k-divissable noncrossing partition EPERT L&D B,) FEBE
k=1L95E NOW)PETENS, LT NCy(W)IcBLT
LTorENM LN TS,

Theorem 5 (Armstrong 2006 [1])
NC(g)(An—1)2 =~ NC®)(n).

NC(W) (& self dual %z T Theorem 2 & DEEHIIERN TV
T EicEE, T TTNCH(n) TS A, B k-divisble noncrossing
partition , 3435 kn D noncrossing partition THHEZFT 1Y 7 D
TCDBEED k DT H 3 & 5 5 & DRI refinement order Z A
Tposet L Rz L6 DEEKT, HHAY B, B k-divisble noncrossing
partition & k = 1D & & DIFLIT NCH) (n) DFET 155 2kn RS
Bl O ICERIFRICEE UI-MHE LICRBE LTz & & 7 rotation TARER
LOLEKLT B, ThENCEQ2Kkn) LK. TOLERDT LM
URTASN
Theorem 6 (Armstrong 2006 [1])

NCsy(Bn) % ~ NC®¥(2kn).

DED NCy(W) & (HHHY) noncrossing partition D—R{k &
x> TW5, generalized noncrossing partition DA EFICEAL T
LFoT A5 hTw3,



Theorem 7 (Armstrong 2006 [1])
(1) INCay(W)| = Cat®(w).
(2) B(NCy(W)U{T}) = (-1)"CatP(W).

T DFERITFEMICIE Chapoton IT &k % NC(W) Ixd 3 BEHK
DOFHE B IEFEL TS, TOBROELELITORTHEI,

Theorem 8 (Armstrong, Krattenthaler 2009 [2] ,Tomie 2009 [8]

(W, S) Z2HRE Coxeter group £ 9 %, maxsg)(W) %2 NCyy(W)
KB BBRTTOREL TS, COLE
(1) |{NCsy(W)\maxs,y(W)}u{T}| = (Cat(k)(W) - Cat("‘l)(W)).

(2) B{NC(W)\maxsg (W)}U{T}) = (—1)" (Cat@ (W) — Catd (v
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TS TDARY FIVEBIFICH T 2 BRFRERDF X

B 18 f# B4
R RFERERMRMEMAR

www.math.is.tohoku.ac.jp/ obata

gE

JS5 7 ORARIERENRS LT, TORBTNOBEHEIF (AR MVSHE) 18
FNTHD, BLOBROBHHDH 5. BE, BFHERROFEIPAIO, i, K&k
57 (RET3557) OBAENARY FVERICEWTRKRENERM,EShTY
3. FME T, WF [4, 23) KLI=HH T, RFERBOEIWEZEBNL, /570
ARY PIVERNOISRZRIRT 3.

1 EFHRROBERES

B FHERE (quantum probability) (X, JEATHEESRES (noncommutative probability), &
BV EMNFESRS (algebraic probability) & HFEENS. TOWER I+ /A<D
FLLEN IRFNZOBENRE (1932) KRBT LA TE, BECEB- TV BN,
ABHHERERZER L LIEHLVWESOHEAENER LT N/ BFHESBRL V54
FORIRIIC TICHBDEN, hE, BRTH - HNAE - KOS - Ihartt - Bt -
<)V a7 ERERRIC BT 3 ERESMEIIND D, BFHRECBS TEEVISHLES
UDEENSSHICE>TWS. Blic THERR) LW &, BHENEINLETaTHOE
RREIETONMSETH S, FHETE, che TEHERR) LFATKIIL, MRF
FERE) BChESTLEVERERE LTHRS.

1.1 KBERPH

HEBA C EORB A KHELHENZHER a — 0* Z5AREDE - HBEWVS.
FHE T, DRICTEDHAT 1 = 14, OFEZRET 3.

BR 1.1 A A ETEBINI CEBUL, RO 3IDDEREBLTLE, A LOR
HE (state) LFHEN 3.
(i) ¢:A— CIZEIBEE.
(i) TRTDaec AIKHLT p(a*a) > 0.
(iii) p(1a4) = 1.
R A LEDLETERENRE o ZAICLTE (A, 0) ZABBIRESEZR] (algebraic
probability space) £\ 5.

COBRRFERICENEDTH > T, »REUICHUBRZER (C REF) 2HRE LIV,
T &> T, ERRTERICRNSIFERFRARE (T ABEBEY, K7V /RESE
B, ERFRRCHAEFARE L) ZRFERBOMEHICEDABLRT 3.
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B 1.2 n RERITAO2HE M(n,C) & «RBTH3. p e M(n,C) i, RD 2 EE2H
fed L EBEGHLHINS.

(i) IE () flTH5 (DED, p=p* TTXTOBEEMEH 2 0).
@ii) Trp=1.
HBET p IKHLT
o(a) = Tr(pa), @€ M(n,C),
TEBEND ¢ & M(n,C) LORIEICS. #ic, M(n,C) LOITXRTHRERZCOET
HY, RELFETINE 10 1 HET 3.

f 1.3 M(n,C) & n Rek V)V FER C IKITHIOH TIER T 5. C ORBHE
h
= )

n 1
Em= &mn, €= l] n=

WKEX>TERTS. BAIXI ML EeCr LT,

p(a) = (£,af), a€M(nC),
& M(n,C) LOREICHES. ThiE ¢ ICHHT AN FUREEE WS, M(n,C) LOX
7 FIVIRIBIIRSE 1 OBETRIIC X > TREEh 3B,
# 1.4 (Q,F,P) ZHHMERERL TS,

@)= (] A®
1<p<co

BT RTORBOE—A Y PHERIC S C-ERSEROLETSS. BShC, L=-(Q)
BHTHALTED, TiRa - REUCE 5. BEREH X O

B = [ X@Pw) = [ " auxtaa)

12 Lo~ (Q) LORIEIC B, LENST, (Lo (Q),E) RSMBREMchs. ched
HEEBZER (Q, F, P) IS AICMMTRES M LHR. £ < OMETIE, BREMTOL
DEHERERBIUFORHRHNEETHS. TORKT, RENEREM (L>-(Q),E)
I MBS (Q, F, P) Db D (ERRMICEEN L) MEN TR TBo T3,

1.2 EeYRERTE

B8R 1.5 {KKMBERZER (A4, 0) NEZ DML &, & a e A ZAMBIRBEY, £l
HICHRER LS. ¥ a =0 ZHRT L EITIRERERE NS,
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BEEH ac AIKHLT, p(ava® . -a") DEDRE o DIRET—AV M LERTS.
2L, e1y.. . 6m € {1,%}, m 2 1. REEIEREROFEINEHRBET—AVITE
ZAbN3. TOTKT, 2 DODRBMGERZEM (A, @), (B,¥) DHEBEH o,b &, TORE
E— AV IBRITRT—HTHLECHEFETH S LS.

KHEPTBUCH L TR, T—AY M {p(a™); m=0,1,2,... } HHERERERE T
Bm=00DLEZa=1,L,T3) TOLE,

o(a™) = /+°° z™u(dz), m=0,1,2,..., (1.1)

2Rz R EOXRV)VIESBRIBE p NEET 3. HBHIE {p(@™); m=0,1,2,...} 5D
KBNBNYTVTARDEBEL N TIVA—DER (10, 38]IC&k3. 1.1)D u*%a
D p KBIFBHHLENS.

AE 16 (1.1) 29T 0m p O—BHEHELVEE(E—A NE) TH3. Ml
THRFL LTHVL RV RENLSABNTVWS. Thbb, E—AY M (M} H

f: M55 = +o00

m=0

ZiGr-glE, .
M,,.=/ udz), m=0,1,2,...,

-0

R TRBN (FLIVERRE) o E—ERICEES [38]. RERE, 2080 Fak
LOMRSRT, B RAATRRT Y VAT U Ti— AR b 11D,

Bl 1.7 A=MQ2,C) £T 5.
o(b) = %T&b = ‘;'(bll + ba), b= [::: Z::]

LEBLL, (A ) BRBOVERZEMICES. R,

.01
“l1 0
TEBERLTE (a =0*) THH, TOE—RAV FHJIZ,
n 1, mHBEHOLE,
p(a™) =
0, mHAFEOLE
TE5A5h3. BShic,

o(a™) =/+°°z"--;-(a.1 +6.)(dz), m=1,2,....

LizoT, o DR, SV RA DT (0.1 +641)/2 THB. COBKT, a i3 (525 D)
a4 VRFD THEREFIV] 25X TV3.
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R 1.8 HRERTM (Q,F, P) TERE NIHERER X ICHLT,

p(@a™) = B(X™) = /+x "ux(dz), m=0,1,2,...

-00

Zile T RBRMEBER o (L REMERZM (A,¢)) 2 X ORBNRRLHE.

1.3 HEEFER7+v BRERN

B 1.9 REOEERN {wa;n=1,2,...} T, ROEH (i) /=4 (ii) 2T L0E Y
JAEHFE R,

(i) [fEPREY) T RTD 21 IcHLT w, >0.
(i) [BEE] H3BE me 2 10B>T, w1 >0,..., Wng-1 > 0, Wiy = Wrpgg1 = -+ =0.

BIBRDFA, mo HLUEZ A Y + U TEHRDEIRER (AEMN0DLDLEL) L LTH
S3TLEHB.

Yav#s {w.} BEXohizL &, ThNEBRBYHIEREYMCEL T, EREZEE
{®a}20, {Pa)}ros! ZB DIV REM TC) ZEX D, LIEUE, 0 ZAZERY MV
LEHEN 3. Ric, I(C) LoOMBIERASE B %

B+q’n = an+1 ®n+11 n=0111"'1 (1 2)
B=%,=0, B ®,=+/wn®Pa1, n=12,..., '

K& TERTS. L, BRRMDBAE, Bton,, =0 &5<. B OERHLLT
{®.} DRABUBIEMELS. COLE,

(®pm, BED,) = (B¥D,n, ®,), m,n=0,1,2,...,
MY IIL, CORKT B BEWCHRFICES.

R 1.10 {w,} BYaCERNLTB. Lok, RV HFZEM T(C) LER#
B* %EBL, FNSEMAIC LI (T(C), {®a), B, B™) % {wn} I{IEET 248EER T +v
JZERELRE, ¥/, B- ZHR{EAR, B* ZEMFAMRLTE.

TR 1.11 HEEA7 Ay JZE/ (T(C), {9,},B*,B~) KX L T, B* TERENS +

BeHEER7 +vy 7RBEWS. HEERT +v 7 REUTHEZERE (HZEARY RV §, O
EDHBRY FIVREE) BEDEILDOZIBERAT v VHRBEM LR,

B {an}2, LT, HARERR avn &

aN+lq)n =an+lq)n1 n=01 1121"'1
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W&o TEBTS. B (=LA, BHEFRRORTFIRM) IC K-> TR, BEITINAT avn
&> TERENS +REEEXS. ThE ({wa), {on)) KIRT2HEERT 4y &
REL WS, FICR%O D 2 HEBEHIL,

B*4+B~, (B*+2)(B +vV)X) B*+B +ann

BETHB.
#l 1.12 BEXNEHIELULTOLED TH3.

7 4y 7 EH YL AEHBAER B* + B~ D516

KY v Wp=n B-B*—B*B- =1 HY AR
TNWVZFY |lwy=1lLw=---=0| B-Bt+B*B-=1 | LVIA %
=]z wo =1 B-Bt=1 25
g- wn = [n), BBt —gB*B~ =1 | ¢ERHI RS

72U, ¢ 74y VEMTI -1<g<1 L, [n,=1+qg+---+¢" 1 i3 ¢-BEL

2 It e BFHOEREE
2.1 MItEOHER
2 DOEMERETHY X, Y NI Thhis, FEHOREMRICE - T,
E(XYXXYXY) = B(X'Y?) = E(XY)E(Y?)

MDD, BORANE, IMIHREBEEE— AV FOREL—NVEEZTHWA LWVZS.
REWERZEM TR, EEEBOETREERMLEEHBEL—ANNEZ0ELEXSQ
3. UTICBR2 4 20MERTCREANTH I LEBEDNAN, ThMicb T EdE
I MSItE] BEREN T3 (2, 3, 8, 27, 28, 29, 42, 43, 44].

T, (A ) ZREMEBZML T 5. B, BETROBELWLI KOETBLAE
NENERT B «-BOREDHFEICH L TERBL THWEANERNTHS. 2 DDEME
REZ XY MHUTHNE, ENODBHEA p(X),q(Y) ML AT LEBVWHE
5) FTT, AD «HAREOEE {Ay; ) € A} DHIER » @OTT

aie-AAn a‘l¢C11 '\17&'\27""'75'\111 n 22, (21)
KT BIRETE—AVE play---a,) DEHBNV—NVELTEETS.

96 2.1 (AHSENT) {A,) DEHETT (X TV VIV THE LI, = ) B
% re{2,...,n} MEELETIE,

w(ar---an) = p(ar)p(a; - - as).
ZOXI3 r NMEETHLER, TOS B TESHIBNOLDELHLI=HTr LLT,

w(a---an) = @(ag: - @r_1(210: )7 41 - - ).
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EE 2.2 (HBMIL [41]) {4} FEHBRITHS L, (21) KMXT, pag) = -+ =
plan) = 0 THIT,
p(ar- - an) = p(ar)p(ez- - - an)-

B 2.3 (7—IVIII [39])) {A\} AYT—) (Boole) T TH 3 L i3,

p(ar - -an) = p(ar)p(az- - an).

B 2.4 (HERAML [31, 32]) BRFOLEE A IKLHF < HEA6NMTWVWELDLT 3.
{A.\} h‘ﬁ%ﬁﬂﬂ?ﬁ% &li, /\.'..1 < A.‘ ya /\. > A§+1 b‘ﬁ‘ZDl‘ZOJ:i 7::1: € {1,2, e ,n}
PHNE(i=1FRi=nllHLTREZBFO—FEELT),

ol -+ an) = plai)elar- - a).

RIEL, & ZEDRVEOBON TR T LRZRT. 2L X,

©(214343664435) = »(4)e(4)p(66)¢(21334435)
= p(4)(4)p(66)(44)(213335)

= p(4)(4)p(66)p(44)(2)p(5)p(333)p(1)

FE 2.5 TV MERMSTOERICE W T, SR A, B A DBfITT 14 28
BT LRRELEWV. 14 280 B A ICH L TEOEHEZEMAT 3 L, ALK
I3, LS, RERIERZTR (A4, 0) D200 +- SR A, A ZEZ 14€ A
ZEETD (A KDVWTREBSTHEW). A, A BT — VT £/ BRI TH
g,

plasaa) = p(aza3) = [p(az)]?, a2 € Aq,

MDD, LIH2T,a b pla)l 4 HHEREEICERS.
OB LSS

al...a“-_-a_l...(a'._(p(a'.))...a“.’.(p(a‘.)al...&‘....an

%i’ﬁ&%bﬁ-’hti’, —ﬂ@ /\1, ...,/\n €A & a; € A,\‘ CCB'I‘Q‘LT‘E so(a; . an) %{E&@
E—AY FTERRTILRANEINDS. HERES. (A, A} B LD 4 DOE®RTHILT
HBLE a€ALbe A KHLUT, plabe) ZEDHBLARIILUTOL S Ik 5. (MR
WICRBRRFOERIE 1<2E73)
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CIE::EC: kv ={:zkikA Boole 137 | HARRINT
p(aba) | p(a®)p(d) | (a?)p®) | ela)e®) | p(a®)p(d)
p(bab) | pla)p(¥?) |  pla)p(¥?) | wla)p®)® | p(a)p(b)?
p(a)p(b?)
p(abab) | e(@®)p(t?) |  +p(a®)e(b)? | v(a)?p(d)? | w(e?)p(b)?
—p(a)’p(b)?
#l 2.6 Hy, Ha,... ZEIVNWHERHET S, B(H,) OBAITE 1, £BL. A, %2
1HL® ' ®lLi1®5:®1,:1®---® 1, Sn € B(Hn),

DOWOERENERT S - KB LT3, £, oo & B(H,) LOWRIELTS. COLE,
{A)} IR (BH1® - O HN), 01 ®@ - @ on) IKBWTAIMII THS.

& 2.7 Fl26 LEILEBSEAVS. BNV MEH H, HhSHERT MV Q, 10T
DBRIENTVWB DL L, ThNES 1 R EMA\OGEE P, LT5. A, %

PA® - ®P 105, @F1® - ® Py, S, € B(H,),
OWDIERAFENERT D «RELTE. 2Ok ¥, {A,) BRENEREM BH,0---®
Hy), W ®---@Qy) IKBNTT—IVHITHS.
fl 2.8 fl26 LALESZRAVS. M, &

18 ®lhic1®S,®FPrj1 ®--- @ Py, Sn € B(H,),

DOEDIERFENERT S »REE 5. coLE, (M,) BRENERZEYE (B(H,®---®
Hn) ¥ ® @ - Q) KBWTHAMNI THS. TT Ty ik B(H) OEBOKRET
H3.

B 2.9 LNV REM H LOBERT Ay S EME F(H) £T5. {en} & H OERER
FRELT, len), I"(en) 2 e, ICIIBET BHRIFAR, ERFAKLTS. CThODERT
% +- WA RBE A, EBL L, {4,) BREERE Q ILBWTHABBIICES. ChiZER
WIS DOEF TR THHA, BHIIABETS. (15, 41] HEER L.

2.2 BRFPOEREE

HHEEBRICEW T, BEREBFIOEREDIIBFNTHMETHY, & HbiFhIER
FEOBEHR L BRI TVS. BFEBRICBVWTLEARTSS. a1,az,... ZR
BOOTERTER (A, ) OKEREEFITH Y, T3 p(an) =0, Hil p(a?) =1 DX S KE
fﬂ{t?’."h'(b‘% %0) t?% a),Q2,... ﬁ‘mﬂ?%% t%.

N
1
N—lgo\/ﬁmla“
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DR HRABRZDHNPMERERTHS. BFERIBTIE, A OEATREERBL THE
TESIENEZ SN DD, T TREETHEA L 4 DMt {45 U f- i Fh.OEER
EFBERTCLICT S,

—RIC, BEREBFIOINHKIIRD L S ICERE OB,

BN 2.10 BEREH o, ODRTHRENERTME (A, 0,) &L, BIOREMESRZR
(B,v) L beBHH>T,

lim pa(afa - -agr) = (G - b)

NIRTOEER €,...,em € {L,*}, m=1,2,..., KHLTHEDUDLE, b2 {a,.} D
T—AY MEREIIHICHREBREVS. TOLE, {g,) B OITE—AVMTRE R
FERUBRYT B L0,

RENERZH a),00,..., b HEESZTHTHINE, TNSOHH my, pa,. .., p BER
ENB. TDLE, {a.} B b ICHEBICRT 51D DLETZ&MFR,

+00

+00
lim ™ pun(dz) = / z™ p(dz), m=0,1,2,..., (2.2)

n—oo f_.o

MRD IO LTHB.
ERE 2.11 &L, p HE— AV MEEO—ERTHNE, T— AV MURM SHERRED
FTPERHMES . DF b, FEOFREEHE f(2) KHLT,

+00 +00

lm [ f@ ) = [ f(z) ()

MDD, (22) Tk f(z) L LTSHEREB LT LICES. FHEAOLMA L R EG
BEOL2&FICIasMEI TN LIEBLTETS.

TE 2.12 (RFPOERER) RBOEEREN (A, 0) ORBEET {a.} HRD 3 5fF
Ei{GlLTW30LT 5.

(i) an WEBERERTHS. DED a, =a.
(ii) an BRERELENTVS. 2FD pa,) =0 HD p(a?) =1
(iii) {a,} B—REARTBEE—AVIEED. DD, Em21KMLT,

sup {|@(an, * ** @np )| i R1y- -0y im 2 1} < 00 (2.3)

EOIC, a, DERT 3 «HBAREE A, £THLE, ZThoH (1) THRETTHN,

e | ()| = [
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(2) BRMITHIE,

(3) F—AMMITHNIL,

Jim ¢ [(ﬁi%)m] =3/ :° 2™ (5.1 + bs2) (d),

(4) BFBMI ThhiE,

. 1 N m 1 +v2 zm e
N“E‘m‘f’[(ﬁ;““) ]‘;f_ﬁ i
BERTOmM=0,1,2,... TRYI>. = ZCRALEBRHIL, (1) ¥ 257, (2) %

MR, (3) ~~NXA 5340, (4) WEKRL.

