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Fusion products of the symplectic-fermionic

vertex operator superalgebra!
Toshiyuki Abe (Ehime University)
Joint work with Y. Arike

1 Introduction

In my talk, we gave a definition notions of twisted supermodules and semi-
intertwining operator among them, and recalled fusion products in categories
of twisted supermodules. As an example, we also considered the symplectic-
fermionic vertex operator superalgebra and explained about the fusion products
among its twisted supermodules.

A vertex operator superalgebra (VOSA) is a super-analog of a vertex opera-
tor algebra. Some examples has been known as Fermionic VOSA, (Lattice VOAs
associated to (non-even) integral lattices (see [Xu98]), code VOSAs associated to
(non doubly) even codes, and some other examples, N = 1,2,3,4 SUSY VOSA
(cf. [HK]) and VOSA associated to affine Lie superalgebras (cf. [K])and so on.
Some of the VOSAs above are rational, Cs-cofinite and their even parts and odd
parts have integral and half integral eigenvalues for L, respectively. This fact
for weights enables us to introduce a Zs-grading on simple modules so that the
lowest weight vectors are even. On the other hand, I constructed a VOSA F
associated to a finite dimensional symplectic vector space in [A07]. The VOSA
F is irrational and has only integral weights for L. For this VOSA, Zs-grading
is also useful information. For example, in the category of weak modules for T’
(see Section 6 below), there exists a unique projective indecomposable module,
and it has four composition factors which are isomorphic to the VOSA. If we
take account in the Z,-grading, we see that the projective modules have two
composition factors isomorphic to the VOSA and two ones isomorphic to the
module given by switching the parity of the VOSA. This refinement gives more
detail information when we calculate fusion rules. This motivates us to intro-
duce the notion of supermodule which is a module with Z,-grading and study

in the category of supermodules. We also discuss fusion rules, fusion products
for F.

2 Supermodules for VOSA

Definition 2.1. A vertex operator superalgebra (VOSA) is a vector superspace
V = V%@ V! which affords also a %Zzo—grading V = 697:6%220
space equips a bilinear map V' x V' 3 (a,b) > a(,)b € V for every integer n € Z
satisfying the following axioms.

V;. This super-

(1) For a,b €V, ac,b = 0 for sufficiently large n.

LJune 19, 2012, The 29th Symposium on Algebraic Combinatorics at Hirosaki university



(2) Fora € V@ and b € VU, apyb € VT, (We denote i = p(a) if a € V)

(3) Borcherds identity : For a,b,c € V, p,q,r € Z,

r
( ) (@(p+i) D) (r+q-i)

B Z( ) (arr—i) (D) = (FDPPOPOb, 0 (ag4iye)

1=

Mg

Il
=

%

(4) The vacuum vector 1 : For m € Z, 1(,,)a = 6y, —10. Vn € Z>q, a1 = 0.

(5) The Virasoro vector w : Set L, := w41y (n € Z). Then there exists a
constant ¢y € C such that

m3—m

[Lm; Ln]a = (m — ’TL)Lm+nCL + T

5m+n,OCV-

The constant cy is called the central charge of V.
(6) Loya=a—2l,acV.
(7) Va={a € V|Lya =da} and dim¢ Vy < co.

For every superspace M = M (0) o M (T), we have a linear involution 6,;
defined by 0y (u) = (—1)%u for v € M@, In particular we have 6y for a VOSA
V. An automorphism of V' is defined as an element g € GL(V) satisfying

glamb) = g(a)mg(b), 9(1) =1, gw)=w, [fv,g]=1

for any a,b € V', n € Z. The last condition means that automorphisms preserve
the super-structure of V. It is clear that 6y is an automorphism.

Let g be an automorphism of V satisfying g7 = 1. Then V is decomposed
into as follows :

27’;—?16 a}

T-1
V = @ yke) - yke) - {aeV|gla) =e"

We see that 1,w € V(0:9).