IERAIL,

N m

lim (L a,,) ]=lim—’1n— Qn, -

n—boo‘p [ VN RX___; n—oo N™M/2 nGM%.N) o @n,)
EHETAILICLS. 2L, Mm, N) iX {1,...,m} 26 {1,...,N} ~OEHOLE
DI ETHD. FHEIOMIBNT, TNETNOMMEDT TN = 00 THXDILDOERY
B & T, ERMEBRENITRDZ ZENTE, TNTROHERIMOE— A MI—
BTH5ZERTREND [4, 23] BRAC, BE 212 B4 DOBERFMITHOWVWT, F
BROF—=AY MIWTHBHEZ, 2m ROF—A Y MIKRO L 525!

3 TSTODARY FILEH
3.1 JSoDBRETHEBRERY
(BHiEm) /797 G = (V,E) ORREFTANE I, RAHRE V 2BRFEES LT BT
A= (Agy) T
1, z~uy,
Aoy = {0, %w?ﬂz,
RE-oTEBRENDILOEWS. ZZT,2HR s, yeV B {r,y} € FE &ilil-T L%, %

NORBHELTWAE Wz~ y TRIZE L L BETIILY S 70REMNZRRE
LTEFHTHD. I, BETIIRS T 7% (REZEV0) BRT 5.
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757 G=(V,E) &,V IER (V| < 0) DEEERY ST, 5 ThE BRI S
TEHEINS. ZRETREAZESI D, ERI/STOL ERRHERE(TRTD eV
DREUTONWT deg(z) < o0 BT L) EIETS. CThick->T, BHEFTHIOREE
A HAEBRE NS, ZE, THOROESEH,S

(Am):y = Z Azzy Az::: ter Azm—w

Z1yenBm=-1EV

=|{z & y BEERE m D%l }|

L. TTTC,z L y BASESE m OBH (walk) L IXTARDERY 20, 21,...,2m €V
Tr=zo~Iy~ o~ Tpoy ~ I =y ZRETEDEVD (20,71, . .., Zm DFRIC—EKT
AERMHH>TEHEDEY). T3ULT, A DEHRFERSHEIASBEIN, TOLE AG)
EROTIRE TRk L3 ChE757 G OBEREEVS.

—%, A REIVV M ER A(V) KBREEATERTS. ze VICHLT, 1 54
B {z} DEBAABE 5, THT. TOLE, {6;;2eV} i’ &V)DERERRELXS.
FhEDRIWLEME Co(V) LTIE, A& Co(V) LOBEIEREICES. COLE,

As:=)6, z€V,

y~z

MO IIL, K,
Ay = (62, Ady)

Lixd. 57 G=(V,E) DBHEITR A B (V) LOBERBBAERRIC XS 2DDR
E+3%M 1 sup{degz; z € V} <00 TH3.

3.2 IS 7T A BNRETR

BHERE AG) ITKIE o ZEZBDEB T LT, BHEITY A ZHRERL LTHHR
STLHTES. ADKRE o ILBIBBTHETITD o KHBFBART FUFTHENS.
KD 3 DDREICHKNH .

(a) FL=R G=(V,E) ZERITS57L$3%. ERILEhIzFL—R

1
¢ula) = m Tra, a € A(G),

(&, BHERE AG) LOKEICES. BIETH A D o, IKEIFBHWIZ, TSTDARY
MV TR (BIRITH A OBBEZMH) Ii—T 5.

(b) RBHRE TR o€ V ITHIBET BT FIVIREEND
vo(a) = {0, ads), a € A(G),

TEBRENS. ChEFHRoe V ICHBETHIHEREBE NS, AD o, IKBIIHHE p
Ehid,

8oy A™8,) = po(A™) = /_ T udz), m=12,...,
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MDD, LEDST, 0 pid o ZHEL T m A7 Y 7T o ICEABEDEABOM
SERICRNS. &b, HEREEEZ D L2, EBE, oe V ZETHERS T 2R
BIRTBZ L EDHE, BLHHISTSTRIHETHRLDLT S,

(c) FIZIRHED 1 BEER: (BR) /57 G = (V,E) D2THR z,y € V DFERE% 0(z,y)
TEDLYT. -1<g<1ICHLT,

Q=0Q,= (q8(=.v))
> TERBENBTIRTSTD QAT EWVS. AG) LD
we(a) = (Qybo,abc), a € A(G),

X, 72y JEMTV S ae—L Y MRIBIGEWNERZ LD, o, BEDE Sk ge [-1,]]
T U TBHERE A(G) LOREICAZ 2 H (EMEHE o, (a”a) > 0 HIE) ICHBkY B 5. 8
Hix+a%HLLT(E) QR V LOE (B)E@RTHY, (i) AQ = QA, EiFi=F LH
TEhha, LhLEbs, () BEOUIHOFRGFRHE HMSN TV W [7, 36).

4 TI370BEELEANZINRY ML
4.1 J570EH

2DDT5T7 Gi=(VO,EN) (1 =1,2)2FX3. COLE, V=VOxV® EZERD
weLl, ARa%

E= {{(-T,y),(:’,y’)}; ) z=2,y~y; TEQ, }

[z~ y=y

TEHRTS. THLTTEBYST(V,E) 2 G & G, DEHRIEWVN, G=C,xG, B
(. EHB?’J‘&C, G1 X Gz =] G2 X G1 & G1 X (Gg X Ga) = (Gl X Gg) X G3 b‘ﬁﬁbﬂ? Z
NCE> T, 28UEDTSTDEM G, x -+ x G, NIRMANICEBEI NS,

Bl 4.1 (BEEF) 20 =Z x --- x Z (n HOEH]).
Bl 4.2 INSVF - T57) H(dn) =Ko x - x Kx (B2 57 K, D d BOBEH).

¥57 G; DREITIR A £T5. A 12 C(VY) C (V) LOBREERETSH 3.
BREIIET Co(VW x V@) = Co(VIV) @ Co(VD) TH BB, G = G, x Gy DESET
Bl A % Co(VV) @ Co(VD) LDIERKLER BT LN TES.

i 4.3 G1,G,,...,Cu TS 7L L, TNELOBBTIIE Ay, As,... A, LT 5. EM
57 G=G xG2x - x G DBEEITH A &, Co(VV) @ Co(VP) ® -+ @ Co(V™)
LOERAFELELT, RO&E S ILHBENS:

n
A=211®"'®1k-1®-4k®1k+1®---®1n- (4.1)
k=1
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Bl2.6 TNk S, (4.1) (FEBBIOIRMEICE L T Al L EREROMC K> T
W3, Licht> T, TN S 2O BRERLZEHSHDENE, ERSS7 GV =
G x -+ x G (N HOE) OFENZARY bV RHERDD LN TES.

BB 44 G=(V,E) Y57 L,0eV ZEALLTAETS. 20O N BEK GV
DOFER 0=oy = (0,...,0) KIBIFBEERER () LBL. GY DREEITIE AN ¥
3L,

lim <(L)m>——l—/+wz’"e"2/2dz m=0,12
N=e \\ /N deg(0) Vo7 oo ’ Phr S
SEBY WEE43KCXH T,
k-1 N-k

N
AN =3"Tg 3104018 &1 4.2)
k=1

Lixs. HEKEBIIEFROKETH 2505, 2.6 TihdN\7=& 5 i (4.2) 3 HZEREICH
L TR S HEREROMTH Y, FRBA LK ZED. TOFH{ LI,
(18- RI1RA®1® - ®1) = (A) = (8, Ab,) =0,
(1@ ®1A®1® - ®1)%) = (4% = (§,, A24,) = deg(o).
TEAbN3B. LIh>T,
1

/deg(o)

HMEREETN-EERETERL 5. F5 TS, e[#dIic BT 2 PMERERICK > T,
AN 1 &

i e oty D v

DLRIIEERE A 7 A H5MmiarS<. i

19(""1)®A®18(N-k)1 k=12,...,N,

18(-1) AR 19(N-k)

4.2 T35 70k

2DDTS5T 29DFS5T G, = (VW,EM) (i = 1,2) #EX, 2h bORETIE A
LEB. £, G iIKBEE o€ VR PEHOLNTVREDLTE. COLE VixV %
EAORE L LT,

Ay = AD8ybyo + 62 A), 2,2 € VD), 4o/ € VO, (4.3)

EZBETIIL T3 EELRAAER) /5718505 (B 1). Thi G, t G, DE:R
(comb product) LY, G, b, G, THYT. TOBHETIIE AV b, A® LBL (BELAE
TS, IRF o 24T 3). RIS ER]

(Gl oy G2) o5 Gz =G, D> (02,03) (Gz oy G3)
BiGed. chk Gy Do, G, Bos Gs LEEECT B,



G = Z |

it

1: TS 70H: 20,6, L2 AT F Z >, Z

B8 4.5 G = (VM EM BREX6N, BTITIBRR 0, € VW NEEH>TWBED
ETB. COLE, HEH G Do, G2 Doy <+ - Doy Gy DBHETINE Co(VW x- .. x VIV =
Co(VV)® -+ @ Co(VIM) EDIERFETH D, RDE S ET 3!

N
AV A o p AN =510 @1, @AM @ P ®--®Py.  (44)

n=1
CTT, Py ik C(V™) 25 6, TELND 1 RTEMOHE THS.

SEAALE (4.3) ZAW-HZHATHS. Fl28 TRIEKIIC, (44) DEARRS PV
KE 5, @ - ® b,y WCBAL THIMNIBERBEROMICE->TWVS. 25 ThiL, BiRm
T ARERTEHE (TH 2.12) 2BRALTROERNBLNS.

EE 468 (1)) /57 G=(V,E) KRR oec V BEX->TWB L L, £D N B
Bt G®N DBHEITIIR APN LT3, COLE, HEM oy = (o,...,0) LB B HEWREIK
BT,

tim AN m 1 +v2 ™ iz, 0
() ) L Ames mo0an
4.3 T3 7DERER

B LRERRIC, 200557 G i=1,2) REXRS. SERHAD G; IKFMH o, e V)
NEDHENTVAREDETS. COLE, W, x W ZERFELT IR

A ) = Adbiorbyor + banbvn AD, 2,2 € VD, gy eV®,  (45)

RBEZD. AXXARDH 0, TOMDEREH 0 & 1 DBEMSEZHHTIICES. Lk
BoT, Al (BRELIZBEIV) 57 OBBITITSHS. TDTITD (0),00) XL
HERS% G, & G, DEHMEILY, G, %000 G2 TET (H 2).

B 47 NEDYST G, = (V™ E™) REZ BN, &S5 TICERA o, € VI BE
EFoTVBLDETS. COLE BB G = (V,E) =Gy +Go%---x Gy DBEEITH A
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2 BT 57 (BIREERF Z¢)

& Co(V) CCo(V) @ --- @ Co(VIM) LODIFREKTH D, DX S RT 3:

N -
A=Y P®®P1®AM® P ® - ®Py. (4.6)

n=1

BEFAL (4.5) ZAWRBLHETHS. Z5THE RI27TRKSIC, (4.6) DED
BT FIVIRIE 6, ® - - ® 6,y IKEIL TT— VT HRESEROMIC K> TS, T—N
BAric BT 2 MERERE (FIR 2.12) #EA L TXOBRMEBLNS.

EE 4.8 ([34])) /7 G=(V,E) ICRRER oe V BEBE->TWVWBLL, FD N HEF
B G°N OBBITIIRE AN LTB. COLE, HR on = {0,...,0) ICHBITZHEREEI
BWT,

. A"N " 1 +00 ™
J‘ﬂo<(m) >=§f_w T™(0-1 +64)(dz), m=0,12,....

CNETI, BETNZEL TS 7 70 L MU EZR8UDI TlBLTER. #
RROXSICE LHO5ND (BRI OV TIZHRR).
AT | BEENL | VMY | BiEEMNT
ROMERSH | AVZA5% | ¥AR | NVEA45% | BERA
Jo708 | EART | FHEIK| BEI/ST (@RI

5 KRETIERJT S 7ICHTS2IEMANRY IVESR
5.1 HERZHEN

FYE R LORVNVHESRIET, TRXTORBDE— AV MIERICRS 6 DDOLH%
mfm(m) t‘-‘ts < - B € mfm(R) “:ﬁbf

400

Mo =Ma() = [ 2" udz) (5.1)

=00
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WKLo TEBINZEES {My, = 1,M,,...} Z p DE—XAVPREWVS. UTF, p e
P(R) LT 5. BERR 1,2,22,2% - € LR, p) £ 23y FOBERIEEHLTES
N3 SEAH

Py(z)=1, ..., Piz)=2"+---,

2 p i AHESHEA LS.

B 5.1 (3FMHER) {P)S0 % 1 € Pn(R) KT IERBHAREL TS, p O
HEBRMATHNIL, 8P {2, & {wa)2) Ta, €R, w, >0 BT EONSH- T,

PD(-"") = 1,
P(z)=z -, (5.2)
an(I) = Pn+l(z) + an+an(I) + wnPn-l(z)r n= 1, 21 seee

EH5IL,
IPoll =1, Al = Vwrws - wa, n21

MRRRAS (10, 38]. LichoT, p KIRTIERSER (P}, &, 2 D05
{Wn}2, {an} 2 KL TRBEBEI NS, 5 2DDEPNE iz (X2 {P) )
(BT 2 VICHEBLMRET LICTS. ALMDIC,

o = M(p) =/ cmi'?#(dx)a w = [;m(z - a)?p(dz).

-=0C

'Qi D, (241 & wq li%’h.’fﬂ U @*ﬁ&ﬁﬁ'@&%.

ZHE 5.2 BT p OB TE N+1 @ORNL A LEICRY, HX(LDOFREN
{Po,P,...,PN} D N+ 1 HOBFARB-BBETHRTTS. TDLE, (52) i Py =0
& L—Cﬁib .-II.B, "'3 Ef{ftﬁ‘i 2 ﬁ@ﬁl‘ﬁﬁ(?‘] {a;,ag, e ,aN.,.l}, {wl,wz, e ,wN} I:t&
%. BEOBSOREE, (5.2) ILBWT Py =0 ELTREZNS. UTTR, EXS
HRA (P} MEENIOBEICEL 7z 34, BB {Po, P,..., Py} KERBEL TV
ZBEDEEIBRTHS.

B 5.3 p € Pw(R) DY IEHBE ({wn} {@n}) €5, &L, p BE—AY MHED
—ERTHNIE,

/ + u(dx) _ 1 wy wa w3

-0 22— T 2=~ —2—p—2z2—Q3—2—Q4—

(5.3)

DO AUD. 727U, HBDOEZFEUS {Im 2z # 0} TIKRT 3.

(5.3) DEDZ, (BREE—AV/ b ELDLERBBLEV) TRTOERSH p LT
EEEND. ChE p ORAFIVF I AEREVW, Gy(z) EHBL. Gu(2) & {Imz#0} T
ERITH%. cOL¥E,

-2 tim, [ I Gula+ in)ds = fs]) + WD + 20(o,1), s <
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ARDID. ThEIAFIVF T ABER LS. p ORXTEGED p(z)dz &,
plz) = —% y]_l.r_r:o ImG,(z + iy)

TE5xb6N3. E56IT, (5.3) DEnELSE

1 wy Wa w3 Wy _ Qn(z)
z—a—z—0p~z—Q3—z2—Qq—* " —Z—Qnp1  Pa1(2)
T, 78 - FLLCREROENE 1 BT HIE, #BOZRAD p KTHTEHE
LEARIC—BT 3. 58, (Q.) 1 p O (EiE {P) O) HEERSHERLHENS.

5.2 REEXEROBRTFHIHE

THERER X T u P PnR) IKBTIEOREXLS. TO pu ifTHTHHEHR
SERXE (B}, YICHEE ({wa), {on)) £F 3. {wa} BYICBFIEDOT, ThicH
BT BHEEMRRAT Ay SZM (D(C), (2.}, B, B-) #EX 5. SEHIFAR U : I(C) -

L*(R, p) 1

U:Vwy wawy @, — P,
K> TEEBEND (U BBTFLEA= XY TRTWNT LICER). LPR,p) CH VT2
X AHIIRERARE Q THRT. MEMFHT v /EMOER L ERSHEAOM-3 3H
iR b=t e 9 hid,

Q=U(B*+B™+B)W*, B’ =anu,
HNERCDONB. LIS T,

/ " 2 u(dz) = (P, Q"Ry) = (€0, (B* + B~ + BY"o), m=0.1,2.... (5.4)

-0

=7, pid X OBHEOT, (54) RBEX™) ILFELW. Ko T, REEIEBERLLT
X=B*+B +B° (5.5)
MRYID. ThE X ORFHIR, {B*,B~,B°} ZEDBRFRI LS.

Bl 5.4 $1.12 THN Bt + B~ RENFhOSH%E L DOGHRERERORTIEES
ATW3%.

CT TR, HREBTMTERE NIHBEY X ORFHRL LTEZEDTERY,
REMBERZMICHE T PRERLY o LARIC L TRFIBENS. X ¥ o ORHZH
WY BLE, TNENERT AT +RBEE>TVB VRS, EREBZRATFIHL
TRFRPZROHT L, TNSRBEWVCHETRTSS. LN T, BFRZZHRI &
BHITIE, FOTH «RPOJEFMBPELRERX S Licxd. HEICK> T, TOIETH
HRNBMHERBDTHS. CORFIZRITHRS.
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5.3 J570OBR{LLBEETHIORTIEE

J57G=V,E)ICRRR o€V BEXZ->TVHLDLTS. TOLE, TF7Iid
BRATREERENEATHhS:

V= G Vo Va={z €V; 8,z) =n}. (5.6)

n=0

HEBEm>1TV,, =0 thtuf, Z0%En>m IXTTV,=0 %3, (56) IcL
Fetto T, TR A ORFRAZERLES. 2V, LLT

=1, ~ VD ‘/n 3
(A = {A"’ Yy~ B Y€ Voo € € {+,—,0}.

0, Z Dt

U, n+elde = +,-0 ICBLT, n+ 1,n - 1,n ZEKET S (H3). HLEHMIC,
(A*) = A, (A°) = A° BEU

A=AY+ A"+ A° (5.7)

BEOIUD. (5.7) 2 ADRFHELNVS. BFPRRIITST7ORBEIL(DFED, RHoeV
DEHA) IEFELTEES.

(A* Yzl @ Vo

Y

(A%)yz o1 q"@ Va

AR

B3 RFIR A=At + A+ A°

RS, VuatdBEBn>0lcHLT

B = Vo2 Y 5,

x=€Vn

B L, {9,) 12 &) ODERERRELS. {0,) K> TERONS £2(V) DBERS
ZM I(G) 2757 G OB (5.6) Ic{IRT 2 74y JEMERRT LITTS. —fIc
i3, T(G) i3, A DBRFRSICMLTAETH S LIRS V. BHRHBDIE,

(i) D(G) " A DRFRAICHMUTRETH 358,

(ii) T(G) »* A DRFEICHL THENICTFETHBIEE;
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TH5. (i) DLE, (T(G),A*) PHEEERT 4y Y ERICKED, A= A* + A~ + 4° D
AERFIM TR HETRDBT LA TES. (i) ICOVTI, Bi%dH5dTHRRS.
FTRTOEBERY S 713545 () Rill¥. REZOHNFTHS.

$] 5.5 (FATV53%) KB x> 2 DFREAK 7, OB¥HETE A=A, LT5. ERo
RED, (FHTH 74y VM I(T.) L ZOEREXHRE {0,)2, ZLEDLSICEDS.
BT BEICL - T,

Ady = /Ky,
A®, = /B + /K= 19y, (5.8)
Ab, = /K= 1®, 1+ /= 10pyy, n>2,

HNbha. [(T;) & A DRFRG A* TRETHY, (I(T,), A?) BHEEER7 v M

i3, (5.8) 15 Jacobi fZ¥l {an =0}, {1 =KW =way =--- = -1} REB. T
NoZFEBELTIEIE (5.3) BHEITNIE, A D & ICBITEHMHIRDLNS:

+2v/x—1
(B, A™ ) = / tp(z)ds, m=12,..., (5.9)
N o
1 k /AR =1 - 22
- — < -],
plE) = —— g El<2Ve~1

62

-a -4 -2 o 2 4 [

& r AT V03 pg, ps, pr2

Kesten [26] iX, N BOLRTTR & DBHED Cayley 757 (R 2N OFHEK) i
BT, BT Py = (ON)V gy D 6, I B BRI, Zhid, (5.9) IR
Ar—NVERERT L TRONS. £, AT URHEZFED 1 123X S ICERIL
LT, k— 00 &F3LEMANCIERT 3. Thik, VY5706 L B EIcdT 3
HERRERBOMAIRSIcH 5.
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54 T(G) B A DRFRIICBLTIHENICFRETH 356
BET ZY THIALLS. BBTIIR Ay LT3 BREZ 0= (0,...,0) £L T, 6,
WKHBF5 Ay DARY VB HOERITHER N — oo ICREENHS. ZV %
ZN = UV,., V, ={r e Z¥; 8(z,0) = n},
n=0

D& S ICBEBILL T, BBBICHET 5 BH~XT bL 6, € £(2V) &
(pn=|vn|-l/226:3 n=0v1121”'1

zEVn

TERETS. EHOTHA z e V ICBET 2R3, ¢ L E R TORBCEITRHET 5
LG, BHETTH Ay DRFHEIL,

Ay = A% + A,
T5Aion5s. MBEERICXST,
+
%«p" = /AF1 Bpyy + O(N-112),
\‘/‘?—Nq)" = y/n &1 + O(N7Y),

MELNB. DED, I(Z") i3 Ay ORTFEA Ax TFRETREVH, N - 0o l2BNT
M) PETH3. TOBMFT,

BEVY « Ty HZRHOER - MRERZEOERIC BT 5. Ebic, RSV - Tav ¥
RN BT B + B- OREREICHT 3BTRS AN TH BT AMSNT
VBEDT,

Jim (50, (%)"'5,) = (2, (B* + B™)™Bason

1 +oo 2
=‘/T/ z"‘e"/zd.z, m=1,2,...,
T J-po

PREDIUD. LU, QREVY « 73y VEMOEERY MIVTHB. Db, BEIETF
ZN DRBEITY Ay DHETREBICHT 5 ARY M A HIEHET I X 3WICHET 5. T
ORRITHRMHZAVERBTLHINTL S (4.1 ).

HICHRRT &)= ZV EHT3ERE—RELL T, RETAERIY 57 G» = (V) EM)
DOFERARY FILERDBZ LN TES. CTTrv BEBERTIGA~2THH,
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2EMHEEEEZILDLTS. LBTE, BEX38B% v - o DESICHEICH/LL T L
73, ¥7,
we(z)={y € V; d(o,y) =(0,z) +€}, €€ {+,—,0}
LT, w DEWBE V, ICBII3 390%%&%
M(w Vo) = |v PRI

€V

T (we|Va) = |v | Y {lwe(@) = Mw Vi)

T€EVR
L(w|Va) = max{|w (z)]; z € V,}
TERTS. K, ThODHIHRD v - 0o TEDES IEMT2HDREEHL. 1§
B8 s(v) = deg(CM) LK.
(A1) u]l.r{.lo k(v) =
(A2) En=12,... KNLT,
”11.1{.1° Mw_|V¥) = w, < o, yliq.lo T w [V =0, supLw_|[VM) < .

(A3) &n=0,1,2,... IZHLT,

i M@V _ o Pl L)
e T wm) S TR C VT R)
EE 5.6 (BRFPOERRE) {(GV = (V¥),EM)} BEETBIERT 5T T (A1)-(A3)
EBETEDOLTS. (T(C), {Vn), B, B) % {w.} At BHEIEHT +v H2=m
L, B° % {on} ICIBiT 2 AFHAKRLTS. COLE, TXRTD q,...,ém € {+,—,0}
Em=12,...,5n=012... KHLTRIEHILD:

i (")Ai... Ay o) tm ... B9y ).

i (90 7y g ) = (950

AR, RFRSOFROEERMEEEAT Ay J ZRMTIAS N, BRIROERAN

BRETHASTLRRTICLILSS. BLLEZ [4)2RK. BES56 ZBHRTN A, =
A + A + A ICHERATNIE, ROBRIBONS.

R 5.7 BE5.6 DREDTT,
i (80 (s ) o) = (@0, (B + B~ + B0

v/ deg(G™)

+00
=f z™pu(dr), m=12,....

-0

&5T, A,//3eg(GP) DEERIEIC BT ARY MLH L, YICEE ({wn), {aa])
TREDRRLFIC (BE— A~ FOEBKT) IBRT 5.
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FE 5.8 BH 5.6-5.71 Q TAIC X HHTERED 1 BHERICHIESI TS [24].

T TR ERERT 5 7ext 3 RFPOERERR, AHOHMMTRLONZE DR
#hlzg—d36DLEo 1.

757 IFS HZERE Z 0 1 BEER
Hamming graphs |wha=n Gaussian (N/d — 0) Gaussian
H(d,N) (Boson) Poisson (N/d— A~1 > 0) | or Poisson
Johnson graphs wq =n? exponential (2d/v — 1) ‘Poissonization’ of
J(v,d) geometric (2d/v — p € (0,1)) | exponentia) distribution
odd graphs Wan-1 = n | two-sided Rayleigh ?
Ok Wip =N
homogeneous Wy = Wigner semicircle free Poisson
trees 7T (free) '
integer lattices Wnp=mn Gaussian Gaussian
ZN (Boson)
symmetric groups | w, =n Gaussian Gaussian
S, (Coxeter) (Boson)
Coxeter groups W =1 Wigner semicircle free Poisson
(Fendler) (free)
Spidernets w = free Meixner law (free Meixner law)
S(a,b,c) Wg = er=¢g

55 JXZb

BHETH| A, DRFES A KL T, TOMMEEEZERT32EEEH 7 4y V[
(T(C), {®,}, B+, B-) ML, B* + B~ + B> ORN 5 A, ORREHARY ML EE
Uik, CORRECINE, BEERNERENERBITLZRICRANSOT, R0 v
TEETAHEA4RATHE (THEODESIHRABAI TR ENBN) ZEBRT ST
LRTES.

FETH->TER [T57OANARY FVERIT] Of#EE Hora 16] 12$5. L
T, BFORICE ST, HHMNTER [5) 28FA L TERIEA S S5 7 OBBITHOE
BIARY PVAEHENE. ZHhICTRMEN T, Hashimoto-Obata—Tabei [14) & BF45
ROFEENI VT - 5 7ICERL, SRNFRICRN 2RISR LICERS
5 (Gauss 43%i & Poisson 4377) BNBEMTE3 & L &R L7z, Hashimoto [12] iZEHA S
% Cayley /5 7ICBRALT—RRER L. BFSBROTAFT7TEDOLDEHEN
LOT, ChETICLETFEEENRICHN TV S Y, BETHOH HMERE N RTHE
ZROVEBHDTHRATEHIDOBFELLT, TBFSH) EVIEEEZMDTHEST-0R
Hashimoto [12] T4 3.

BFIROFENBNTHADIE, I(G,) M AL ICEALT MAMIC) FETHZ L&
KRR3. T TV 2L BTFIROFERNIRT 2 LIIAKECNETHS. BER
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DEXRBHEALBEHEL TL B3 THAS.

BET37573HExy F7—SDEFNELTHLERDSS [9). 757 DRER,
FBRRT M5 ) BMHTNb> T XS BB TERLTEZ LEAAVERS. &
TRLTEETS570 MG LRTHBRD Thirtt) OREEREIRE T LTl
YV EeNE AN V. ZRCEEILT, SV E L - 57 6] NDBER & RBKE
MERTF—=THAS5.

W
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TRTVII—3 Y« AA—LELIKEALT, BFEREOLNOIMBTEI8%
BARAY LT S IRAR—K, FEEERK, ALK, RBEFAK, ARAKICH
Bz LET.
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Abstract

Let X and Y be connected graphs with n vertices. We introduce a
graph puzzle (X,Y) in which X is a board graph and the set of vertices
of Y is the set of pebbles. A configuration of Y on X is defined as a
bijection from the set of vertices of X to that of Y. A move of pebbles
is defined as exchanging two pebbles which are adjacent on both X and
Y. For a pair of configurations f and g, we say that g is equivalent to
f if f can be transformed into g by a sequence of finite moves. If X isa
4 x 4 grid graph and Y is a star, then the puzzle (X,Y’) corresponds to
the well-known 15-puzzle. A puzzle (X,Y) is called feasible if all the
configurations of Y on X are mutually equivalent. In this paper, we
study the feasibility of the puzzle under various conditions. Among
other results, for the case where one of the two graphs X and Y
is a complete multipartite graph or a cycle, necessary and sufficient
conditions for the feasibility of the puzzle (X,Y) are shown.
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1 Introduction

A graph is finite and undirected with no multiple edge or loop. For a
graph X, we denote the vertex set and the edge set of X by V(X) and
E(X), respectively. Let X and Y be a pair of connected graphs with n
vertices. Let us define a graph puzzle (X,Y). A configuration of Y on
X is defined as a bijection f from V(X) to V(Y). Given a configura-
tion f, it is considered that a vertex z € V(X) on the board X is oc-
cupied by a pebble f(z) € V(Y). A move is defined as exchanging two
pebbles f(z;) and f(z»), if 1)z2 € E(X) and f(z;)f(z2) € E(Y). Let

us define the puzzle graph puz(X,Y) such that V(puz(X,Y)) is the set .

of all the configurations F(X,Y), and E(puz(X,Y)) = {(f.,9) : f.g9 €
F(X,Y), f can be transformed into g by some move}. Note that puz(X,Y)
is isomorphic to puz(Y, X) by the symmetry of the definition of a move.

We say that (X,Y) is transitive if for any configuration f € F(X,Y)
and for any vertex z € V(X), a pebble f(z) can be shifted to any other
vertex of X by a sequence of finite moves. For a graph Z, let ¢(Z) be the
number of connected components of Z. We say that (X,Y) is feasible if
c(puz(X,Y)) =1L

Wilson studied the problem for the case Y = K, ,_; by considering
permutation groups associated with the puzzle. It is not difficult to see
that (X, K} ,-1) is transitive if and only if X is 2-connected. Hence, we
assume X is 2-connected in the following. Let S,, and A,, denote the
symmetric group and the alternating group of order m, respectively. For
a finite set M, let S(M) be the symmetric group on M. For a vertex
z € V(X), let F; be the set of configurations f € F(X,Y) with f(z) = ¢,
where c is the center of K ,_;, and define G, as the set of permutations
o € S(V(X)) such that o(z) = = and for any f € F,, f can be transformed
into f o o by a sequence of finite moves. Then (1) G, is isomorphic to a
subgroup of S,_1, (2) G. is independent on z up to isomorphism, and (3)
c(puz(X, K1n-1)) = [Sa-1 : Gz] = (n — 1)!/|Gz|. For positive integers a,,
az, a3, we define 6(a,, as, a3)-graph such that (1) there exists a pair of ver-
tices u and v of degree 3, and (2) u and v are linked by three disjoint paths
containing a,, a2 and a3 inner vertices, respectively.

Theorem A(Wilson(7]). Let n > 2. Let X be a graph with n vertices.
Suppose that X is 2-connected and X is not a cycle. Let G, be as defined
as above, and let ¢ = ¢(puz(X, K1 a-1))-

(1) If X is a bipartite graph, then G, & A,_, and c = 2.

(2) If X is not a bipartite graph except 6(1,2,2), then G; = S, and c= 1.
(3) If X is 6(1,2,2), then G, = PGL,(5) and ¢ = 6, where PGL,(5) is the
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projective general linear group on 2-dimensional verctor space over a finite
field of order 5. O

Let p and g be positive integers with p+ g = n. Theorem A is generalized
for the case Y = K, + K, with 2 < g, where K,, is the complement of K,
([4]). Let Z be a connected graph. Let d > 1. Apath P=v;---v50f Z is
called an isthmus if (1) every edge of P is a bridge of Z, (2) every vertex of
P is a cutvertex of Z, and (3) degz(v;) = 2 for 1 < 7 < d. An isthmus with
d vertices is called a d-isthmus.

Theorem B(Kornhauser, Miller, Spirakis[4]). Let2<g<n—1landp+¢g=
n. Let X be a connected graph with n vertices. Suppose that X is not a
cycle. Let Y = K, + K,. Then the following conditions are equivalent.

(1) X has no g-isthmus.

(2) (X,Y) is transitive.

(3) (X,Y) is feasible. 0

For applications, it is important to estimate the number of moves that is
necessary in order to transform an initial configuration into a target configu-
ration. Several works have dealt with the reconfiguration problem on graphs
from the algorithmic viewpoint([1, 2, 4, 5, 6]).

2 Complete Multipartite Graph

In this section, we consider the case where Y is a complete multipartite graph
(13).

Let r > 2 and let n, ny, ..., n, be positive integers with n; < --- < n, such
that n = n;+---+4n,. Let X be a graph with n vertices. Let Y = Ky, ,....n,-
For 1 €7 <, let P, be the i-th partite set of Y of order n;.

Firstly, we focus on the case where r = 2. Let us consider a vertex
partition V(X) = V; UV, with |V{| = n; for i = 1,2. Let us define a family
of configurations F(V;,V2) = {f € F(X,Y) : f(Vi) = P, for i = 1,2}, and
let us define a family of permutations S(V;,V2) = {o € S(V(X)) : o(V;) =
Vifori=1,2}.

Moreover, we define a group of permutations G(V;, V) arisen from peb-
ble motion such that G(V;,V,) = {0 € S(V},V2) : f ~ fooforall f €
F(W,V2)}. We denote the identity element of a given group by e. For
i = 1,2, let us define G;(V;,2) as {0 € S(V}) : ¢ = 7|y, forsome 7 €
G(V1, V2)}, where 7|y, is the restriction of 7 on V;. Furthermore, for i = 1,2,
let us define H;(V4, V2) as {0 € S(V;) : ¢ = 7|y, for some 7 € G(W}, V) such
that 7|y = ely;}, where V is the complement of V; in V(X).
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Lemma 1. All G(W,V,) and Gi(W, V2), Hi(V1,Va) for i = 1,2 are inde-
pendent of the partition V = ViUV, with |V}| = n; fori = 1,2, up to
isomorphism.

In the following, G(V;, V%), Gi(W1, V2), and H;(V}, V;) are simply denoted by
G, G;, and H;, respectively.

Lemma 2. H; is a normal subgroup of G; fori=1,2.

Lemma 3. Let X be a connected graph. Let G, G1, G2, H,, and H, be as
defined above. Then G/(H, x Hz) 2 G/H, = G,/H,.

By Theorem A, the problem for n; = 1 is already settled. Hence, we may
assume 2 < n). By Theorem B, if X has no n;-isthmus, then (X, K, ,) is
transitive and G; = S, for i = 1,2.

Let us introduce some more graphs. Let X, be a cycle graph with six ver-
tices such that V(Xp) = {z; : 0 < i < 5} and E(Xp) = {zoz1, 2122, . . . , T5Z0}-
We define graphs Q(1), @(2), Q(1,7) for 1 < i < 3 with additional vertices
Y, 2, as follows.

V(Q(1) = V(Xo) U {y}, E(Q(1)) = E(Xo) U {zoy},

V(Q(2)) = V(Xo) U {y, z}, E(Q(2)) = E(Xo) U {zoy, ¥z}

V(Q(1,7)) = V(Xo) U{y, 2}, E(Q(1,1)) = E(Xo) U{zoy, ziz} for 1 < i <
3.

For positive integers a,, a,, a3, we define a tree T'(a;, as, az) such that (1)
there exists a vertex u of degree 3, and (2) u is attached with three disjoint
paths of length a,, a; and a3. Let us denote the dihedral group of order 4 by
Dy, which is so-called Klein’s group.

Theorem 4. Let n;, ny be positive integers with 2 < n; < na. Let X be a
connected graph with n vertices, where n = n; + ny. Suppose that X is not
a cycle and X has no ny-isthmus. LetY = K, n,. Let Hy, Hy be as defined
above, and let ¢ = c(puz(X,Y)).

(1) If X is not a bipartite graph, then Hy £ S, , H = S,, andc=1.

(2) If X is a bipartite graph except graphs in (3), then H, = A, , H, £ A,
andc=2.

(3) (3-1) Letny =3,n;=3. If X is T(1,2,2), then H, = {e}, H, = {e}
and c = 6.

(3-2) Letn; =3, ny =4. If X is one of Q(1) and T'(2,2,2), then H, = {e},
Hy =2 D, and c=6.

(3-3) Letny = 4, np = 4. If X is one of 6(2,2,2), Q(1,3), Q(2) and
T(2,2,3), then H, = Dy, Hy = D, and c = 6.
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T(1,2,2) Q(1) T(2,2,2)

A .

8(2,2,2) Q(1,3) T(2,2,3)
Figure 1. Exceptional graphs in Theorem 4.

For the case where the number of partite sets is at least 3, we have a
rather simple result with no exceptional graph.

Theorem 5. Let r > 3. Let n,,...,n, be positive integers withn, < ... <
n.. Let X be a connected graph with n vertices, where n = ny + --- +
n,. Suppose that X is not a cycle and X has no (n — n,)-isthmus. Then
(X, Ky,....n,) is feasible.

3 Connectivity

In this section, we consider the case where X has a large connectivity. For
a graph X, let us denote the maximum degree of X by A(X), and let us
denote the connectivity of X by x(X).

Theorem 6. Letn > 3. Let X andY be connected graphs with n vertices.
Let d= A(Y). If X is (n — d + 1)-connected, then (X,Y) is transitive.

Let X and Y be bipartite graphs. In this case, for f,g € F(X,Y),ifg'of is
an odd permutation of V(X) then f # g. We say that (X,Y) is semi-feasible
if f ~ g holds for any two configurations f and ¢ such that g~! o f is an even
permutation.

Theorem 7. Letn > 3. Let X andY be graphs with n vertices. LetY be a
tree with A(Y) = d. Suppose that X is (n — d + 1)-connected.

(1) If X is not a bipartite graph, then (X,Y) is feasible ezcept for (3).

(2) If X is a bipartite graph, then (X,Y) is semi-feasible except for (3).

(3) IfY = Kjn-1 and X is one of cycle graphs of order at least 5 and
0(1,2,2), then (X,Y) is neither feasible nor semi-feasible.
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On the other hand, the existence of a long isthmus is an obstacle for the
feasibility.

Proposition 8. Let 1 <k <n—2. Let X and Y be connected graphs with
n vertices. If Y has a k-isthmus and k(X) = k, then (X,Y) is not transitive.

We will show that the connectivity in the assumptions of Theorem 6 and
Theorem 7 is best possible for some family of graphs. For 3 <k <n-—2, let
Y (n,k) be a tree such that V(Y (n,k)) = {y; : 1 <i < n}and E(Y(n,k)) =
{v:¥i1 : 1 i< k}U{yy: : k <i<n}. ThenY(n,k) hasa (k—1)-isthmus
and A(Y(n,k)) is n — k + 1. By Theorem 6, Theorem 7 and Proposition 8,
we have the following result.

Corollary 9. Let 3 < k < n—2. Let X be a graph with n vertices. Let
Y =Y(n,k).

(1) (X,Y) is transitive if and only if X is k-connected.

(2) If X is k-connected and non-bipartite, then (X,Y) is feasible.

(3) If X is k-connected and bipartite, then (X,Y) is semi-feasible.

4 Cycle

In this section, we consider the case where X is a cycle graph.
For a set of positive integers cy,cs,---,cr, let ged(cy,co,...,c.) denote
their greatest common divisor.

Theorem 10. Let n > 3. Let X be a cycle with n vertices, and let Y be a
graph with n vertices. Then (X,Y) is feasible if and only if (1) Y is a forest,
and (2) ged(er,co,-..,¢) = 1, where v is the number of components of Y
and c; is the cardinality of the i-th component of Y.
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Hamilton Ci-Sixfoil Designs

Kazuhiko Ushio Kinki University

The complete multi-graph AK,, is the complete graph K, in which every edge is taken A times.
Let Ci be the k-cycle (or the cycle on k vertices). The Ci-sizfoil is a graph of 6 edge-disjoint Cj's
with a common vertex and the common vertex is called the center of the Cy-stzfoil In particular,
a Cj-sixfoil satisfying n = 6(k — 1) + 1 is called the Hamilton Cj-sizfoil because the Cj-sixfoil
spans AK,.

When MK, is decomposed into edge-disjoint sum of Hamilton Cj-sixfoils, we say that AK,, has a
Hamilton Cy-sizfoil decomposition. This decomposition is called a Hamilton Cy-sizfoil design.