Definition 2.2. Let g € V be an automorphism satisfying g7 = 1. A g-twisted
weak V -supermodule M is a vector superspace M = M) @ M®) equipped with
bilinear map

1
—m)— VXM= M, (au)amu, nc TZ

for each n € %Z satisfying the following axioms.



(1) For a € V and u € M, there exists N € +Z such that ag,u = 0 for
n > N.

2) Fora € VW and u e MWD aqqpu e M,
(n)
(3) Forae V9 andu € M, apyu=0ifn ¢ & + Z.

(4) (Borcherds identity) For a € VED be VB ywe M,peZ, re % + Z
and q € % + Z,

= [r
Z (z) (a(p-i-i)b)(r-i-q—i)u

1=0

- p 7 a u
- Z () (=1)"(a(pyr—i)(bgriyu) — (_1)p+p( )2 )b(P+q—i)(a(T+i)“))

; i
1=0
(5) For u € M and n € Z, 1(,u = 0y, 1.

We denote by WS M (V') the category of weak g-twisted V-supermodules. A
morphism f : M — N for objects M, N in WSM (V) is a linear map satisfying

amyo f=foap and Oyof=foly

for a € V, n € £+Z. We denote by Hom %9)(M, N) the set of morphisms from M
to N.

For a g-twisted weak V-supermodule M, —60,,; gives another super-structure
on M. We denote by MV the g-twisted V-supermodule associated to the invo-
lution —6jy. B B B B

(MV)(O) =MD, (MV)(l) — MO

A logarithmic g-twisted V-module is a g-twisted weak V-module M on which

Ly acts locally finite, the real parts of eigenvalues are bounded below and every

generalized eigenspace is finite dimensional. The full subcategory of WSM, (V)
whose objects are logarithmic is denoted by LSM (V).

3 Semi-intertwining operators

Definition 3.1. Let g1, g2, g3 be mutually commutative automorphisms such

that g/ =1 and M* g;-twisted weak V-supermodules. A semi-intertwining op-
3

erator of type (MjleQ) is a formal power series Y(—,2)— =Y, cc(—@my—)z " !

of bilinear maps
—(n)— MY x M? — M3, (u,v) — U(n)V
for n € C satisfying the following axioms.

(1) Foru € M*' and v € M?, U(n)yv = 0 for n € C whose real part is sufficiently
large.



(2) For u e (M")® and v e (M2)0), UV € (M3 (@),

(3) (Borcherds identity) For a € V#9) NV (592) e MY, v € M?, p € % +Z,
rG%—FZanqu(C,

= (r
i (a(p—i-i)u)(r—l-q—i)v
=0

> b 7 a u
- Z () (=1)"(a(prr—i)(ug+iv) — (—1)prelan )u(p+q—i)(a(7"+i)v))'

We denote by Iy ( Mjlep) the space of all semi-intertwining operators of
type ( Mﬂ”LQ). We have an endomorphism t" € End ¢ (TV ( MJIMLQ)) defined by
(t"YV)(—,2z)— = 2"Y(—, z)— for any r € C. We also have another endomorphism
D € Endc (Tv (3,2) ) defined by

(DY) (u,z)v = =Y(L_1u, z)v + dilz (u, z)v.

A semi-intertwining operator J(—, z)— is said to be t D-nilpotent? if there exists
—nil
K € Z~q such that((tD)XY)(—, z)— = 0. We denote by Ty (le\ﬁ/‘,g) the space
. .. .. M3
of all tD-nilpotent seml—mt.ertwmmg operat.ors. of typ? ( ML MZ)'
We now recall the notion of logarithmic intertwining operators. A loga-
3
rithmic intertwining operator of type ( M11\4f M2) is a polynomial in log z of semi-
intertwining operators

K
V(= 2)= = (log2)' V(= 2)~
i=0
satisfying )A)(L_lu, z2)v = d%f/(u, z)v for any u € M' and v € M2. It is de-

noted by I ‘(/6 )( M ) the space of all logarithmic intertwining operators of type

e M M2
(i ar2)-

If Y(—,2)— = 32K (log 2)' Y (=, z)— is logarithmic, then Y@ (-, z)— is
t D-nilpotent. In fact, we have the following proposition.