Theorem 1. If AK,, has a Hamilton Cy-sixfoil decomposition, then (i) n = 6(k — 1) + 1 and (ii)
A =0 (mod 2k) for k = 2,4,6,8 (mod 10), A =0 (mod k) for k= 1,3,7,9 (nod 10), A = 0 (mod
2k/5) for k = 0 (mod 10), A =0 (mod k/5) for k = 5 (mod 10). B
Proof. When n = 6(k — 1) + 1, suppose that AK, is decomposed into & Hamilton Cj-sixfoils.
Then b = An(n — 1)/12k = A(6k — 5)(k — 1)/2k. Thus, (i), (ii) hold.

Theorem 2. If AK,, has a Hamilton Cj-sixfoil decomposition, then (sA)K, has a Hamilton Ci-
sixfoil decomposition for every s.

Theorem 3. Let n be prime. When n =6(k —1) + 1, A = 0 (mod 2k), and k = 2,4,6,8 (mod
10), AK,, has a Hamilton Cj-sixfoil decomposition.

Example 3.1. Hamilton Cj-sixfoil of 8Kg.

(n,g) = (19,2) n-orbit: 1,2,4,8,16,13,7,14,9,18,17,15,11,3,6,12,5,10,1.

Hamilton Cy-sixfoil = (19,1,2,4) L (19,8,16,13) U (19,7,14,9) U (19,18,17,15) U (19,11,3,6)
v (19,12,5,10)

Hamilton Cy-sixfoil = (19,2,4,8) U (19,16,13,7) U (19,14,9,18) U (19,17,15,11) U (19,3,6,12)
v (19,5,10,1)

Hamilton Cy-sixfoil = (19,4, 8,16) U (19,13,7,14) U (19,9,18,17) U (19,15,11,3) U (19,6, 12,5)
U (19,10,1, 2).

(72 edges = (9 all lengths) * 8 times)

These 3 starters comprise a Hamilton Cj-sixfoil decomposition of 8 K1g.

Example 3.2. Hamilton Cg-sixfoil of 12K3;.

(n,g) = (31,3) n-orbit: 1,3,9,27,19,26,16, 17, 20, 29, 25, 13, 8, 24, 10, 30, 28, 22,4, 12, 5,
15,14,11,2,6,18,23,7,21, 1.

Hamilton Cs-sixfoil = (31,1,3,9,27,19) U (31, 26,16,17,20,29) v (31,25, 13,8, 24,10)
U (31,30,28,22,4,12) U (31,5,15,14,11,2) U (31,6,18,23,7,21)

Hamilton Cg-sixfoil = (31,3,9,27,19,26) U (31,16,17,20,29,25) U (31,13, 8,24, 10,30)
U (31,28,22,4,12,5) U (31,15,14,11,2,6) U (31,18,23,7,21,1)

Hamilton Cg-sixfoil = (31,9,27,19,26,16) U (31,17, 20,29, 25,13) U (31, 8,24, 10, 30, 28)
U (31,22,4,12,5,15) U (31,14,11,2,6,18) U (31,23,7,21,1,3)

Hamilton Cg-sixfoil = (31,27,19,26,16,17) U (31,20,29,25,13,8) U (31,24, 10, 30,28, 22)
U (31,4,12,5,15,14) U (31,11,2,6,18,23) U (31,7,21,1,3,9)

Department of Informatics, Faculty of Science and Technology, Kinki University, Osaka §77-8502, JAPAN.
E-mail:ushio@info.kindai.ac.jp Tel:+81-6-6721-2332 (ext. 5409) Fax:+81-6-6727-2024
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Hamilton Cg-sixfoil = (31,19, 26, 16, 17,20) U (31,29, 25,13, 8,24) U (31,10, 30, 28,22, 4)
U (31,12,5,15,14,11) U (31,2,6,18,23,7) U (31,21,1,3,9,27).

(180 edges = (15 all lengths) * 12 times)

These 5 starters comprise a Hamilton Ce-sixfoil decomposition of 12K3;.

Example 3.3. Hamilton Cg-sixfoil of 16K,3.

(n,9) = (43,3) n-orbit : 1,3,9,27,38, 28,41, 37, 25,32, 10, 30, 4, 12, 36, 22, 23,26, 35, 19, 14,
42,40, 34,16,5,15,2,6,18,11,33, 13,39, 31,7,21,20,17, 8,24, 29, 1.

Hamilton Cs-sixfoil = (43,1,3,9,27, 38,28, 41) U (43, 37,25, 32,10, 30,4,12)

U (43, 36,22, 23,26,35,19,14) U (43,42,40, 34,16, 5,15,2) U (43,6,18,11, 33, 13,39, 31)
U (43,7,21,20,17,8, 24, 29)

Hamilton Cg-sixfoil = (43,3,9,27,38,28, 41,37) U (43,25, 32, 10, 30, 4, 12, 36)

U (43,22,23,26,35,19,14,42) U (43,40,34,16,5,15,2,6) U (43,18,11,33,13,39,31,7)
U (43,21,20,17,8,24,29,1)

Hamilton Cs-sixfoil = (43,9, 27,38, 28,41, 37,25) U (43,32,10,30,4, 12, 36, 22)

U (43,23,26, 35,19, 14,42,40) U (43,34,16,5,15,2,6,18) U (43,11, 33,13, 39, 31,7,21)
U (43,20,17,8,24,29,1,3)

Hamilton Cs-sixfoil = (43,41,37,25,32, 10, 30,4) U (43,12, 36, 22, 23, 26, 35, 19)

U (43,14,42,40,34,16,5,15) U (43,2,6,18,11,33,13,39) U (43,31,7,21,20,17,8,24)
U (43,29,1,3,9,27,38,28).

(336 edges = (21 all lengths) * 16 times)

These 7 starters comprise a Hamilton Cg-sixfoil decomposition of 16 Ky;.

Example 3.4. Hamilton C)s-sixfoil of 24Kg;.

(n,9) = (67,2) n-orbit : 1,2,4,8, 16,32, 64,61,55,43,19,38,9, 18, 36,5, 10, 20, 40, 13, 26, 52,
37,7, 14,28, 56, 45, 23, 46, 25, 50, 33, 66, 65, 63, 59,51, 35, 3, 6, 12, 24, 48, 29, 58, 49, 31,62, 57,
47,27,54,41, 15,30, 60, 53,39, 11,22, 44,21,42,17, 34, 1.

Hamilton C)2-sixfoil = (67,1,...) U (67,...) U (67,...) U (67,...) U (67,...) U (67,...)
Hamilton C)2-sixfoil = (67,2,...) U (67,...) U (67,...) U (67,...) U (67,...) U (67,...)
Hamilton C)2-sixfoil = (67,4,...) U (67,...) U (67,...) U (67,...) U (67,...) U (67,...)

Hamilton Cyg-sixfoil = (67,19, ...) U (67,...) U (67,...) U (67,...) U (67,...) U (67,...).
(792 edges = (33 all lengths) * 24 times)
These 11 starters comprise a Hamilton C2-sixfoil decomposition of 24 Kg7.

Example 3.5. Hamilton C)4-sixfoil of 28 K+g.

(n,9) =(79,3) n-orbit: 1,3,9,27,2,6,18,54,4,12, 36,29, 8, 24, 72, 58, 16, 48, 65, 37,32, 17,
51, 74,64, 34, 23, 69, 49, 68, 46, 59, 19,57, 13, 39, 38, 35, 26, 78, 76, 70, 52, 77, 73, 61, 25, 75, 67,
43,50, 71,55, 7,21,63, 31, 14,42, 47,62, 28, 5, 15, 45, 56, 10, 30, 11, 33, 20, 60, 22, 66, 40, 41, 44,
53, 1.

Hamilton C4-sixfoil = (79,1,...) U (79,...) U (79,...) U (79,...) U (79,...) U (79,...)
Hamilton C¢-sixfoil = (79,3,...) U (79,...) U (79,...) U (79,...) U (79,...) U (79,...)
Hamilton C)4-sixfoil = (79,9,...) U (79,...) U (79,...) U (79,...) U (79,...) U (79,...)

Hamilton C)4-sixfoil = (79,8,...) U (79,...) U (79,...) U (79,...) U (79,...) U (79,...).
(1092 edges = (39 all lengths) * 28 times)
These 13 starters comprise a Hamilton C)4-sixfoil decomposition of 28 K7g.

Example 3.6. Hamilton Cg-sixfoil of 36Kg3.
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(n,9) = (103,5) n-orbit : 1,5,25,22,7,35,72,51,49, 39,92, 48, 34, 67, 26, 27, 32, 57, 79, 86, 18, 90, 38,
87,23, 12,60, 94, 58, 84, 8, 40,97, 73, 56, 74,61, 99, 83, 3, 15, 75, 66, 21, 2, 10, 50, 44, 14, 70,41, 102, 98,
78,81,96,68,31, 52, 54, 64, 11, 55,69, 36, 77,76, 71, 46, 24, 17, 85, 13, 65, 16, 80,91, 43, 9, 45, 19, 95,

63, 6, 30, 47,29, 42, 4, 20, 100, 88, 28, 37,82, 101,93, 53, 59, 89, 33,62, 1.

17 starters comprise a Hamilton C)g-sixfoil decomposition of 36 K03.

Example 3.7. Hamilton Cyy-sixfoil of 44K 47.

(n,g) = (127,3) n-orbit : 1,3,9,27,81,116,94,28, 84, 125,121, 109, 73,92, 22, 66, 71, 86, 4, 12, 36,
108, 70,83,122,112,82,119,103, 55,38, 114, 88,10, 30,90, 16, 48,17, 51, 26, 78, 107, 67, 74, 95, 31,
93, 25, 75, 98, 40, 120, 106, 64, 65,68, 77, 104, 58, 47, 14, 42,126,124, 118, 100, 46, 11, 33,99, 43, 2, 6,
18,54, 35,105,61,56,41,123,115,91, 19, 57, 44, 5, 15, 45, 8, 24,72, 89, 13,39, 117, 97,37, 111, 79, 110,
76,101, 49, 20, 60, 53, 32, 96, 34, 102, 52, 29, 87, 7, 21, 63, 62, 59, 50, 23, 69, 80, 113, 85, 1.

21 starters comprise a Hamilton Cye-sixfoil decomposition of 44Ko7.

Example 3.8. Hamilton Cyy-sixfoil of 48K)39.

(n,g) = (139,2) n-orbit: 1,2,4,8,16,32,64,128,117,95,51, 102, 65,130, 121, 103, 67, 134, 129, 119,
99, 59, 118,97, 55, 110, 81, 23, 46, 92, 45, 90, 41, 82, 25, 50, 100, 61, 122, 105, 71, 3, 6, 12,24, 48, 96, 53,
106,73,7,14,28, 56, 112, 85, 31,62, 124, 109, 79, 19, 38, 76, 13, 26, 52,104, 69, 138,137,135, 131, 123,
107,75,11,22,44, 88,37, 74,9, 18,36, 72, 5, 10, 20, 40, 80, 21, 42, 84, 29, 58, 116, 93, 47, 94, 49, 98, 57,
114,89,39,78,17, 34,68, 136,133,127,115,91, 43, 86, 33,66, 132, 125,111, 83, 27, 54,108, 77, 15, 30,
60,120,101,63,126,113,87,35,70, 1.

23 starters comprise a Hamilton Coy-sixfoil decomposition of 48 K39,

Example 3.9. Hamilton Cys-sixfoil of 52Ks,.

(n,9) = (151,6) n-orbit: 1,6, 36,65,88, 75,148,133, 43,107, 38, 77,9, 54, 22,132, 37,71, 124, 140, 85,
57,40,89, 81,33, 47,131, 31, 35, 59, 52, 10, 60, 58, 46, 125, 146, 121,122, 128,13, 78, 15,90, 87,69, 112,
68, 106,32, 41,95,117,98, 135, 55,28,17, 102, 8,48,137,67,100, 147,127, 7,42,101, 2,12, 72,130, 25,
150, 145, 115, 86,63, 76, 3, 18,108, 44,113, 74, 142,97, 129, 19, 114, 80, 27,11, 66,94, 111, 62, 70,118,
104,20,120,116,92,99, 141,91,93, 105, 26,5, 30, 29, 23, 138, 73, 136, 61, 64, 82, 39, 83,45,119,110,
56,34, 53, 16,96, 123,134, 49,143,103, 14, 84,51, 4, 24, 144, 109, 50, 149,139, 79, 21, 126, 1.

25 starters comprise a Hamilton Cog-sixfoil decomposition of 52K)s;.

Example 3.10. Hamilton Cyg-sixfoil of 56K)63.

(n,g) = (163,2) n-orbit: 1,2,4,8, 16,32,64,128,93,23, 46,92, 21,42, 84, 5, 10, 20, 40, 80, 160, 157,
151,139, 115,67, 134,105, 47,94, 25, 50,100, 37, 74, 148,133, 103,43, 86,9, 18, 36, 72, 144,125, 87,
11,22, 44, 88,13, 26,52, 104, 45,90, 17, 34, 68, 136, 109, 55, 110, 57, 114, 65, 130,97, 31, 62, 124, 85,
7,14,28,56,112,61,122, 81,162, 161,159, 155, 147,131, 99, 35, 70, 140, 117, 71, 142, 121, 79, 158, 153,
143, 123,83, 3,6, 12, 24, 48,96, 29, 58, 116, 69, 138, 113, 63, 126, 89, 15, 30,60, 120, 77,154, 145,127,
91,19, 38,76,152, 141,119, 75,150,137,111, 59, 118, 73, 146, 129, 95, 27, 54, 108, 53, 106, 49, 98, 33,
66,132,101, 39,78, 156, 149, 135, 107,51, 102,41, 82, 1.

27 starters comprise a Hamilton Cag-sixfoil decomposition of 56K 6a.

Example 3.11. Hamilton Cj34-sixfoil of 68K)gg.

(n,g) = (199,3) n-orbit: 1,3,9,27,81,44,132,197,193, 181, 145,37, 111, 134, 4, 12, 36, 108, 125, 176,
130,191, 175,127, 182, 148, 46, 138, 16, 48, 144, 34,102, 107,122, 167,103,110, 131,194, 184, 154, 64,
192,178,136, 10, 30,90, 71, 14, 42,126, 179, 139,19, 57,171, 115, 146, 40, 120, 161, 85, 56, 168, 106, 119,
158, 76,29, 87,62, 186, 160, 82, 47, 141, 25, 75, 26, 78, 35, 105, 116, 149, 49, 147,43, 129, 188, 166, 100,
101, 104,113, 140, 22,66, 198, 196,190,172,118, 155,67, 2,6, 18, 54, 162, 88,65, 195, 187, 163,91, 74,
23,69, 8,24,72,17,51, 153,61, 183,151, 55, 165,97,92, 77, 32, 96, 89, 68, 5, 15, 45,135, 7, 21, 63, 189,
169, 109, 128, 185, 157, 73, 20, 60, 180, 142,28, 84, 53, 159, 79, 38, 114, 143, 31, 93, 80, 41,123,170, 112,
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137,13,39,117,152,58, 174,124,173, 121, 164, 94, 83, 50, 150, 52, 156, 70, 11, 33, 99, 98, 95, 86, 59,
177,133,1.
33 starters comprise a Hamilton Cs4-sixfoil decomposition of 68K}gg.

Theorem 4. Let n be prime. When n = 6(k—~ 1)+ 1, A = 0 (mod k), and k = 1,3,7,9 (mod
10), AKy has a Hamilton Cy-sixfoil decomposition.

Example 4.1. Hamilton C;-sixfoil of 3K;3.

(n,9) = (13,2) n-orbit: 1,2,4,8,3,6,12,11,9,5,10,7,1.
Ly:1,12,1

11,2

9,4

58

: 3,10,3

Lg: 6,7,6.

Hamilton Cs-sixfoil = (13,1,12) U (13,2,11) U (13,4,9) U (13,8,5) U (13,3,10) U (13,6,7).
(18 edges = (6 all lengths) * 3 times)

This starter comprises a Hamilton Cs-sixfoil decomposition of 3K)3.

2,

1 4
L4:8,
: 3,

Example 4.2. Hamilton Cy-sixfoil of 7K3;.

(n,g) = (37, 2) n-orbit: 1,2,4,8,16,32,27,17, 34, 31, 25, 13, 26, 15, 30, 23, 9, 18, 36, 35, 33,
29,21,5,10,20,3,6,12,24,11,22,7,14,28,19,1.

L, :1,27,26,36,10,11,1

Ly : 2,17,15,35,20,22,2

Ly : 4,34,30,33,3,7,4

Ls . 8,31,23,29,6,14,8

Lg: 16,25,9,21,12,28,16

Le : 32,13,18,5,24,19, 32.

Hamilton Cy-sixfoil = (37,1, 27,26, 36,10, 11) U (37,2,17, 15, 35, 20, 22) U (37,4, 34,30,33,3,7) U
(37,8,31,23,29,6,14) U (37,16,25,9,21,12,28) U (37,32, 13,18,5,24,19)

Hamilton Cy-sixfoil = (37,27,26,36,10,11,1) U (37,17, 15, 35,20,22,2) U (37,34,30,33,3,7,4) U
(37,31,23,29,6,14,8) U (37,25,9,21,12,28, 16) U (37,13, 18,5, 24,19, 32)

Hamilton Cy-sixfoil = (37,26, 36,10, 11,1, 27) U (37,15, 35,20,22,2,17) U (37,30,33,3,7,4,34) U
(37,23,29,6,14,8,31) U (37,9,21,12,28,16,25) U (37, 18 5,24,19, 32, 13).

(126 edges = (18 all lengths) * 7 times)

These 3 starters comprise a Hamilton Cy-sixfoil decomposition of 7K3;.

Example 4.3. Hamilton Cy;-sixfoil of 11Kj;.

(n,g) =(61,2) n-orbit: 1,2,4,8,16,32,3,6,12,24,48,35,9,18,36, 11,22, 44,27, 54,47, 33,

5, 10, 20, 40, 19, 38, 15, 30, 60, 59, 57, 53, 45, 29, 58, 55, 49, 37, 13, 26, 52, 43, 25, 50, 39, 17, 34,
7,14,28,56,51,41, 21, 42, 23, 46,31, 1.

Ly : 1,3,9,27,20,60,58,52,34,41,1

Lo : 2,6,18,54,40,59,55,43,7,21,2

L3 : 4,12,36,47,19,57,49,25,14,42,4

L4 : 8,24,11,33,38,53,37,50,28,23,8

Lg : 16,48,22,5,15,45,13, 39, 56,46, 16

Lg : 32,35,44, 10,30,29,26,17,51,31,32.

Hamilton Cy)-sixfoil = (61,1,...) U (61,2,...) U (61,4, ...) U (61,8,...) U (61,16,...) U (61,32,...)
Hamilton Cy;-sixfoil = (61,3,...) U (61,6,...) U (61,12,...) U (61,24,...) U (61,48,...) U (61,35,...)
Hamilton C),-sixfoil = (61,9, ...) U (61,18,...) U (61,36,...) U (61,11,...) U (61,22,...) U (61,44,...)
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Hamilton Cy;-sixfoil = (61,27, ...) U (61,54,...) U (61,47,...) U (61,33,...) U (61,5,...) U(61,10,...)
Hamilton Cy,-sixfoil = (61,20, ...) U (61, 40,...) U (61,19,...) U (61, 38,...) U (61,15,...) U (61,30,...).
(330 edges = (30 all lengths) * 11 times)

These 5 starters comprise a Hamilton C)j-sixfoil decompasition of 11 K.

Example 4.4. Hamilton Ci3-sixfoil of 13K73.

(n,g) = (73,5) n-orbit : 1,5,25,52,41,59,3,15,2, 10,50, 31,9, 45, 6, 30, 4, 20, 27, 62, 18, 17,
12,60, 8, 40, 54, 51,36, 34, 24,47, 16, 7, 35, 29, 72, 68, 48, 21, 32, 14, 70, 58, 71, 63, 23, 42, 64, 28,
67,43,69,53,46,11, 55,56,61, 13, 65, 33,19, 22,37, 39, 49, 26, 57, 66, 38, 44, 1.

L :1,3,9,27,8,24,72, 70,64, 46,65,49, 1

L, : 5,15,45,62,40,47,68,58,28,11,33,26,5

Lji: 25,2,6,18,54,16,48,71,67,55,19,57,25

L4 : 62,10,30,17,51,7,21,63, 43,56, 22, 66,52

Lg : 41,50,4,12, 36,35, 32,23,69,61,37,38,41

Lg : 59,31,20,60,34,29, 14, 42,53, 13, 39, 44, 59.

Hamilton C)s-sixfoil = (73,1,...) U (73,5,...) U (73,25,...) U (73,52,...) U (73,41,...) U (73,59, ...
Hamilton C3-sixfoil = (73,3,...) U (73,15,...) U (73,2,...) U (73,10,...) U (73,50,...) U (73,31,...
Hamilton Cy3-sixfoil = (73,9, ...) U (73,45,...) U (73,6,...) U (73,30, ...) U (73,4,...) U (73,20, ...

Nt Nt N

Hamilton C)s-sixfoil = (73,24, ...) U (73,47,...) U (73,16,...) U (73,7,...) U (73,35, ...) U (73,29,...).
(468 edges = (36 all lengths) * 13 times)
These 6 starters comprise a Hamilton C,3-sixfoil decomposition of 13K73.

Example 4.5. Hamilton C)7-sixfoil of 17Kp;7.

(n,9) = (97,5) n-orbit : 1,5,25,28,43,21,8,40,6,30,53,71, 64,29, 48, 46, 36, 83, 27, 38, 93,
77,94, 82,22,13,65,34,73,74, 79,7, 35, 78, 2, 10, 50, 56, 86, 42, 16, 80, 12, 60, 9, 45, 31, 58, 96,
92,72,69,54, 76, 89,57,91, 67,44, 26, 33, 68, 49, 51, 61, 14, 70, 59, 4, 20, 3, 15, 75, 84, 32, 63, 24,
23,18,90,62, 19,95, 87,47, 41, 11, 55,81, 17, 85, 37, 88, 52, 66, 39, 1.

L : 1,8,64,27,22,79,50, 12,96, 89,33, 70, 75, 18, 47, 85, 1

L, : 5,40,29,38,13,7,56,60,92,57,68, 59, 84,90,41,37,5

L3 : 25,6,48,93,65,35,86,9,72,91,49,4,32,62,11, 88,25

L4 : 28,30,46,77,34, 78, 42,45, 69,67,51, 20,63, 19, 55,52, 28

Lg : 43,53,36,94,73,2,16,31,54,44,61,3,24,95,81,66,43

Lg : 21,71,83,82,74, 10, 80, 58, 76, 26, 14, 15, 23,87, 17,39, 21.

Hamilton Ci7-sixfoil = (97,1,...) U (97,5,...) U (97,25, ...) U (97,28,...) U (97,43,...) U (97,21,...)
Hamilton C)7-sixfoil = (97,8, ...) U (97,40, ...) U (97,6,...) U (97,30,...) U (97,53,...) U (97,71,...)
Hamilton C;7-sixfoil = (97,64, ...) U (97,29, ...) U (97,48, ...) U (97,46, ...) U (97, 36,...) U (97,83,...)

Hamilton Cyz-sixfoil = (97,12, ...) U (97,60, ...) U (97,9, ...) U (97, 45,...) U (97,31,...) U (97,58, ...)
(816 edges = (48 all lengths) * 17 times)
These 8 starters comprise a Hamilton C;7-sixfoil decomposition of 17Kgy.

Example 4.6. Hamilton Cig-sixfoil of 19K)g9.

(n,g) = (109,6) n-orbit: 1,6,36,107,97,37, 4,24, 35,101,61, 39, 16, 96, 31, 77, 26, 47, 64, 57, 15,90,
104,79, 38, 10, 60, 33, 89, 98,43, 40, 22, 23, 29, 65, 63, 51, 88,92, 7, 42, 34, 95, 25, 41, 28, §9, 27, 53, 100,
55,3, 18,108,103, 73,2,12, 72, 105, 85, 74, 8, 48, 70,93, 13, 78, 32, 83, 62, 45, 52, 94, 19, 5, 30, 71,99,
49,76,20,11, 66, 69, 87, 86, 80, 44, 46,58, 21,17,102,67, 75, 14, 84, 68, 81, 50, 82, 56, 9, 54, 106,91, 1.

9 starters comprise a Hamilton Cg-sixfoil decomposition of 19Kqs.

Example 4.7. Hamilton Cy7-sixfoil of 27K)57.
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(n,9) = (157,5) n-orbit: 1,5,25,125,154, 142, 82, 96, 9, 45, 68, 26, 130,22, 110, 79, 81,91, 141,77, 71,
41,48,83,101,34,13,65,11,55,118,119,124, 149,117,114, 99, 24, 120,129,17,85,111, 84, 106, 59,
138,62,153,137,57,128, 12,60, 143,87,121, 134,42, 53, 108, 69, 31, 155, 147, 107, 64, 6,30, 150,122,
139,67,21,105,54, 113,94, 156, 152, 132, 32, 3, 15, 75,61, 148,112, 89, 131,27, 135, 47, 78, 76, 66, 16,
80,86, 116, 109, 74, 56, 123, 144, 92, 146, 102, 39, 38, 33, 8, 40, 43, 58, 133, 37, 28, 140, 72,46, 73, 51,

98, 19,95, 4,20, 100, 29, 145,97, 14,70, 36,23, 115, 104, 49, 88, 126, 2, 10, 50,93, 151,127, 7, 35, 18,
90,136,52,103,44,63,1.

13 starters comprise a Hamilton Cay-sixfoil decomposition of 27K,s57.

Example 4.8. Hamilton Cj;-sixfoil of 31Kg;.

(n,9) = (181,2) n-orbit: 1,2,4,8,16,32,64, 128,75,150,119,57,114,47,94, 7, 14,28, 56, 112,43,
86,172, 163,145, 109, 37, 74, 148, 115, 49, 98, 15, 30, 60, 120, 59, 118, 55,110, 39, 78, 156,131, 81, 162,
143,105, 29,58, 116, 51,102, 23,46,92,3,6,12,24, 48,96,11,22, 44,88,176,171, 161, 141, 101, 21,42,
84,168, 155,129,77,154, 127,73, 146, 111,41, 82,164, 147,113, 45, 90, 180, 179,177,173, 165, 149, 117,
53,106,31,62, 124,67, 134, 87,174, 167, 153,125, 69, 138, 95, 9, 18, 36, 72, 144, 107, 33, 66, 132, 83, 166,
151,121, 61, 122,63, 126, 71, 142, 103, 25, 50, 100, 19, 38, 76, 152, 123, 65, 130, 79, 158, 135, 89, 178,175,
169,157, 133, 85, 170, 159, 137, 93, 5, 10, 20, 40, 80, 160, 139, 97, 13, 26, 52, 104, 27, 54, 108, 35, 70, 140,
99,17,34,68,136,91, 1.

15 starters comprise 8 Hamilton Cj;-sixfoil decomposition of 31Kg;.

Example 4.9. Hamilton Cj3-sixfoil of 33K)03.

(n,9) = (193,5) n-orbit : 1,5,25,125, 46, 37,185,153, 186, 158, 18,90, 64, 127, 56, 87, 49, 52, 67,
142,131,76,187,163, 43,22, 110, 164, 48, 47,42, 17, 85, 39, 2, 10, 50, 57,92, 74,177,113, 179, 123, 36,
180,128,61,112,174,98, 104,134, 91,69, 152, 181, 133, 86, 44, 27, 135, 96, 94, 84, 34, 170, 78, 4, 20,
100,114, 184,148, 161, 33, 165, 53, 72, 167,63, 122, 31, 155, 3, 15, 75,182, 138, 111, 169, 73,172, 88,
54,77,192, 188, 168, 68, 147, 156, 8, 40, 7, 35, 175,103, 129, 66, 137, 106, 144, 141,126, 51,62, 117,6,
30,150,171, 83,29, 145, 146,151, 176, 108, 154, 191, 183, 143, 136, 101, 119, 16, 80, 14, 70,157, 13, 65,
132,81, 19,95, 89, 59, 102, 124, 41, 12,60, 107, 149, 166, 58, 97,99, 109, 159, 23, 115, 189, 173, 93, 79,
9,45, 32, 160, 28, 140, 121, 26, 130, 71, 162, 38,190, 178,118, 11, 55, 82, 24, 120, 21, 105, 139, 116, 1.
16 starters comprise a Hamilton Cj3-sixfoil decomposition of 33K;g3.
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Spherical t-design approximating the sphere
Delsarte-Goethals-Seidel | = Dby a finite set (w.r.t. the
1977 integrals of polynomials)

For r > 0,
57=1(r) = {(@1,+-.yTn)ER™ | ‘Bf +-- +mf, =r?} CR™

X C 8™ 1(r), |X| < o0, is a spherical t-design

=

=i Jsn-1y £ (2)d0(2) = 13 Doex £(2)

for Yf(xz) = f(x1,-..,Zn), polynomials of degree < t.

Here |S™1(r)| = the area of S™~!(r), and the integral in the LHS is the usual
surface integral on S™~1(»)

Equivalent definitions of spherical t-design

X C 8™! is a spherical t-design
.
Y zex J(z) = 0, Vf(x), homogeneous harmonic polynomials of degree 1,2,...,t.
.
All kinds of moments of degree < t of X are invariant under any orthogonal trans-
formation.
Namely
Sobalr= 3 abelead
zeX z€o(X)

Ao sAn 20, M+--+ A<t Yo €0O(n)

Facts on spherical t-designs !
1. X is a t-design = X is a i-design ¥i < t.
2. X is a t-design = o(X) is a t-design Yo € O(n).
3. X, X2 (X1 N X, =0) are t-designs => X; U X; is a t-design.
5

Lower bounds (Fisher type inequality)
(Delsarte-Goethals-Seidel 1977)
X is a t-design in S™~! C R®
t=2e = |X|2 (") + (.07
t=2e+1=>|X|22("1*)
If “ = * holds, then X is a spherical tight ¢-design.
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6
Examples
e Vertices of a regular (¢ + 1)-gon on the circle S? form a t-design, and it is a tight
t-design.
e Vertices of a regular polyhedron in §2 C R3 form a spherical t-design.

regular polyhedron | no. of vertices | t | tight
simplex 4 2| yes
cube 6 3| yes
octahedron 8 3| no
icosahedron 12 5| yes
dodecahedron 20 5 no

. 7
e Many good examples of spherical t-designs are obtained as orbits of finite sub-
groups G C O(n)
X = {g(z0) | g € G} C §™ for a fixed zp € S™!
¢ Many good examples of spherical t-designs are obtained as shells of lattices
LCR”®
X=L={z€L||zl’=r%

o L = Eg-lattice C R®

G = Aut(L) = W(Es) C O(8).

All the orbits of G = W (Es) are spherical 7-designs.

(Some of them are 11-designs.)

All the shells of Ej lattice L are 7-designs.

(It is an open question whether any of them is an 8-design. This is equivalent to
Lehmer’s conjecture. )

¢ L = Leech lattice C R*

G = Aut(L) = Conway - 0 C O(24).

All the orbits of G are spherical 11-designs.

(Some of them are 15-designs.)

All the shells of Leech lattice L are 11-designs.

(It is an open question whether any of them is
a 12-design.)

¢ As far as the known examples with n > 3 are con-

cerned, those obtained as orbits of G C O(n) are at most 19-designs, and those
obtained as shells of lattices in R® are at most 11-designs.
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9|

So, it is an interesting question whether any 12-design is obtained as a shell of a
lattice.

Also, it is an interesting question whether any £-design with arbitrary large ¢ are
obtained as orbits of finite groups in O(n). !
e Theorem (Seymour-Zaslavsky 1984) for any t and for any n, spherical t-design |
X on S™! exists.

o Explicit constructions of spherical t-design X for large t on S"~! for n > 3 are
difficult in general. (cf. G. Kuperberg 2006 for n = 3)

10

e Tight spherical t-designs on S"~! are classified (up to orthogonal transformations)
except for t = 4,5,7 (Bannai-Damerell 1979, 1980).
Ifn> 3, thent = 1,2,3,4,5,7,11.
t=1=> |X|= 2, a pair of antipodal points.
t=2= |X]|=n+ 1, regular simplex.
t=3= |X| = 2n, cross polytope (gen. octahedron).

=11 = n=24, |X|=196560, X = the set of min. vectors of Leech lattice
in R%4
t=4= n=(2k+1)?-3
t=5= mn=3o0r (2k+1)*-2
t=7T=—= n=3d%-4
Bannai-Munemasa-Venkov (2004) obtained more non-existence results for
t=4,5,7.

11
Association schemes and coherent configurations Association scheme
(X, {Ri}ie1) is a pair of a finite set X and a set of relations {R;}icy on X
satisfying certain axioms.
Coherent configuration is a more general concept (than association scheme) de-
fined as follows.

12
coherent configurations
X : a finite set Ry, Rp,...,RiC X X X.
If the following conditions (1)~(4) are satisfied,
then X = (X, {Ri}1<i<) is a coherent configuration

1. X XX =R,UR;U-+--UU Ry is a partition.
2.3 st 1<p<, RjU:---URy,= {(z,z) |z € X}.

3. For each 4, 3’ such that *R;=Ry, 1<% <!, (where
‘Ri == {(z,v) | (y,z) € R:})

4. For each i,j,k, |{z € X | (z,2) € Ry, (2,y) € R;}| is a constant on (z,y) € R
(depends only on i, j, k). (We denote it by p};.)
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13
Association schemes are special cases of coherent configurations with p = 1, i.e.,

{(z,z) |z € X} = R,.

e Coherent configuration was defined by D. G. Higman in 1970, and is a combi-
natorial axiomatization of general (not necessarily transitive) finite permutation
groups.

® Association scheme is a combinatorial axiomatization of transitive finite permu-
tation groups.

¢ Important classes of association schemes:

P-polynomial association schemes,

Q-polynomial association schemes,

P- and Q-polynomial association schemes.

14

s-distance set on S~
Let X C S™T be a finite set. Define

AX)={z-ylz#ye X}

X is called an s-distance set if |A(X)| = s.

e Theorem (Delsarte-Goethals-Seidel 1977)

Let X C ™! be a finite set which is a t-design and an s-distance set. Then the
followings hold:

1. t < 2s.
2. t =28 <= X is a tight 2s-design.
3.t =28 —1and X is antipodal < X is a tight (2s — 1)-design.

15

Moreover, we have
4. |t > 28— 2| = (X, {Ri}oci<s) is a Q-polynomial scheme. |
Here we define

A(X) = {al’"-’aa | -1 <e; < 1}°

Ri={(=zy)eXxX|z-y=a;}, (1Li<5s)

Ro = {(=,z) | z € X}
Here we use the notations Ry,..., R, instead of R;,...,Rs1
¢ Remark (B-B):

— - - (X, {Ri}o<i<s) is a Q-polynomial
| t>2s—3 and X is antipodal | = scherne.
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16

Euclidean ¢-designs
A two step generalization of spherical t-designs, that is X has a weight w and X
is in R™ (not necessarily on S™1.)
Notation: X C R", a finite set

{li=ll | = € X} = {ry,...,7p},

S—{mGR“HIm"—r‘}, X;=SiNnX (1<i<p).
We say X is supported by § = UL, S;.

_Joifogs
€s = { 1 otherwise.

w: X — Ry, a weight function
w(X) - Ez eX w(m)’
|57 = fgn-1 do(), |Si| = fs,, do(z),

17
If r; = 0, then ﬁ fs, F(x)doy(zx) = f(0) for Yf(z) € P(n),
|Si] = ri*~2|S™Y for ; > 0.
Definition(Neumaier-Seidel, 1988)
(X, w) is a Euclidean ¢t-design if
w(X;
520 [ f@dodo) = 3 w(@)f(@)
1_1 | | zEX
for any polynomial f(x) of degree at most ¢, wehre w(X;) = Y, x, w(z)-
Remark: |
p =1, X # {0}, w(z) = 1, = Spherical t-designs.
18
Equivalent definitions of Euclidean t-design
(X, w) is a Euclidean t-design.
—
Yzex w(z)||lz[|* () = O for any homogeneous harmonic polynomial ¢,
of degree I, where [ and j are integers satisfying 1 <I<tand 0<j < ‘T"
19

—
All kinds of moments of degree < t of X are invariant under any orthogonal
transformation.

Namely,
Laex W(T)f(z) = X oex w(z) f(o(x))
holds for any polynomial f of degree < t and ¢ € O(n).
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20
Natural lower bounds (Fisher type inequality)
Theorem (Moller 1976)
Let X C R™ be a finite set and w be a positive weight function on X.

1. (X, w): Euclidean 2e-design = | X| 2 dim(P.(n)|s).
2. (X, w): Euclidean (2e + 1)-design.
(a) e odd, or e even and 0 € X = |X| > 2dim(P?(n)|s).
(b) e even and 0 € X = |X| = 2dim(P;(n)|S) — 1,
where P(n) = @f_ Hom;(n), P;(n) = QEoHome_zi(n),

where Hom;(n) is the space of homogeneous polynomials of degree i, and
S =5U:.-US, (= the set of concentric spheres supporting X).

21

Tight designs

If “ =" holds in the previous page, then (X, w) is a tight t-designon p concentric
spheres
Moreover if

(1) dim(Pe(n)|s) = dim(Pe(n)) (for t = 2e),
or

(2) dim(P;(n)|s) = dim(P;(n)) (for t = 2e + 1)
holds, then (X, w) is a tight t-design in R®

Note that these conditions (1) and (2) are satisfied if p is large enough (p > £
approximately).

22
Some more notation

(X, w): Euclidean t-design in R™.
For any X, X, # {0}, we define

-y
=]l

A(Xx X,) :={ |a:EX,\,y€X,_,,a:7éy}.

Let sy, := |A(Xx, X))y ,
A(Xx, X,) = {af\"L |u=1,...,8xu} ad) = 1.

(Then clearly A(X\, X,) = A(X,, X1), 8xru= 8y, and af\"‘L = af:i.
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23
The following results (Theorem A ~ Theorem E) are the main theorems of this
talk.
Theorem A
(X, w): a Euclidean t-design, w(zx) = w, for any = € X,.
and one of the following (1) or (2) holds.

1. If s+ 8, <t —2(p—€s— 2) holds forany A, vand p withl < A,y u < p.
2. If X is antipodal and
Saw+ Suu— Oy — O
<t—2(p—es—2)
holds for any A\, v and u satisfying
1< up<p.

Then X has the structure of a coherent configuration.

24

In other words, for (z,y) € Xy x X,,, withz-y = af\'f‘)"

HzeX,|z-z=af), z.y=afl}|

depends only on A, v, g, i, j, k. (Here 1l < \y,p < p, and 1 -4, < i < 8y,
1- Ju,p S ] S Sy s and 1~ 6,\,,, S k S s,\.,,.)

25
Theorem B
Let (X,w) be a tight Euclidean {-design on 2 concentric spheres. Then X has the
structure of a coherent configuration.

. _26
Towards the classification of Euclidean 4-designs on 2 concentric spheres having_"

the structures of coherent configurations.

Theorem C

(X,w): a Euclidean 4-design in R® on 2 concentric spheres. 0 ¢ X and w is con-
stant on each X, sy, < 2 (A, # = 1,2). Then X has the structure of a coherent
configuration and the following holds.

(1) s12=2.

(2) (X,w) is a tight Euclidean 4-design or similar to one of the Euclidean 4-design
having the parameters given in (i) and (ii).

27
(i) n=2,
X1 = {i(7l§v 715')1 i(7‘§s _715)}’
X2 = {(£r2, 0), (0, £r2)},
w(z) =1o0n X,, w(z)=r;*on X,
ry: any positive real number satisfying r, # 1.
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28
@ii) n=(2k-1)2-
[Xh| = 2(2k + 1)(k - 1)3 |X2| = 2k3(2k - 3),
A(Xl) = {k(zk_a)a 2k— 3}7
k

AX2) = {5~ (k-l)‘:-21k+1)}’

A, X) = {2, -},

n=1lLw=1,

wp = 21;;}:_3)):-1 ryd,
where k is any integer satisfying k > 2 and r; is any positive real number satisfying

1'2#1.

The intersection numbers of the corresponding coherent configurations for Theo-
rem C (ii) are given in the Appendix I.

29
Theorem D
A Euclidean 4-design in R" having the parameters given in Theorem C (2)
(ii) exists if and only if a tight spherical 4-design on S C R"¥! exists.
Note that the classification of tight Euclidean 4-designs on 2 concentric
spheres is still open.