Proposition 3.2. The map

0 M3 —nil ]\43 ~
I\(/O) (Ml M2) —>IV (Ml M2>7 y(—,z)—»—>y(0)(—,z)—

18 a linear isomorphism.

2In my talk, I called the notion integrable.



4 Fusion products

We recall a definition of fusion product. Let g, g1, g2 be mutually commutative
automorphisms of V of finite order, M* logarithmic g;-twisted V-supermodules
fori=1,2.

A fusion productin LSM (V') of twisted supermodules M*' and M? is a pair
(X, Yx(—, z)) of an object X in LSM (V') and a t D-nilpotent semi-intertwining
operator Yx (—, z)— of type ( M1XM2) satisfying the following universality : For
any object W in LSM (V) and any tD-nilpotent, semi-intertwining operator

Y(—, z)—, there exists a unique morphism ¢y € Hom 9) (X, W) such that
V(= 2)==¢yoVx(—2)—.
As is well known, fusion product is unique up to isomorphism if it exists. A

fusion product of M* and M? is denoted by (M X M2, Yyrigare(—, 2)).

Remark 4.1. Showing the existence is a difficult problem in general. But a
fusion product exists if V(?) satisfies a finiteness condition called Ca-cofiniteness
condition ([Miyall]).

Remark 4.2. If g # g1g2, then (0,0) is a fusion product. Hence we may regard
a fusion product M! and M? in LSMy,,, (V) for objects M* in LSM,, (V).

The following proposition is fundamental.

Proposition 4.3. Let M? be logarithmic g;-twisted V -supermodules fori = 1,2.
Suppose that a fusion product M X M? exists. Then the map Y(—,z)— +— ¢y
gives rise to a linear isomorphism

—int w -~ o
Iy (Ml M2) >~ Hom {) (M' & M2, W)

5 Symplectic-fermionic VOSA

Let h be a vector space of dimension 2d with nondegenerate skew-symmetric
bilinear form(—, —). Regarding h as a super-commutative Lie superalgebra, we
have a loop algebra h[t,t!] = h ® C[t,t"1]. This loop algebra has a nontrivial
central extension H = h[t,t7!] ® CK by a one dimensional center CK. The
super-commutation relations are given by

[h, ® tn, h, ® tm]+ — <h, h/>(5m+n,0K

The VOSA F is given as an exterior algebra

F=N\{"pit"]),

which is a module for 6 such that K acts by the scalar 1. The involution # = 0~
is defined as an algebra automorphism of the exterior algebra F such that

0(1) =1, 6= —1ont *p[t ']



Theorem 5.1. ([A07]) F is a simple VOSA of central charge —2d, and only F
and FV are simple objects in LSM1(F) up to isomorphisms.

By using twisted affinization of h, we can construct a #-twisted supermod-
ule F;. The twisted supermodule F; is given as an exterior algebra F; =
A <t_%f)[t_1]>. The involution Oz, is defined as an algebra automorphism of

the exterior algebra F; such that
0r,(1) =1, 0z =—1ont 2p[t 1.

Theorem 5.2. ([AA1]) Only F; and (F)Y are simple objects in LSMg(F) up
to isomorphisms. Moreover, they are projective.

Remark 5.3. The category LSMy(F) is semisimple. That is, every object is a
direct sum of copies of F; or (F;)".

A logarithmic supermodule F is constructed as an exterior algebra F =
A (b[t7']) = F® A b. The involution § > is defined as an algebra automorphism

of the exterior algebra F such that
0z(1)=1, 6z=—1onh[t™'.

Theorem 5.4. ([AA1]) Only F and FV are indecomposable projective objects
in LSM1(F) up to isomorphisms.

The category LSM;(F) is not semisimple because F gives a reducible in-
decomposable module.

6 VOSA F withd=1

To determine fusion products among twisted modules we first consider the case
dimb = 2, that is, d = 1. We denote by 7 the VOSA F with d = 1. Then
the composition factors of T are 27T, 27 V. In fact, there exists a sequence
T[0] € T[1] € T of indecomposable submodules such that

TO =T, TOcTN, TO/TO=T T, T/TN=T.
From the module structure of 7 we can calculate
1, dimeHom D(T,7Y) =0
2, dime Hom (T, 7Y) =2

dimc Hom g@ (T, T)
dim¢ Hom g@ (T,7)

This shows that
dimc Hom %@ (T,7T) + dime Hom %@ (T, 7TV) =1
dim¢ Hom %@ (T,T) + dime Hom g@ (T, TY) =4

On the other hand, we can show that the following lemma.



Lemma 6.1. Let M be a logarithmic T -module. If

dim Hom @(M, T) + dim Hom 9)(1\4, )

= 4(dim Hom @(M, T) + dim Hom g)(M, 7))
then M 1s projective.

In [AA2], we calculate the fusion rules, i.e. the dimensions of T?ﬂ ( le\/[;/p)

for MY, M2, M3 =T, 7., 7T, T, A TV. Some of them are given as follows.
Theorem 6.2.

dlm@I;Zl( Te ) NdlmHomT (T¢, Te) = 1,

TT:
N _
dim¢ I?FZZ (73;72) = dim¢ Iz’?t <€77}’)7;> = dim Hom %9) (76, (T)¥) =0,

dim¢ I?l <7¢Tf7_> =2,
t

nt T
dime ITI((?)\f 7;) = 2.

As shown in [AQ7], the even part of T is Cy-cofinite. Hence the existence of
fusion product 7; X 7; is guaranteed by the result in [Miyall, Prop. 7].

Theorem 6.3. R
TRT =T

as T -supermodules. Hence Ty X Ty is projective.
Proof. We see that the following equalities hold.

dimHom (7'@72,7') = dim¢ I?—Lt< T > = dim(CT?—Lt

—int

dim Hom g@ (T: X T:, TV) = dimc I

—int

dimHom%@(’E@ﬂ,T) dimg 1+ < T > :dim(cfg?t

—int

dimHom%@(ﬁ X T, T ) = dim¢ I

We have
dim Hom 7-(T; X T;,7) = 4 = 4 x dimHom (7, ® T, 7).

By Lemma 6.1, 7; X T; is projective. Therefore, 7; X 7; is a direct sum of
copies of 7 and ’TV The multiplicity of 7 is 1 by (1) and that of TV is 0 by
(2). Hence

TRT, =T



As well, by using (1)—(4) and fusion rules among 7 we have

TRT, =27 @ 2(T,),
TRT =2T ¢27".
We have the following proposition.

Proposition 6.4. For any objects N in LSM(T), T ® N is projective.

7 Fusion products for the case d > 2

To determine fusion products for F in general case, we recall some facts for
tensor products of VOSAs. For VOSAs V!, V2, the tensor product V! ® V? of
vector spaces becomes a VOSA naturally. The involution Oy 1gy2 is Oy1 @ Oy2
and n-th product are given by

(@@ D)y (uw@v) = (=1)7 Y " (a@myu) @ (bn—m-1)v) (5)
meZ

fora € VY, b€ (V) y e (VHU) and v € V2. Let g be an automorphism
of V! of finite order and h an automorphism of V2 of finite order. Then g ® h
is an automorphism of V! ® V?2 of finite order. Now let M be an object in
LEM, (V1) and N an object in LSMp,(V?). Then M @ N becomes an object
in LSMyen(V! @ V). The action of V! ® V2 on M @ N is given by a similar
way in (5).