30
Theorem E (1) The following is a series of feasible parameters for tight Euclidean
4-design in R". '

= (6k — 3)2 —
|X1] = (6k% — 6k + 1)(36k® — 36k + 7), |X2| = 3(36k2 — 36k + 7)(2k — 1)?,
AXy) =4 1B =2Th+8 o 18k2-0k-1
6(9k2—9k+1)(2k—1)° ~ 6(9k2—0k+1)(2k—1)
A(Xp) =
36k3—54k24-25k—4 L 36k3—54k2+25k—3
2(6k2—6k—+1)(18k2—18k+5)’ 2(6k2—6k+1)(18k2—18k+5)}
A(XI’ X2

36k2—36k+4 36k2—36k+10
(36k%—36k+6)(36k2—36k+10) (36L?-36L+6)(3sk2—36k+4)
rp= \/3(131:2 ;8):4_-.3:(1!;’ 6k+l) Wy = 31(21:—-1)

rl—lv

31
(2) If 2 < n < 152 - 3, then tight Euclidean 4-design supported by 2 concentric
spheres is similar to one of the examples given in Theorem I, II and III in the
paper by Etsuko Bannai (2009) or to the one of those having the parameters given
in Theorem E .

The intersection numbers of the corresponding coherent configurations (given in
Theorem E(1)) are given in the Appendix II.
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Examples of tight Euclidean 4-designs on 2 concentric spheres(Etsuko Bannai 2009)
Theorem I. | X;|=n+1.

n |X1| |X2| T 2 A(X]) A(Xz) A(Xl,Xz) w) | we
23 [ 3 [1[r#1] - 5 |3 (1%
1 T

415 1011 78 ~ 3 % 9 & —1 1 (27
sl 1[yi] 4|4 841113
6| 7 |21 (1| V5] —X | &, -6 [ 1, -5 [1[&

7 2 1
22| 23 [253 1| /8| —L & _wr)oz 1|, L

For n =4, 5, 6, X, has the structure of the Johnson scheme J(n+1,2),
that is, the trivial tight 4-design in J(n + 1,2). For n = 22, X, has the
structure of tight 4-(23,7,1) design in the Johnson schem J(23,7).

33
Theorem II

|X1| =n+2,

n| 1 Xa] [ 1Xo] [ | m [ ACX)) | A(X2) | A(Xy, Xo) [
41 6 | 9 J1|v2]0, -1]i 1] 1 -1 |1

L&

X2 has the structure of the Hamming scheme H(2,3), that is, trivial tight 4-design
of the Hamming scheme.

Theorem III

n | | Xa|[|Xel [ | r2 |A(X)) | A(X) [ A(X), X2) |y [we
22] 33 |243]|1|v11fo, -3[2, 2| 2 -1 |1 [Z

2 81

X2 has the structure of tight 4-design in the Hamming scheme H(11, 3).
Note that the inner products A(Y;) or A(Y;,Y;) are differently normal-
ized from the previous normalization in this talk.

34
For more details of this talk, see our paper:

Euclidean designs and coherent configurations
by Eiichi Bannai and Etsuko Bannai,which will be available in arXiv:0905.2143.

THANK YOU
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\ ppendix I

easible parameters of the Euclidean 4-design (X, w) given in Theorem C(2)(ii) and the intersection
umbers of the coresponding coherent configuration.

n=(2k~1) -4,

1Xa| = 22k + 1)(k~ 1%, | Xa| = 2K%(2k — 3),

A(le Xl) = {k(;%f’ _ﬁl_i}’ A(X2, X2) = {2kl+1a —(k-l)(2k+l)}
A(le XZ) = {71,1’ —7-}

= = (2k+1)3(k-1) -4
n= 1, w = 1, Wy = ?%!F)—TZ )

ntersection matrices and Character tables of the association scheme for X,

0 1 0
BY = | B2k-3) (k+1)( 2 -k-1k (k- 1)k ] ,
0 R-k-1)(k-1)2 Bk-2)
0 0
B = 0 (R —k - 1)(k —1)?
| (k—-1)(2k-3) (kK —k-1) (k—-2)(k—1)(k—k—-1)

?

1
K3(k -2 ,
(k — 1)(k - 2)(k? - 2k — 2) ]

(1 kK*(2k—-3) (k—-1)(2k-3)(k® —k—-1)
P=|1 K(k-2) -1-k(k-2) ,
| 1 -k -1+k
[ 1 (2k+1)(2k-3) 2(2k- 3)(/&:2 -1k
Q=1 (k-2)k(2k+l) —k- ,
| 1 2k -1 ok
ntersection matrices and Character tables of the association scheme for X,
[ 0 1 0
BA=| @k+1)(k-k-1k (k+1)(k*-3)k (k+1)(K2-k-1)k |,
I 0 (k+1)(k-1)3 (k2 — k- 1)k?
[ 0 0 1
B = 0 (k+1)(k-1)3 (k% — k- 1)k?
2k + 1)(k - 1)3 (k-1)%k (k~2)(k-1)(k*-k-1)

(1 (2% + 1)(k2 - Dk (k- 1)(2k% -3k +1)
PB=|1 k(k® -k — 1) —(k-1)(k*-1)
|1 -k k-1])
T 1 (2k+1)(2k-3) 2(k-1)(2k+1)(k2—k—1)
Q=11 2k -3 -2k +2
1 N0 k1)
p. =k (2k 3) Fo = (2k+1)(k—-1)°
o, = (k* -k -1)k2, ., = (k- 1)%k2, 5., = (k? -k - 1)k?
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PR, =kk-2), p2,=k=-1, p, = k3(k -2)

L =(k=1)%, P2, = (k+1)(k-— 1), = (k + 1)(k - 1)
P = (k-1PK, p =(K-k-1) (k- 1)2, P =k —k-1)(k-1),
Pog = (k=1%K pl, =K —k-1)k-1? pJ, =(k+1)(k* -k- 1k,
pg 5 (k2 - 1)}"2 plllnl (kZ -k- 1)k21 pa; T2 (k - 1)2k21

= (K -k-1)(k-17 ph,=Fk=-2(k-1)F -k-1)

= (k2 —k — 1)(k - 1)2 = (k= 2)(k - 1)(k? =k — 1),

v Pazm
PRe =(k=12K, pRg =K -k-1k, pR.,=F-k-1),
PR, =K —k=1)(k-1)% pRg=(k+1)(k-k-1k pZ, =(k-1)%.
In above pf, = pf, holds for any a,b,¢ € {ay, 85, % |1, 5=0,1,2,k=1,2}.

Appendix II
The feasible parameters of the Euclidean tight 4-design given in Theorem E and intersection numbers
of the corresponding coherent configuration.

n=(6k-3)>-3,
|X)| = (6k2 — 6k + 1)(36k% — 36k +7), |X.| = 3(36k? — 36k + 7)(2k — 1)?,
_ 18k2—27k+8 o 18k2-0k—1
A(X1, X1) =\ FORZ_0k+1)(2k=1)° ~ 6(ORI—9k+1)(2k=1)
A(Xz, Xg) =
36k3—54k2+25k—4 — o 36k3—54k24+25k—3
2(6kZ—6k+1)(18k2—18k+5)’  2(6k2—6k+1)(18k2—18k+5)
A(X] ’ Xz) =

36k2—36k+4 36k2—36k+10
(36L2—36L+6)(36L2—36L+10 (36k2—36k+6)( 36L2—36k+4)
=1, = \/3(18]:3 198k-}_-59)l=(il;2_&+1), w=1 wp= 81(%_1) )

Intersection matrices and the Character tables of the association scheme for X,

0 1
BY = | 6(-1+2k)(Ok2 — 9k +1)k 54k — 45k —12K2 + Tk +1 ,
0 (3k — 2)(k — 1)(18k2 — 9k — 1)

0
(182 — 9k — 1)k(3k — 2) ]
k(3% — 1)(18k2 — 27k + 8)
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0 0
B® = [ 0 (3k — 2)(k — 1)(18k% - 9k — 1)
6(k — 1)(—1+ 2k)(9k2 — 9k + 1) (18k% — 27k + 8)(k — 1)(3k — 1)

1
k(3k — 1)(18k2 — 27k +8) |,
54k4 — 1713 + 177k? — 64k + 5

1 6(—1+2Kk)(9%* - 9% + 1)k 6(k — 1)(—1 + 2k)(9k* — 9k + 1)
P=|1 -3k+1 3k—2 ,
1 k(18k* — 27k + 8) —(k—1)(18k* — 9k — 1)

1 6(36k% — 36k + 7)(k - 1)k 36k% — 36k + 6
1 _ [3k—1)(k—1)(36k%~36k+7 (18k2-27k+8)(6k%—6k+1)
= 1_M_l(-1+2k)(9k!—9k-;-1) (CIFoR) Ok —0k+1)
1 k(3k—2)(36k%~36k+7) _ [18k3—9k—1)(6k2-6k+1)
(—192k)(OkZ—Bk+1) (=12K)(9kT—0k+1) _
Intersection matrices and the Character tables of the association scheme for X,
0 1
B{M = | 2(6k — 6k + 1)(18k% — 18k +5) (92 — 9k + 1)(12k% — 10k +3) ,
0 (3k — 2)(36k® — 54k? + 25k — 3)

4

0
(3k — 2)(36k® — 54k + 25k - 3) |,
(36k® — 54k? + 25k — 4)(3k — 1)

0 1
BY = 0 (3k — 2)(36k3 — 54k2 + 25k — 3) ,
2(6k? — 6k + 1)(18k% — 18k + 5) (36k® — 54k2 + 25k — 4)(3k — 1)

0
(363 — 54k% + 25k — 4)(3k - 1) |,
(9K2 ~ Ok + 1)(12k? — 14k + 5)

1 2(6k2 -6k + 1)(18k2 — 18k +5) 2(6k2 — 6k + 1)(18k2 — 18k + 5)

Pz = 1 -3k +1 3k -2 '
1 36k® — 54k + 25k — 4 3 — 36k° + 54k? ~ 25k
1 2(6k2 — 6k 4+ 1)(36k2 - 36k +17) 36k%—36k+6

Q=1 (3k—1)(36k%—36k+7) 3(36k3—54k24-25k—4)

2= 18k%—18k+5 1852 —18k+5 1
1 (3k~2)(36k%~36k+7) _ 3(36K°—54k°+25k-3)
18k%~ 18k +5 18k%—18k+5

P20, = 3(18k2 — 18k + 5)(2k — 1)2, pf_ = (6k% — 6k + 1)(18K2 ~ 18k + 5),

P2, = (2k — 1)(54k® — T2k% + 15k + 4),  p%. = (3k — 2)(2k — 1)(18k? — 18k + 5),
P5l,, = (2k — 1)(3k — 1)(18k* — 18k + 5),
P = (54k3 — 90k2 + 33k — 1)(2k — 1), PP, = (2k — 1)(3k — 1)(18k2 — 18k + 5),
P32, = (3k — 2)(2k — 1)(18k* — 18k + 5),

' = (2k—1)(3k = 2)(9K* - 9k +1), P = (9K — 9k + 1)k(6k - 5),
pé;m (3k — 1)(18K% — 27k? + 14k - 3),
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pi_ = (3k—1)(9%k? -9k +1)(2k —1), pZ_ = (9k? -9k +1)(6k —1)(k - 1),
P = (3k — 2)(18k° — 27K + 14k — 2),

p,n = 2(3k — 1)(9Kk* — 9k + 1)(2k — 1), pn_ =2(3k — 1)(k — 1)(9Kk* — 9k + 1),
p_" 5 = 2(3k — 1)(18k® — 27k + 14k - 3), p). 5 = 2(2k — 1)(3k — 2)(9%* — 9k + 1),
pm o = 2K(3k — 1)(9k? — 9k + 1), PL -, = 2k(3k — 2)(9K% — 9k + 1),

p," 5 =2(3k—2)(18k> - 27k% + 14k - 2), pBL., =2(k — 1)(9k* — 9k + 1)(3k - 2),

% = (6k — 1)(k — 1)(18k> — 18k + 5), pa, m = (k — 1)(54k> — 90k2 + 33k — 1),
p_" 5 = (2k = 1)(3k — 1)(18k? — 18k + 5), p," 5 = (8k —2)(2k — 1)(18K? — 18k + 5),
pa 2 = k(54k® — T2k + 15k + 4), .,, = (18k2 — 18k + 5)(3k — 1)(k — 1),
PR 5, = (6k — 5)k(18Kk* — 18k + 5), pm = (3k — 2)k(18K% — 18k + 5).

In above pf , = p§, bolds for any a,b,¢ € {a;, 85, % |4, 7=0,1,2,k=1,2}.
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Categories of association schemes and coherent
configurations

Akihide Hanaki (Shinshu University)

RROBZICBNTIE, BENNROLTEEZEZL, TOREERARSC
LI K> THEDERZBIET LW S FENEAVLNTVS, LA LE
A5, AGERNENROLTEIZ. —RICZhEZEBWVEREZLIZEWVE
HHEDVZCREBAONTVWENESICBDNS, CCTR7YYI—v 3
e AF—LODBEE, & D—M% coherent configuration DEZEZRL., F
DEFNTHERER TS, CCTERTHEIL. BEFOBEEFRIGTIE
IKEH, LIEA>TENEEBWEER L DB TRV £, BRRTIRC
NEDEZEXBCLIKIX>TROENSEENICH LN LRABENY, L
ML, TNETKEBEINTVWABIE COBDOHRTRETIIZ T Lic ko
T, TOEEERPEBOEUELDECHEBTEDILDLEL TS,

TV I—aYy AF—LITBT BRI (5], coherent confuguration
KDWTE [3) E-EGBICDOWTE [4) ZBRBLTRERW,, &b, 7V
I—aV « AF—LOBICHTERIE. 2 FE LMW OhDNE R

STRELLDLIEZLALRILTH S,

1 7VYYI—232+AF—Lé& coherent config-
uration D

X ZETEVEMESLLSZ X x X Oo8LT 3, §hbbXxX=
Usess THH, B s € SRETEL, s#£ & b sNs' =0 TH5B,
(X,S) BUTORMGEZHBI-TLE, ThETYYI—232 - AF—ALTH
3L,

(1) 1Is={(z,z) |ze X} £BLL. 1s€ S TH5,
(2) seSIKHLT s*={(y,7)| (z,y) € S} £B &, s* €S TH%,
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(3) s,t,u€ SITHLT pl € Zyo BEFEL T, (z,y) v DMOARKLT
Hze X |(z,2) €5, (2,y) €t} =pf THBo

(1) D&EHZRD (1) TEEBA 728 DH coherent configuration TdH 3,
(1) seSIKMLTsNls#0 &5 scls TH,

TYYI—v g AF—LI coberent configuration TH BT LITEHK
DT H B, EBHID (2,9) e X x X ITRLT (z,9)es bxBse S
N—BRCFEET S, LIh>T,. Blfr: X xX - SHEBEEh, Ch
BefLxs,

fl1.1. G ZERES X LOBEBHL TS, G & X x X Eict BRICEA
T3, TOHEDEDS X x X D53Elid coherent configuration &%, G
DX \DIEAZABLRETRETVII—yay - AF—LHELNh3,

FTIVYI— 3y » AF—L L coherent configuration DE%ZEHET 3,

TIVLZ—aY« AF—LOB AS IRBLLTTVYI—ar:
AF—LELE Hf: (X, - (Y. TREH f: XUS-YUT T
f(X)CY, f(S) CT, f(r(z,z) = r(f(z), f(z')) BRAI=TEDLTS, T
NHBEEEDZ T LIIBRICHERTES, TOHDOERII |5, §1.7] DEHRL
BUEDTHB, Fo7z<{ FIHRIC coherent configuration DE CC LEHE
ha,

CTTERBLEE AS L CCIKDWT., TOEETHREEDZIT LD
TEZN ThEDBEIEFTHS (zero object) H729 ., FODHMITPOOLH
K3, ZTTCROES ICEICRHZEEZERT 50

HEENRLTIE S IFNREL R WVH, ETEREVEGIK—DDHR
Az B (base point) ZEH. §& LTI base point # bese point ICHET
LOREFEEANE, ThIEBEEERT, ThEEIDFLESOE LV
So T, So ICBWTIE, —"Qo)ﬁio)]}?ﬁ‘?)&%%ﬁb‘g%t&%o

ChERRICERDETYIYI—YaYy - AF—LOE AS, LERDE
coherent configuration M CCy ZEH S, Thabb, 7VYIL—av-
AF—L (X,S) IKNLTz e X Z—DOEDIED (X,5,z) ZHREL,
(X,8,z) 5 (Y,T,y) \DFL LT, ASIKBIIZ% f TH-T f(z)=vy
B36DLT3, ThEEZRITLRBBASHTHS, ThE AS, £FET,
CCo BAKRICEBRBENS, S LALLSIC, X B—DDEHEISLZDZ L X,

'Higman [3] Tid. TTTERLIZTY YT~ 3>« AF—L% homogeneous coherent
configuration EFEA TV, E/z. BIXIE 1] D& ST, BIC s* =s BRETHHiBELD
B0, TTTHR—MRIK s* =s LERBELOTEVWEDEIRS,
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Tibb X ={z} THBLEIC(X,S,z) 3BHRLED, LE BTy
VI—2aV  AF—LEVOTERATEDT VI~V a3y AF—L%
BHdAC LT EDOLT S,

L&, ASp & CC IcDWTEREZ LTV, BRHSEMICESIETT
FHROTLIZ AS L CC THLERBTLNTES,

RO LIZT Lo h B,

EE 1.2, AS, 13 CCoy DFREMEPIETH B, ARFR TV T—3ar - X
F—LERBTENTET, ZOEKT. HREOCZTEIIE AS, DFEIHER
TETH %,

2 EEL2E

CCTREXANZEFEEREL T, TNERELT AS) & CCy DHMHE,
HEINVWIERTHA T LEFHTIZ, EE50BTHIZL ALEUERN
BOIDDT ASy ICDWTDHEHT 3,

ASo Dft f: (X,8,z) = (Y, T,y) BBEH® f: XUS - YUT THEZXH
3, The X ICHRL T, HZEBEF P: AS, — S BMebhd, FAHRIC
SICHIRT I, PIFOHZEBEFE R: AS) - S BEbN3, CTTR%
ERBLEICR 15 BERRLEAT f(ls) =17 BEDIL> TV 3,

BARNEEHL UTUTHRDIID,

EE 2.1. P IEETBAFTH B,
SOBR BN ONWTROEERIEK D LD,
FE 2.2. f & AS) D LT3 L ERDBEFEIEKD LD,

P(f) 324 = fWLY = R() kX2
P(f) 384 < fREY < R(f) 385

f & R(f) DBRIZBETI TR AL, EBC, BR f T R(f) NESH
THRVED, 2EITE f T R(f) BEHTHZ LD, BEFET 3.