In the case central charge of F is —2d, we have

F =T
Moreover as T ®%modules,
Fo= (T)®, F=(T)®
To determine fusion rules among them we use the following facts.

Theorem 7.1. ([AA1]) Let VY, V2 be VOSAs, g1, g2, g3 mutually commutative
automorphisms of V' of finite order, h1, ha, hs mutually commutative automor-
phisms of V2 of finite order. Let M' be an object in LSM,, (V1), M? an
object in LSM,,(V1), and let N be an object in LSMy,(V?), N? an object in
LEM,,, (V?).

Suppose that M' R M? exzists in LSMy, (V') and that the eigenvalues for
Lo on MR M? are discrete. Suppose also that N* R N? exists in LSMy,,(V?)
and that the eigenvalues for Ly on N' X N? are discrete. Then

(M*® NY)YX(M? @ N*) = (M'RM?)® (N'X N?)

in LSMguon, (VI @ V?2).



By Theorem 7.1, it is easy to obtain the following isomorphisms.

124

FRF, = (TP R(TP) = (TR T) ™ = (T)®! = F

As well we have

FRF = (TRT,)® =22 Y(F, 0 F)),
FRF=(TRT)® = (2T 027")% =221 (Fo FY).
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Classification of doubly even self-dual codes
of length 40

A= HE— Koichi BETSUMIYA

ZIZTIE, EX400 ik LoBEMHE NGO EEEZT\05, E, AFED
WEIZIIERY: « HHERK, HALRY: - FEEHAK & OIFZE (3] O—5THh 5.

1 FUHIC

Fo ={0,1} 2otk & 5. Fi D kXIGHTZEN C % [n, k] 75 EWE, £, o =
(v1,m9,...,2,) € CITHN LT, wt(z) := |supp(x)| :== [{i € {1,2,...,n} | x; # 0} %
Hamming A EWESR, o= (x1,%9, .-, T0), ¥ = (Y1, Y2, - -, Yn) € FRITH LT, NEEZ
Ty =31y +FToYs+ -+, ET S, C O DEBREETH S LIE, &5 C DEED
EfC Lo T O PHRond ik nn, OO ERETS, O 2230 EREDE
oz CoOBESRAE LV, COHCHM2AAEZ Aut(C) Lild L B CRBEE L.

AW CHEEZEZ 55D 7 ADEHE Y G2 5,

&1 ()NS5 CCRPEBFSTHS LR, EDr e CITHLT, wi(z) =0
(mod 4) £ 5 2 L2\,
(i) fF5C CcFpIcLTCCt={zeFy|z-y=0 (VyeO)} % CORRFTE W
3. [ K FFEC CF BEEIRFETHL LIE, C=CL 2T ez0vd,
2T, BEEEHCINFSICOWTILAONT W AHERMERT 5.
EIR 2 (Mallows, Sloane [20]). £ & n OEMHE DB FFZIZOWT, RNEA dIZROR
WAz W7- 7,
n
d<4 @J +4 (1)

CORFE (1) DT 27§ H AT 5 2 BRI TH 5 &), (1) &0, BSIn=40
DBy, FNERdE [4,8) THB LDV D.

HEHCCINTSBFET 5 7-0121%, RIS nB3DGEHTH % 2 & BnE+75&04
ThHh5, EXIRUTOHERMBHOMNFFICOWTIZTTICOENEZ 5N T\W»5S, SH,
R X 40 OHEMH CBFF 5O EHZ TV, ROMGRIE S ik,

B 3. F & 40 OIEFIME 2 B H CSONFF 5 13 25T 94343 HEE L, 2D 9 B 16470
DRI TH 5.

MEDODHMRZ £ L DD DNE2THA., 2L, d3Ff5DR/NEALETS, &
B, AfiTHhINTw2arEa—FICk35HEIE Macma [6] Z H0TWw3,

1

_ 10—



2 TDREAE
22T, EE 40 0EMBHCCINFEDSEEITIEIC DO WTIHRR S,

2.1 %

RS 40 0BHEMBH BN F 5 OEAMELIHAZEZ 5, A, 2z H A DFFFEOMEE &
T2E, HAKELEHNIRXDLHICK D, [20]

1+ Ayy* + (285 4+ 24A,)y® + (21280 + 924,)y"?

+(239970 — 600A4,)y"® + (525504 + 966 A4)y* + - - - + ¢*° (2)
EX n 0@EEE S ORBIIXORTEL 5N, (19
n/2—2
I] @+ (3)
1=0

MZ T, King [18] 1k D, w/NEHAd(d = 4,8) T & DEZ 40 DEMHE ASCSRF5 DOEEL
DIRD LTS, BAERWIZIE, N(40,d) 2R 40, w/hEA d OEMBE SISO
BEET2E, RDEHIITHBIEWREINTVS,

N(40,4) = 4009357722800739726876619952910304312989584368968750,
N(40,8) = 10263335567003567415076803513287627980544163840000000.

2.2 FFE5OREHE

5O EEETIX, & 2527 TR O TIERED b D3 D H 2 H o35k
DHRTH %, £ 40 DHCHNFFZICOWTIE, ROFMEE S & R 2ot
RRTCHE, JEREZHET 2 Z &N TE 5,

CEZEZI4ADOHCHNFS T2, M(C)DITRZ bvE {we C|wt(w) =8} &7
217001895, ZOTHDETIZ0,1TH S0, CORFTEBBEALRTIELET D, ny
Z M(CY'M(C) D (i,5) & L, BEOES N(C) ZRXRD L) ITEET 5.

Ny = T 11 =05 <400 {57} C BRI D & &,
| g [ 1<, <40} ZhLSO X,

R, B DR SED S 4 2 EAE MacMa M Words THIRT 2 2 L 3T 2. C
ITRLT, oC)Z2RD K I ICEHT 2.

a(C) = (# Aut(C), Ay, max N(C), min N(C),#N(C)).

522 o(C) I35 DEMEEICE T 2 AR E RS, 7272, C DHCHEE Aut(C)
l& MacMA BI%L AutomorphismGroup TR HM 5, TOALREITE S 40 DEHEMEE DX
e OIEAEMEZ B I CTHET 2 2 L TE S, 72, RAENIZZDAZERTHE
SN/ 7 ANTOREN:, FEFRMEM: I MacMa BY%X IsIsomorphic THIET % Z £ T
E5.



2.3 B/INEH4

Z2TiE, B3 36 DHOHNFZONERRZ HWT, R 40, RANEA4DOEMBE
LT 5 D2 52 5,

£9, CZHEMTELRVAHDINR S E L, #9375 Co % Cy = {v e C | wt(v) =0
(mod 4)} 95, CoDCy ICBIFHRAILIFLERDDT, Ch=CoUC,UCL,UC; &
Ay bR ET S L, ROMEDIKLT 5.

iR 4 (Brualdi, Pless [9]). C 2RI n DHCINFZE TS, n=6 (mod 8) D& &,
Co, Cy, Cy, C3 ZHIBRDE T ET 5 &,

C* ={(v,0,0) |ve CotU{(v,1,1) | v e Cy}
U{(v,1,0) |v e Ci} U{(v,0,1) | v € Cs}

RS n+ 2 DEMECHNITT & 43,

CEEI3(6OHCHMNESEL, D:={0,0),(1,)} 32L&, iE4kD, (CoD)*
FRE 40, R/ NEA4DOEMACINFGS E RS, Wb, £ 36 DIEMEZ H OB
5 DIREE 519492 TdH 5 728 [12], 519492 fHDR X 40, H/NEA 4 DHEMEH BT
ZWERT DI ENTED,

ffi22 DFEEHS Z LT, 155607 519492 HDORF5 1% 77873 fH D FMEEHIZ /71T &
N5 ENTH 5, KR, 18T FEERDINERE Cioq T 5 L, ROBAGRAZ 72
TIENTD 5.