ASo ILBNTIE, BB, ThbbLBRHIDLE, THBI LL P(f) el
HTHBLIIFHETH 5. WEIARLIIESL T, XoT AS, i& balanced
Tz, AS, DB fusion scheme L5, Thid [5, §1.7) DEHL
FENICALTH S,

CCo TIXRMAK D LD,

EE 2.3. f 2 CCo DE LT B L ERDBFEHHLD LD,
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P(f) 324 <« fW2E — R(f) &eH
P(f) 3EH — fRER — R(f) I3BH

THhud AS, DIFALIZIZALERTDH D f BB TH B L EIC P(f)
DESHC A ESIMIGHh->TELT, FRRFABAS AN,

3 BRRARAF—LEFRAF—L

(X,5,20) BT VVIL—aVAF—LLTTB. € X,s € SKMLT
zs={yeX|(z,9)€s} £BLo TCSKMLTS aT =, pzt £9 %o
ElsteSIKMLTst={ueS|p: >0} &HBL, T,UCSIKHLTH
TU = Uer Upep tu £ 5%,

TT CT HEDILDLET % S OBFEESIES (closed subset) £ 5, T
PHRHEAL TR, CDLE X/T={2T |z € X} & X ORHEEDD,
F7z Seqr = {sN (20T x zoT) | s € S,5 N (xoT x zoT) # B} & 20T x zoT
DB LB, TDELE (2T, Seor, To) BT VYI—aY - AF—LLk
%o ThE (X,S,20) DT ICX>TEXE 5823 AF—L (subscheme) 2 &1
50 Ele s € SKHULT sT = {(zT,yT) | s (zT x yT) # 0} LHE, Bl
SJT = {sT | s € S} ¥, COLE (X/T,S|T,zoT) RELT VT T—
2av e AF—LtxB, ThE (X,520) D TIKLE>TEESIHAF—L
(quotient scheme) &\ 5,

Coherent configuration I3 U THARRICHHEE L HBENEA NS
M, BEEDEBRICIEBLLDDELITHS,

RO TEFAF— L ERRAF—LZHE ASo, CCo DR THREMIT B,
ASy, CCo KBV TRENAF—LLILEDX S ICEBEINELDHLDHE
RBHAH L LTEET . FRBAF—LRBERE2HFICX->TERYT
%0 o TThLEDEICHBNTIE. BOAF—L, BAF—LREINRTIIE
KHTHBHT LICERLTERLLY,

4 BER

ROEEHER D ILD,

TN [5) KK BEBRERULTHEH (2 TIRALSEKT subscheme &5 ERZ
FoTWVWB, £l-—ICHEEEHIWVL, BB T I8 AF— LI (RABERR
Wiz LTH) —BEMTREYV, ThEBREEDETVII—VaYy  AF—LEEXD
TLD—DODHWMEVR B,
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B 4.1. ASp & CCy BRREARBEED, Txbb ASy & CCy DIEED
HEIKLREEL D,

J:(X,8,20) = (Y,T,y0) & ASo DFILT B, THLE f(Ip) I S D
P ESLs%, CORBRDERSDEDZIBDAF—LEEZZ LAY
fOKLxB, £z f(S) ZET T DR/INOBASITERSZEZI ML, Thic
KBHAF—LD f ORKLE S,

—RICK L BBEE L DBICBNT, H35HDXKL 25 R IERSBINR.
HEIMORKL B ZHEZRERBHERLE VS, LD T LIZIERIESNRIZE
BARAF—LELEETHH, REHBNREBEAF—LLEMETHZ EVS T
LEERYT DM, HEELY,

EE 4.2. AS) DHVERBBI MR THB7DDOREFHRMEE, TR

BAF—LLEHETH AL TH D, AS) DHIRERBGHRTH B0 -

BETIRER. TADVWAF—LLAMETHH L THD.

g f O ) BRIERHL f LD (co)equalizer THBH. —RIC ASy D
ZDDHHZ X LT (co)equalizer BFEIET DM E S MITZH > Tk,

5 &

ROEEHEY LD,
EE 5.1. AS, BiBE LD, Tiabb AS, DEEDHIZEE LD,
ASo D& f I LT, f ORKOKED f DLz 3,

6 T=27

A8 (3522 (exact category) TIZRVD, BRLBELDIHTELTIEEX
BTLNTES, ASy DEDF

oo My 22 M B My, -

MSELF (exact sequence) TH B LiZ. F i ICDWVT f; DD fio, DL
BB LTHBD, 7:IEL. BIROHEEZZ L ZICREDOHFTEEZI LV,
CDLERDEEMED ILD,

EE 6.1. ASy ICBWTERHE D LD,
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1) 0o ML NBRLITHB LY f HERTHEC LIZAETH S,

@) ML N0 BRRIITHEC L L f HEWRAF—L (REHRBHR) T
53T LIZAETH 3.

3) 0o ML N OBRRFITHZLL §F AARTH ST LIZFHET
H5o

@W0-LLMILNOBRRIITHEB LY f = Ker(g) BD g =
Coker(f) THA T LIZRAETH 3.

7 EHOHE

EH 1.2 TRIEEKSIC AS) 3EREOBZFAMHIBEL LTEATWS, T
DESTEL DBEFEEEZZLICEST [5), [6] BETEBEN TS thin
radical, thin residue, schurian scheme 7 & % BzGH 75 B I X > TR&YT
I3 ENTED, ThiCOVTR, EEEBSHRLZT CHRNERIEIL
T, SEDORENEEN S,
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Characterizations of regularity for certain @-polynomial
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Abstract

The author showed that linked systems of symmetric designs with a} = 0 and mutually
unbiased bases (MUB) are triply regular association schemes. In this paper, we characterize
triple regularity of linked systems of symmetric designs by its Krein number. And we prove
that maximal MUB carries a quadruply regular association scheme and characterize the
quadruple regularity of MUB by its parameter.

1 Introduction

We study the regularity of 3-cless (respectively 4-class) Q-polynomial association schemes with
Q-antipodal (respectively both Q-antipodal and Q-bipartite).

In Section 2, we consider linked systems of symmetric designs. Systems of projective designs,
that were defined by P. J. Cameron [3], are the combinatorial object of finite doubly transitive
groups which have more than two pairwise inequivalent permutation representations with the
same permutation character. We call it linked systems of symmetric designs, if symmetric
designs appearing in systems of projective designs are all same parameters. Noda [9) showed
several inequalities concerning the parameters of linked systems of symmetric designs. Mathon
[8) showed every linked system of symmetric designs carries a 3-class association scheme and
calculated its eigenmatrices. It implies that these association schemes are Q-polynomial with
Q-antipodal. Conversely van Dam [4] showed every 3-class Q-polynomial association scheme
with Q-antipodal arises from a linked system of symmetric designs. The author [10] proved that
every linked system of symmetric designs with a] = 0 is a triply regular association scheme.
Main theorem in this section is the converse proposition, that is, if a linked system of symmetric
designs is triply regular, then a} = 0. This proof is essentially due to [9, Theorem 2].

In Section 3, we consider the quadruple regularity of symmetric association schemes. We
define the quadruple regularity and give the sufficient condition that spherical designs become
the quadruply regular symmetric association schemes.

In Section 4, we consider the real mutually unbiased bases (MUB). One important problem
of real MUB is to determine the maximal number of real MUB in RY. It is well known that its
number is at most d/2 + 1. Real MUB is said to be maximal if equality holds. Recently W.
J. Martin et al. [6] showed that there is a one-to-one correspondence between real MUB and
4-class Q-polynomial association schemes which is both Q-bipartite and @-antipodal. Moreover
W.J. Martin et al. [7] had shown that a 4-class Q-polynomial association schemes which is both
Q-bipartite and Q-antipodal is obtained by the extended Q-bipartite double of a linked system
of symmetric design with certain parameters. The author proved in [10] that every MUB carries
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a triply regular association scheme. The main theorem in this section is that MUB carries a
quadruply regular association scheme if and only if MUB is maximal.

2 Linked systems of symmetric designs

Definition 2.1. Let (X;, Xj, I;;) be an incidence structure satisfying X; N X; = 0, I}, = I
for any distinct integers 4,5 € {1,...,f}. Weput X = U,-f=1 Xiy, I =iy Lig. (X,1) is called &
linked system of symmetric (v, k, A) designs if the following conditions hold:

(1) for any distinct integers ¢,j € {1,..., f}, (Xi, Xj, Iij) is a symmetric (v, k, A} design,

(2) for any distinct integers i,5,1 € {1,..., f}, and for any z € X;,y € Xj, the number of
z € X; incident with both z and y depends only on whether z and y are incident or not,
and does not depend on i, j,1.

We define the integers o, T by

if (:c,y) € Ii,j,
if (zsy) ¢ Ii,j:

where 1,3, € {1,..., f} are distinct and = € Xj, y € X;. Theorem 1 in [3] shows

wﬂ=(5ﬁ;ﬁm—méwiﬁ®,

i{z € Xt | (z,2) € Lip, (v, 2) € I} = {:

where n = k — A. Considering complement designs (X;, X;,; ;) for any distinct integers ¢,j €
{1,....,f}, we can assume either (0,7) = (2(k? — va(v — k), £(k + va)) or R (K* + va(v —
B).5(k = vR)).
We obtain a @Q-antipodal 3-class Q-polynomial association scheme (X, {Ri}§=0) where

Ry ={(z,x) |z € X},

Ry ={(z,y) | z € Xi,y € X;,(z,y) € I;; for some i# j},

Ry = {(z,y) | z,¥ € Xi,z # y for some i},

R3 ={(z,y) | z € Xi,y € Xj,(z,y) € I;;j for some i j}.

Conversely every Q-antipodal 3-class @-polynomial association scheme with equivalence relation
Ry U Ry arises from a linked system of symmetric designs in [4, Theorem 5.8].

Theorem 2.2. (X,{R;}{.,) is a Q-polynomial association scheme which is Q-antipodal with
eguivalence relation RgU Ry. Then the following are eguivalent.

(1) (X,{Ri}}=) is triply regular.
(2) e} =0.

Proof. (2)=(1): Follows from [10, Corollary 6.2].
(1)=>(2):Let {X;,..., Xy} be a system of imprimitivity with respect to the equivalence rela-
tion Ry U Rz and (X, R;) a linked system of symmetric (v, k, A) designs. Assume that

o= %(k2 -Vn(v-k), 7= g(k+ vn).
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By the assumption of triple regularity, the following number
I{w €X | (ziw)i (yv tU),(Z, w) € Rl}'

for distinct points z,y,z € X; does not depend on z,y,z € X;. This implies that a pair
(X1, U,-f___2 X;) is a 3-design, therefore equality holds in [9, Theorem 2|. It follows that

(v —2)VEw—k)

w=-26)Vv—-1"
This implies a} = 0 (See [10, p.14]). ]

f-1=

Remark 2.3. Mathon [8] pointed out that the inequality in [9, Theorem 2] is equivalent to a} > 0.

3 Quadruple regularity of symmetric association schemes

Definition 3.1. Let (X, {R;}2,) be a symmetric association scheme. Then the association
scheme X is said to be quadruply regular if, for all I = (iy,42,43,43) C {0,1,...,d}%, J =
(Ja.8)12a<pca € {0,1,...,d}¢ and zy,...,24 € X such that (zx,z1) € Rj,, forany 1<k <1<
4, the number

|Ri; (z1) O Riz(z2) N Rig(x3) N Riy(4)|

depends only on 7, J and not on z3,...,2,.

Let (X, {R:}%.,) be a symmetric association scheme. We define the i-th subconstituent with
respect to z € X by Ri(z) := {y € X | (z,y) € Ri} and the (i, j)-th subconstituent with respect
to(z1,22) € X x X by R,-_,-(zl, 22) := Ri(z1) ﬂRj(zz). We denote by ;’3‘;"(21, 22) the restriction
Ry t0 R j(21,22) X Ry 121, 22) for (21, 22) € Ryn. Moreover let (X, {Ri}Lq) be triply regular. We
denote p;l‘,j,;'f" = |Rm(z) N Rp(y) N Ry(2)| for z,y, z € X such that (z,y) € Ry, (v, z) € R;,(2,7) €
Ry. Quadruple regularity is characterized by the concept of coherent configuration. We omit
easy proof of the following lemma.

Lemma 3.2. A symmelric association scheme (X, {Ri}?=o) is quadruply regular if and only if
(X, {R:}%p) is triply regular and for all m € {1,...,d} and 21,22 € X with (z1,22) € R,
(U"-’_,-=1 Ri.j(Zl,Zz),{R::;-';J(Z]_,Zz) |1 <4,5,k1 < d'P‘i'.’;.'; # 0}) is a cokerent configuration
whose parameters depend only on m, not on the choice of z1, 20 with (21,22) € Bpn.

Let X be a finite subset in $9~! with degree s, and A(X) = {a1,-..,05}. For 21,20 € X
with (z1,22) = ap # £1, X5 = X[3(21,22) will denote the orthogonal projection of {y € X |
(yv 21) = ail(yrzZ) = a_‘i} to (“”li“”?)‘L = {y € Rd I (yl 21) = (yl Z]) = 0}! rescaled to lie in Sd_s'
If (z, z1) = ai, (z, 22) = @, {y,21) = ar, {y,22) = oy and (z,y) = an, then the inner product of
the orthogonal projections of z,y to {z1, z2)* rescaled to lie in $9-3 is

a'.".'",: = (an — aiok)(1 — o) — (a; — aiom)(a1 = Q__gcam)
B \ﬁl ~a} — a} - a2 + 205050m)(1 — af — of — aZ, + 20x1am)

‘We denote pg_‘g'm)(z, y)=[{z€ X | (z,2) =, (y,2) = B}

Lemma 3.3. Let X € S9! be a finite set and A'(X) = {ay,...,a;s}. Assume that (X, {Rx}io)
is a symmelric association scheme, where R = {(z,y) € X x X | (z,y) = &} (0 < k < 5) and
ao = 1. Then [{(i,3) € {1,...,5)? | XIz1,22) # B}] = [{(3.7) € {1,...,8)2 | 75 % O} for
(21,22) = am.
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Proof. Immediate from definition. 0
The following theorem is used to prove Corollary 3.6.

Theorem 3.4 ([10, Theorem 2.6]). Let X; C S9! be a spherical t;-design for i € {1,...,n}.
Assume that XiN X; =0 or X; = Xj, and X; N (—X;) =0 or X; = —X; fori,j€{1,.

Let s;5 = |A(X;, X;)l, 85 = |A (Xi, X;)| and A(X;, X;) = {a,J, A"""'} a°- = 1, when
-1 € A'(X;, X;), we deﬁnead = —1. We define R:‘ = {(:c,y) € Xi x Xj | {z,y) = tJ} If
one of the following holds depending on the choice of 1,j,k € {1,...,n}:

(1) sij+sixk—2<t,

(2) sij+s;x—3 =1t; and for any v € A(X;, Xx) there ezist a € A(X;, X;), B € A(Xj, X) such
that the number g, 4(z,y) is independent of the choice of z € X;,y € Xy with v = (z,y),

(3) sij +sjx —4 = t;j and for any v € A(X;, Xy) there ezist a,a’ € A(X,,X_,) 8,8 €

A(X;, Xi) such that a # o/, B # B’ and the numbers p;,ﬂ(:r:, v), 7, o(z,y) and 7, ERY)
are independent of the chozce of z € X,y € Xy with y={z,y),

then (117, X.,{R,J |1 <4, €£n,1-4x; X; S k< }) is a coherent configuration. The
parameters of this coherent configuration are determmed by A(X.,X,), IXil, tiy 60,350 Ox0-X;)
and when s;j + sjx ~3 =t; (resp. si;+ s;x —4 =1t;), the numbers p",,ﬂ(z, v) ('resp pf,a(x, ¥)s
ﬂ’x‘, (z,v), p(’,'p, (z,y)) which are assumed be mdependent of (z,y) with {z,y) =

The following lemma shows the antipodal double cover of coeherent configurations are also
coherent configurations.

Lemma 3.5. Let X}, X;” C 59~ be a finite subset such that X} = =X forie {1,...,n}. If
{X}}2, carries a cohenent configuration, then {X}, X7}, carries also a coherent configura-
tion.

Proof. We define X{(z,a) = {w € X} | (z,w) = a}, and Xf(z,a;y,8) = Xf(z,a) N XE(y,B)
for z € §9-1, € = + or —. Then the following equalities hold:

(1) X}z, —a) = X} (-=,q),
) X}t (z,a)=-X](z,-a).

By (1), X{' (z, 9, 8) = X' (-2, -5 9, 8) = X} (z, @; -y, —B) holds. By (2), X}(z,a;4,8) =
—-X{ (z, ~a;y, ~B) holds. Therefore |X}(z,a;,8)| = | X} (-z,-a;9,8)| = | X} (z,a; -y, -0)| =
|X; (=, —a; y, —B)| holds. This implies that intersection numbers on {X;, X }2., is determined
by the coherent configuration {X}}%,. 0

The following corollary gives the sufficient condition of the quadruple regularity of triply
regular association schemes obtained from an antipodal finite subset of sphere. Its proof follows
from the same argument of [10, Corollary 2.9].

Corollary 38.6. Let X C S9! be an antipodal finite subset and A'(X) = {a1y...,a} with
ap > -+ > ag = =1. Assume that (X,{R}i_,) i a triply regular symmetric association
scheme, where R = {(z,y) € X x X | {z,9) = ax} (0 € k £ 8) and ap = 1. Then for
1<i,5,kl,m<s—1 such thatp§’37é0 andp;":ﬁéo

(1) AXT(21,22), X[y (21, 22)) = {aT5, | 0 < n < 5,005 # 0,0{%, # %1}
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(2) X3(21,22) = X[y(21, 22) or X[(21, 22) N XE(21,22) = 0, and XT(21, z2) = ~X[4(21, 22)
orX{"J(zl,zz)n-X,’:"',(zl,zg) = 0f01‘ any 21,22 € X with (21, 22) =Qam And JX.':}(:!.Z:).X",':,(H.Z‘:)’
6"-"5(" 22),— Xy (21,22) GTE independent of z, 20 € X with am = (z), 22).

(3) X?J(zl,zz) has the same strength for all 21,22 € X with am = (21, 22)-

Moreover if the assumption (1),(2) or (3) of Theorem 3.4 is satisfied for {X}"J(zl,zg) |1<
i<2l1<i<s-1,p0 #0U{XD(21,22) | 552 < i < 81 <5 < 2,97 +# 0} with
m # 0 or s, and when ((i,7), (k, 1), (m,n)) satisfies (2) (resp. (3)) the numbers pgf;;"")(x,y)

(resp. pg“s"") (z,9), pg"g:m) (z,9), pgf‘jg'") (z,y)) which are assumed to be independent of (z,y)
with v = (x,y) are independent of the choice of 21,22 with am = (21,22}, then (X, {Ri}i_o) is
a quadruply regular associotion scheme.

Proof. (1), (2), (3) follow from arguments similar to that in [10, Corollary 2.9].

Fix 23,22 € X with ay, = (21,22).

Ifm = Qors, then Uf.j=1 Ri(z1)NR;j(z2) = Ui, Ri(z1). The triple regularity of (X, {Rx}§_,)
is equivalent that.\J ;-, Ri(z1) D Rj(22) to be a coherent configuration whose parameters are
independent of z;,22 with (21,29) = +1.

Ifl1 <m < s—1, then XTy(21,22) # @ if and only if X]}(21,22) # 0 if and only if
i = s —m hold, and then X[\,_.(21,22) = {-=21}, X, .(21,22) = {—22} hold. Moreover
X,?"J = -X,"l,-',_j hold for any 1 < 1,7 € s — 1. By Lemma 3.5, it is sufficient to show that
{XT(z21,22) |1 i< 51<5<s-1,p0% #0U{XP(21,22) | 5 i< 8,1<
i< %i, p}"’j # 0} carries a coherent configuration whose parameters are independent of 21, z;
with ay, = (21, z2), and the rest of the proof follows from the similar argument of that in [10,
Corollary 2.9]. O

4 Real mutually unbiased bases

Definition 4.1. Let M = {M;}]_, be 2 collection of orthonormal bases of R%. M is called
real mutually unbiased bases (MUB) if any two vectors x and y from different bases satisfy

(z,y) = £1/Vd.
Let M = {M;}{=1 be a MUB, and put X = M U (—M). The angle set of X is

(xy={-Lo_L _
AX) = {70, ~—,-1}.

We set
0—1 l—'_l 2 = 3—-—'—1 ag= -1
ag=1, [4 4 f’ [ 0, [s ¢ f, 4 3

and we define Ry = {(z,y) € X x X | (z,4) = ox}. Then (X, {Rx}i_,) is 8 Q-polynomial
association scheme which is both Q-antipodal and Q-bipartite in [6, Theorem 4.1].

Conversely let (X, { Ri}§_,) be 2 Q-polynomial association scheme which is both Q-antipodal
and Q-bipartite, then the image of the embedding into first eigenspace by primitive idempotent
E) is M U (—M), where M is mutually unbiased bases in [6, Theorem 4.2].

Applying [2, Theorem 4.8] to the above scheme for i = j = 1 using the paramerters in [6,
Appendix], we obtain the inequality f < %+ 1. We call M a maximal MUB if this upper bound
is attained.
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Lemma 4.2. (X,{R:}{,) is a Q-polynomial association scheme which is both Q-antipodal and
Q-bipartite with f Q-antipodal classes of size 2d. Assume f > 3. Thenforz€ X and § = 1,3
(Ri(2), {Ri N (Rj(z) x Rj(2))}0}) is @ Q-polynomml association scheme which is Q-antipodal
with (f — 1) Q-antipodal classes of size d and a] = 7— -2

Proof. It was shown in [10, Secton 5] that (X, {R;}{,) is triply regular, in particular R;(z)
carries an association scheme for any z € X, j € {1,3}. Let X;(z) be a derived design in S92
of X with respect to z,aj. We verify the intersection numbers of X(2). For z,y € Xj(z), we
set

Pas(@,y) = Hw € X;(2) | (z,w) = a, (w,) = B.
The angle set of X;(z) is

A(X;(2)) = {al = \‘/la_—ll,az = d__ll,as = _f_; - } .

X;(z) is a s := 3-distance set. Xj(z) is a ¢ := 2-design in §9~2, therefore X;(z) satisfies
t = 25—4. And for any y = {z,y}, the intersection numbers pa, o, (Z, ¥)s Paz,a1 (Z,¥): Pay 02 (2, ¥)
are independent of the choice of ,y € Xj(z) with 7 = (z,y) as follows:

0 if (z,y) = o, HY_ i (z,y) =,
Paz.a2 (T, y)={d-2 if {z,¥) = a2, Paz.ny (z,9) = Pay,ax(T:y) =<0 if (z,¥) =a,
0 if (z.y)=as H4if ()= a3

For0 €< A<2,0< pu<2and (\p) # (1,2),(2,1),(2,2), we obtain a system of 6 linear
equations

Y- ol Bhpaan(@,v) = |X;(2)|Ful(z ) — (2. 0)* ~ (2, 0)* — adabpl, o, (z,0)
1<I<3 , ,
Lm0 - 0304 Pl o, (2,V) — aY0hPh, oy (2, 1),
where F) ,,(t) is defined in [5, Section 7). {po;a,(z,¥) |1 <4,5 £3,(,5) #(2,2),(2,1),(1,2)} is
uniquely determined by Theorem 3.4. The intersection matrices B; and the second eigenmatrix

Q are as follows:

0 1 0 0
(([—22(d+\/32 {(/-3)(d+3vd) di24/d d+vd
B, = 3 d 24-2 8 d 4 d ’
\ o (=3d-vd) (=24 ([=3)d+Vd)
q ry )
( 0 0 1 0
0 d&¥d=2 ¢ d+vd
By = 2 3
d-1 0 d-2 0 !
\ 0 d—2 ad 0 d=+/d—
/[ O 0 0 1
0 {f= Kd —-vd) {f=2)d (f=3)(d+vd)
Ba = 0 d— d 0 d—+/d-2 '

ku-z)(zd-x@ u-s)g‘d-x@ U-D=2vD  (=5)d-3vD)

(1 d-1 (f-1@d-1) f-1
Q= Vi-1  —Vd+1 -1

il B S -f+1 1)
K1 -vd-1 vd+1 -1
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and hence the Krein matrix Bj is given as follows:

0 1 0 0
d-1 4--2 d 0
By = 7—_l-'z d — 711
0o U@ LMo 9 4o
0 0 1 0
Therefore X;(z) is a Q-polynomial association scheme which is Q-antipodal. DO

The following Theorem shows that maximal MUB carries a quadruply regular association
scheme and the quadruple regularity of an association scheme obtained from MUB is character-
ized by its parameter.

Theorem 4.3. (X,{R;}{,) is ¢ Q-polynomial association scheme which is both Q-antipodal
and Q-bipartite. Then the following conditions are equivalent:

(1) (X, {R:}i0) is quadruply regular,
(@ f=%+1

Proof. (1)=>(2):Assume (X, {R;}{,) is quadruply regular. Then X)(z) is triply regular for any
z € X. By Lemma 4.2 and Theorem 2.2, f+1 — 2 =0. Therefore f = % + 1 holds.

(2)=(1): By [10, Corollary 5.3] it is sufficient to show that the assumption of Corollary 3.6
is satisfied.

(i) When (z1,22) = a2, {(i,7) | 1 S i< 25,1 <5 <s-1,p% #0}U{(i,5) | 35 <i <
g1 <5 < 8pn # 0} is {(1,1),(1,3),(2,2)). X2; = XP(21,2) is & 3-design in S92
for (i,7) € {(1,1),(1,3),(2,2)}. Indeed X%, is a cross polytope in §9-3. |X},| =g}, = £
| X33l = p23 = dTg where p}, and p}, are the intersectioin numbers of X in [1, 6 Appendix].
And the angle sets A(X},) = A(X},) = {482, 7%, =Yf@-2} hold, so Gegenbauer polynomial
expansion of their annihilator polynomial F(t) := [T,e 41 x2,) f=2 s

-— - 3 - —
Fm=%%w+%%¥¥%ﬂ®@+wwz?SMQM+“%£VDq

therefore X7, and X, are 3-designs in $%-3 by (5, Theorem 6.5]. We renumber as follows:
Xi=X3, Xoe=X}, Xs=Xi,
We define s;; = |A(Xi, X;)|. Then the matrix (s;;) is

1 2 2
2 3 3).
233

If 545 + 850 — 2 < 3, that is, when one of the £, j,k at least is equal to 1, then the assumption
(1) of Theorem 3.4 holds.
If 8ij + 8jk — 3 =3, that is, when

(.4, k) e{(,m,n) |2< ,m,n <3}, (4.1)

And X3 U X3 carries a subconstituent association scheme R)(z) of X whose parameters are
independent of z; by Lemma 4.2, therefore those for (2,3,3) (respectively (2,3,2), (3,2,3))
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are determined by those for (2,2,3) (respectively (2,2,2), (3,3,3)). The intersection numbers
{Phsla=a}jor p=al)}forz € X, y€ X and (i,5,k) € {(2,2,2),(3,3,3),(2,2,3)} are
given in Table 1. These numbers are independent of z), z2 € X with {z),22) = as. Hence the
assumption of (2) of Theorem 3.4 holds for i, j, k (3, j, k) in (4.1).

(i) When (21, 22) = &y, {X[3(21,22) | 1 S i< 551,1< 5 < 8- 1,05 # 0} U{XP (21, 22) |
i1 <i< P on #0)is (X)), X1 0 X5 X3} XY = X1i(21,22) is a 2-design
in §9-3 for (3,5) € {(1,1),(1,2),(1,3),(2,1)}. Indeed X],, X}, are regular simplexes in S4-3.
And X}, and X}, are subconstituents of X1(z1) with respect to z2 € X1(z1). Xi(z1) is a @-
polynomial association scheme by Theorem 4.2 with aj = 0, so Lemma 4.2 in [10] implies that
X}, and X]; are 2-designs in §9-3. We renumber as follows:

X1=X},, Xo=Xl, Xs=X{; Xi=Xls

We define s;; = | A(Xi, X;)|. Then the matrix (s;;) is

12 2 2
2122
2233
2233

If ;5 + 8jx — 2 £ 2, that is, when
(G,5,k) €e{l,mn) |1 <I,m<23<n<4o0r3<I<4,1<mn<20r1<,mn<2},

then the assumption (1) of Theorem 3.4 holds.
If 8; 5 + 8% — 3 = 2, that is, when

G5 k)€ {(lmn)[1<1<23<mn<4or3<,m<4,1<n<2}, (4.2)
or if 8;5 + 854 — 4 = 2, that is, when
(i,3,k) € {(,m,n) [ 3< ,m,n < 4}, (4.3)

we do not show that the (i,j,k) in (4.2) (respectively (4.3)) satisfy the assumption (2) (re-
spectively (3)) of Theorem 3.4, directly verify that the intersection numbers on X for z € X;,
y € X, are independent of x,y and of z;, z2 by using the triple regularity of subconsitituents
of X. X3 UX3U X, carries a subconstituent association scheme Rj(z1) which is obtained from
a system of linked symmetric designs with a] = 0, and X2, X3, X4 are the subconstituents of
Ry (2)) with respect to z2 € Ry(21). Ri(21) is triply regular, so X; U X3 U X, carries a coherent
configuration whose parameters are independent of z;. The parameters of X2 UX3UX, depends
on those of Ry(z)) which is independent of zj. Therefore the parameters of X2 U X3U X4 are
independent of zj, 22 with {2, 20) = a;. Interchanging 2z; with z» and using X4 = —Xé’l, we
can show X; U X3 U X4 carries a coherent configuration whose parameters are independent of
21,z with (z1,22) = n.

(iii) The case (21, 2z2) = a3 is similar to the case {21, z2) = a.

By Corollary 3.6, we obtain the desired result. [m]

Remark 4.4. Let M be a maximal MUB and X = M U (—M). It was already shown in |1,

Theorem 5] that {z € X | {z,21) = {z, z2) = 7’;} for 21,22 € X such that (z), 22} = 0 carries an
association scheme.

—166—



Table 1: the values of pf..ﬂ(::, y), where z € X;(2), y € Xi(2)

(irjt k) (ar ﬁ) p;,ﬂ(x’ y) (irjt k) (au ﬁ) p:;,ﬂ(zv y)
2 (2,9} = o5 0 {z.,9) = a33
(a?;,a2;) $-1 (z.y)=cl (a32.023) | ¢ §-1 (z,9)=0c3;
0 {z,y) =}, 0 (z,y) = a3
di2vd _ 4 (a:y)=al 4 _ (_1: )=al
2,2,2 a? jr al' 4 ! Lk [] (3 2,3
Ea 3,3% Ea'!".,a‘i'k; 0 (z,y) = ofy (a32,033) { 0 (my)=al,
' Ik 428 (3 ) =of, § (@) =ad
(@?,,ad,) 'd:'flﬁ (z,9) = O’ék -1 (z,y)=als
(ainaty |10 (mo) =oly ((2,2,3) (lpads) | {0 (my)=ais
iJ 5, # -1 (z’ y) _— ats,k I (z' y) = 02'3
d+2vd (x'y) i a%.3
(a3, 033) 0 (z,¥) =ad,
442v8 (g, 4) = o3
d_-i# (:!:, I/) = o"il.’.S
(03,2103.3) 0 (= y) = 0‘%.3
d-i 4 (xa y) = 03,3
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B REOBEIRIN SIELNAEKE T
A VDIEFEICDNT

=125 B Tsuyoshi Miezaki *

C DIFFEIX, 2009 £ 6 A D5 26 ERBHIEEERS Y RITV L (G
28 (B)) D=BHcK3 LOBTOERDILERTT. XA LD
HWERIL “Nonexistence of spherical designs obtained from integer rings of
imaginary quadratic fields (joint work with Eiichi Bannai) ” T&% b, &
A, ZHFOEEBECEZCDEZAMDT LY Vb (RBEEET) I
HEINTWEY.

1 FF

ERIE 7' > DERIL, Delsarte-Goethals-Seidel [5] Ic &k D £ 7.

B 1.1, [ERY ¢, BARE EOHRES X PRE T4 LT e-
THALVEBEEY) LRIROFKMZHGETETT:

1
(1) o 210 = gy [ f@)do(o)

zeX

W, ETOXELLITOZER f(z) = f(z1,T2, - ,Tn) KBEAL THILT 3.

CCT, G HELTORPZERL, |S*!Y TS ! DXmEHE
ZLET. ¥R r ORLOFMBREE X ICOWT, EHELZES X/r B
tTHAVORG, X 2t-THAVEREELET.

(1) LEMERSMGE, #O2HOENMTVETH, K UTOBRTED
ITROFGEBALET:

*Research Fellow of the Japan Society for the Promotion of Science and De-
partment of Mathematics, Hokkaido University, Hokkaido 060-0810, Japan, e-mail:
miezaki®math.sci.hokudai.ac.jp
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X DR t- 7Y A >~
4

Z P(z)=0

zeX
METD P € Harm;(R"), 1<j < tICHUTHITS. (Harm;(R*) T
nBE G RERSERNREZLET. ) BIC X H0EN, I5-X=XD
R, jOFRIEL LOFFRIBEBNICHE-ENETHE, BEROFEX
ANEEROBANEBVEICE D FT. —BICHT 71 VDB &
RIRERIZBE L VR T 9, BFERAVWERNZBEES Mbh T
9. UTTREOBREZENLET.

R" DEBIER A DRTFLIE, R OBE {e1,--- ,e.} DEEL, A=

Zey®- - DZLe, ELBIBDEATT. TEFA LRLUTTERENET:

A':={y e R" | {y|z) € Z, Vz € A}.

RFEFVEERTF LT (zly) € Z for all 7, y € A, BEBTHIERTFLE
(z|z) € 2Z for all z € A, TR TFLIRBERTTEVBERTLEREO
X7, BERRFHVECINEIEA = ADRITIHETY. BICIEDFEE
m>0IEHUT, BFAD/IVLm DB (A)n ZUATTCERLET:

Am = {z € A | (z|z) =m} = ANS*}(m).
CCT, H:i={2€C|[Q2>0}ZL¥¥m, PEZEHEANLLT, BT
DEENET—FBBEERLET:

eA'p(Z) = Z P(:B)ei”(zlz)

zeA

T—E2EBUL, ROFBEORIC, BFHLLELNS t-TH 1 > DPFRIC
BRTHZEMAENTVET. ([9), 10, 3], [8], [4], [1] ZR&.)

i 1.1 (cf. [9], [10], [8], Lemma 5). A Z R DEBRFLTS. m >0
KX UT, BTEVRA, D t-TTA >V
<~

) =0

METD P € Harmyy(R"), 1< 2j < iU THRILT S, T2 Tal i
ROBRICEBEINET :

©O4p(2) = Z alPg™,

m2>0
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HX P e Harm;(R*) DA C R DT—Z2#HEUE, HAHT C SL(R) D
x4 b2+ DETVaSHERICEZENNSNTVET. K deg(P) >
1 DRFRAATERNICADET. LR, 2JZRTTFEW) LILEH
WT, ERBFZHICED, t-TV 1 2BEMNICEBRLTHET.

AZERBFLULEYT. AOEIFET—2HBEL, SL,(Z)IcET %€
TVa AT, ZMCE, AJICA>TWAEMFLONTVWET. TTT,
Ey(g) = 1+ 2403 0, 03(m)g®™, Asu(g) = (@2 [[ppi (1 — ¢™™))* =
YmsiT(m)g™. T, R¥j = 2,4,6 DERENTEEIFI 77— 2%
BiE, vz A 16,810DETJaSHRICADET. LALLKLASH
TWABRRIC SL(Z) DT A - 6,8,10 DEY aSHERIL, 0lcizbET.
(dim S (SLx(Z)) =012k B.) DED ©) p(2) = 0HOH Y, Lemma 1.1
Mo, BERFOETORI T-TYA VICE3EHNDIZ NS5 {THEA
TY.

CCTROREMEENET:

Eg T ORICIE, 8-THA 2 LixBLDRENH?
CNCBLUTUTRBNTVET:
@ 1.1 (cf. [8]).
1. 7(m) =0.
2. (Eg)om ' 8-design.

ZLTTIEEICHAHBWVWEIC, r1(m)B0icE3hENE, 5 <H5 Lehmer
FHRELTHONTWVWADTY. Lehmer THEBEIE, HU L TFHHE
WODBHRTTH, E&TFORYIC, bo LEBEABFEEX, Lehmer
BORBEREELLS LS DN, MEDKELTY. LUTTR, o7 sa
V2T, BFZ% Ay BV Tav3THEEL 20RO TFT7IVED
BFICHT S, Lehmer ROMEAEXET.

2 MBFZ, A,

ORI arTiR, BFZ, A ZRY EF, 20751 2HARET.
X9, ZOEEDOBMNI-TH A, A DIEBRORD 5-THA VTHEIHE
BRICIKOLMDET [8,2]. TR, ThTh4, 6T A eas®kidhk
WOTLEID?TDREL EsDBERAUL, BFORI{FEF—&
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BOZEDNODENMCHELET. BICEFDT—XBEUL, Hecke eigen
form &V 3 FEla(m) KL TROMEZRET-SBRIC k> TVET.

a(mn) = a(m)a(n) (m,n coprime)
a(p**') = a(p)a(p”) ~ x(P)p*'a(p*"") (p a prime).

—EZBDREND, FEN0HENME, BENEETEINELVOT
T, BiLRBbhDET.

& 2.1 (cf. [2]). L a(p®) =0%&5ife=1.

DE D, BHOFMOAEEINES N LIZEDET. FLT, FIXETE
BFZ22x6E, /IVLDERORTFOMENS, XOBRICHOIh>THWET.

BE 2.1 (cf [2]). p=FBLT3. &Lp=1 (mod 4) x5 ry(p) =8.
Elp=3 (mod 4)xbid

0 if nisodd,
4 if nis even.

T2(p") = {

UERAVT, BROSSANGSET, bLLIET—2REOR
DEABFEELICED, L (22 £ 075 5IEHM a(m) 012 5L
EAETEET. RL [ RRTLEEN) DED

BE 2.1 (cf. [2]). BFZ?% A, DRICENTERS, 7-THAVREEL
T,

3 B, 20 RU$DOBBIROAT7 IVED
BF

o ay2ORBEAMKEONMUERSEICHIELIZET S, X
DRTHEBRIE TWFEE LR TIBF 22, A, DIEED, RO Y
HolEBE{f&F— 2R, BEZXEOBEFEDA 77 VD Hecke
character D OIESNB WA TR L RA3EAHKS.] K<HAEhTWV3
&3, BEZREOBROA F7 NVEICRERAORBFIHNIST 38N
HS5NhTVET. (R, 2iRFhETNEEN, 20 EONKZIREE
T, ) DEIDIRF Z?, A, DNCBIENW T 5 ADEFICH U T Lehmer B
ORBZIIFTEZOTREVINEEZIE L. KL/ Va2 Tl
Nichgke, BEAERIUKRMGHATEEY.
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B 3.1 (cf [2]). BT 72, A, LISNOEE 1, 2 DEZREOEHIRDOA
FTIVEDERTFORIC, 2-FFA VRTEELERW.

FE 1 TR 1DOBTFOEE([FET—2RED, B2 TR 2DODEF
DEE[FET—2HBOFD, Hecke eigen form ICH > TWBHEAHEEA
DEEZHS>TVET. (FHLVHEERIE, 6)icdDET. )

T, BH3ULTS 2LThEVWRAOHERE, EXFET—2%
BOMEEZ DL, Hecke eigen form BMENZDTTH, —RRICEER
IO RWVWETY. TORR, BBOHBZEZEANTIVWEWSEMEE
HATEEEA. LHALHERRDLS 2RTBFOTH A I, ROKRIC
TBHEFHRENET:

F42 3.1. L = 2 R BEET, WET22RBXR ar® +bzy+® &
5.

1. ¥ — dac =(Integer)’x —3 L{RFET 5. FDLE LORKIT6-TYA
YT, LALS-TTFA /I a b3 D%, BICETORNS-T
YA U5 0 —dac= -3, DEDRF A, 173 5.

2. b® — dac =(Integer)’x —4 LIRETB. TDLE LORRI 4-TYA
YTV, ULHLS-FHA UIch3RiddHs. HICLTORMN3I-F
YA EBIE VY - dac= -4, DEDRF 221 3.

3. DBE, L OB 2-TY Ak bizy.

ZE 3.1 LOTFREBRELETA, 2 RBERFT, 6T/ O
ZROBFIIMOENTHESY, BV ETFRENEIIKRBRTY. Hic3
RLBEEF TR, 471V, —RORTOBBIETT, 122791V
DBZROBFIIAMENTEST, FUSKBRTY.

REICTZDELEEY, HEAOER, FHICHRZEBHDTIREDEL
FHERK, REZEHLTLED E LB CRICEHNEL
EY. EFRVVRVYLH, RUOBEBLEIAVMRIREELE, &
AREBRICBHNLET.
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£1L|Cl|=1

-D | =D (mod 4) | dx L,

-1 3 —92 1,v/-1

) 2 —23 1, /-2

-3 1 -3 1,(1+v/=-3)/2
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#£2: |Clg|=2

—D | D (mod 4) di L, L,

—5 3 —22x 5 1,v/-5] [2,1 4 v/=5]

—6 2 -23x3 1,V-6 [2,v/—6]

—10 2 x5 1,v/—-10 2, V/—=10]
-13 3 —27x13 1,V/-13 12,1+ /-13]
-15 1 —3x5 | [L,A+v/-15)/2] | [2,(1+ V-15)/2]
—22 2 —2 x 11 1,v/-22 [2,V/=22

-35 1 -5x7 | 1,0+ vV-35)/2 | 8,0 +v/-35)/2]
—37 3 —27x 37 1,v/=37 2,1+ /=37
~51 1 —3x17 | [, +/-50)/2 | [3,(3++/-51)/2]
—58 2 —25x 29 [1, V/—58] 2, V—=58]
—901 1 —7x13 | 1, + v/-91)/2] [5,2+ +/—91
-115 1 —5x23 | [1,(1 + v/-115)/2 [5,V/—115
-123 1 —3x41 | 1,01+ vV-123)/2] [ B,(3 + vV-123)/2]
—187 1 “11x17 | [L,(A+V/-180)/2] | [1,3++/-187]
—235 1 —5x47 | [1,(1+/—235)/2 [5, V/—235]
—267 1 —3x80 | [1,(0+v/=267)/2] | 3,(3= V=267)/2]
—403 1 —13x 31 | [1,(1 + v/—-403)/2] | [11,2 + +/—403]
—427 1 —7x61 | 1,01+ v/—427)/2 [7,V/—427|
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