> ;;7&%%%275 = N(40,4). (4)

ZHZEIZ B 40, EA4OEMBHOIFSMBICHEEL W EZRLTWA5,

# 1. £ & 40 O HEMEH DT 5 D%

(A4, N(A4))
(0,16470) | (13,382) | (26,47) | (40,12) | (64,3)
(1,20034) | (14,374) | (27,16) | (41,1) | (66,1)
(2,17276) | (15,231) | (28,38) | (42,9) | (70,3)
(3,12168) | (16,236) | (29,13) | (43,3) | (72,1)
(4,8471) | (17,143) | (30,29) | (44,7) | (74,1)
(5,5552) | (18,160) | (31,7) | (46,7) | (78,1)
(6,3916) | (19,100) | (32,22) | (48,4) | (90,1)
(7,2610) | (20,104) | (33,3) | (50,4) | (92,1)
(8,1932) | (21,54) | (34,25) | (52,6) | (94,2)
(9,1243) | (22,90) | (35,3) | (54,2) | (106,1)
(10,1093) | (23,37) | (36,11) | (56,1) | (134,1)
(11,669) | (24,59) | (37,4) | (58,4) | (190,1)
(12,605) | (25,26) | (38,11) | (62,2)
3
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£9, C21=(1,1,....) 2BVEMNT L T2 L, ROBENERTE S,

qo : CH/C — Ty (x—l—CH%(I)mon)

RIZ, i=1,21C LT, C;21Z2EGESIn 0EMFT LT L, Z0LE, LHEHZHR
A
PEEBBRTHS L g, = o o [ RWETC L LT 2. BEBM (5) k0L
P(C,Cy) ERTZELET S, FREHR f € &(0,Co) I LT, fF5 D(Cy,Co, f) ZRD
EIITEET 5.

D(C1,Cs, f) = {(w1,22) € F5*"™ | 21 € CF, w2 € fla1 4+ C1)} (6)
EFRLD, D(C,Cy, f) XEMG S ERSL, 72,

D(Ol,CQ, f) = {(Il,l'g) € F7211+n2 | To € CQJ_, T € f_l(l'g + CQ)}

kt%:&ib, dlmD(Cl,CQ,f) = Tll—k'l—i-k‘g = n2—]€2+k1 = % &t‘:b,
D(Cy, Cy, f) ZHDRNGE L2, ML, BEEADBORS L %5,

IV CTET. G ORBITI% R, C, OEIATHI% ( "

(2

)&?%.Oim
Ci={(z1,...,x1,)Ri | (x1,...,2y,) € IFIQC},

R; e
C’f ={(x1, - Ty ooy Ty k) ( Y7 > | (21, .. @, _k,) € FY k‘z}

55, My & My, DWIET 24708 fICKBRIRE LT3 EE, D(Cy,Co, f) IEX
DEICKRTZENTES,

Ry | O

D(017027f) = (xla"'wrnl—kri-kz) 0 RQ
My | My

n1—k1+kz
<I17 et 7‘Tn1—k1+k2) € ]FQ

ZIT, O(C,Cy) DILDOMEEZ KD 5.
B 5. [0(C1,C)| = (0], 5, (2)]

SEER. (EEDILf € B(Cy, Cy) ZFHET 2 &, B(Cy,Co) = fod(Cy,C) = foO(CT/ChL,qc,)
L%, £, O(CE/CLge,) 20, 2) THZDT, KOZEANESNS, O
[EE L 2B RS O, Co IS LT, D(Cy, Co, f) IFFERER f OENHFIHKET S, L
L, S X0, o(Cy, Cy) DILOMEBUIIELRE O _,, (2) DfiFk e —B T 2720, §
RCD fIZOWTRFSZMEL, 206 DFE, JEFEZBREET 2 ICIEFHEENPRE %

4
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DiE2, 22T, LN CHRERfT 5 OREOEE 2 G L, FHHEEZFIE R 2RI
H9 2IFEIC OV TR S,

RANC, 1 Z2E0EMTS C 122w T, Aut(C) D CH/C ~DIEH%Z% 2% Z LT,
GL(Ct/C) ~DHERIRIGIZDMG SB35, ZDB% Go(O) L RT L LT3, 7, o(C,0)
X GL(CL/C) DEBIHELE 72D, GI(C) ERTIELETE, BELD, Go(O) X G1(C) DI
FREER D, 0, € Go(C)) EL, fZRoyofoo, TEHEMZ 2 LBoNLFF5IEFME &
5. HI%

D(017027 f) = D(Clu Cy,090 fo 01)-

U, {D(Cy,Coh) | he ®(Cy,Cy)} DIEFEZ S DZEA BT 570 I2iF, I
E LT fed(C,Co) IR LT, MMIRIRE(f!oGo(Cy)o F)\G1(C1)/Go(Ch) DIRFEFRZ
HYET2EE, {D(C,Cy foh)|he HY ZEANUTTHTHD I ERERL TV,

R & 40 ORISR H RO 5 2 08 2720, (ng,n2) = (16,24) IZD2WT, 2D
HiEZEHT 5, 5k, B 16 LRI 4 D&EMFSOSHIIMSNTHEDT 21],
nzMfw5,

C, #EX 16, m/MEEES, dim O € {3,4,5} DEMFFS L L, C, 2R & 24, w/HHE
8, dimCy =4+ dimCy, DEMFFEFT 5. B G(C)) 1F Macma BIE GOPlus THER T &,
IR R D RFE % H 1E DoubleCosetRepresentatives THENTE %, Z DGR, 1556
N5 h S 2.2 DTEZ I COERMEZR D D2 BZ EIF 5 L 16468 DR S 40 Dk
RV H LSO 50353 6 1z, AT, 2o ii& EF kv 2{lOfF 5 DEEIHS
T3, OEDIF 28] THRI N T2 HE MO EL 6840 DH D, HHUED
1%, [29] T HOBIBL LRINTW L HARMBEOMNE 1200 DTH 5.

i, 16470 MO FEEDORERZ Chpos £ T 5 &, ROBMRK 22T 2 039505,

40!
> Iy o N(40,8). (7)

DI EIX, 40, R/NEASOEME I T FIMBICHFEEL W L2 L TWw
5. (4), (7) &b, EHE3IIIRINT.

#% 2 R& n OEMA DIIRFS DA #
Ko | 8% | i (d=238) |

8 1 0 23]
16 2 0 23]
24 9 1 [24]
32 85 5 [10]

40 94343 16470
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A VERTEX OPERATOR ALGEBRA WHOSE MIYAMOTO
INVOLUTIONS GENERATE A GROUP 3%2 OF 3C-PURE TYPE

CHING HUNG LAM

ABSTRACT. In this article, we will describe a construction of a vertex operator algebra
W generated by 3 Ising vectors such that (1) any two of them generate a 3C-algebra; (2)
the group generated by the corresponding Miyamoto involutions has the shape 32:2 on
W; and (3) W1 = 0.

1. INTRODUCTION

This article is based on a joint work with Hsian Yang Chen of Academia Sinica, Taiwan.
We will describe briefly a vertex operator algebra W generated by 3 Ising vectors such that
(1) any two of them generate a 3C-algebra; (2) the group generated by the corresponding
Miyamoto involutions has the shape 3%:2 on W; and (3) W; = 0. The detail will be
appeared elsewhere.

The main idea is to combine the construction of the so-called dihedral subVOA from
[LYY1] and the construction of E Eg-pairs from [GL]. In fact, it is quite straightforward
to find 3 Ising vectors satisfying conditions (1) and (2). The main difficulty is to show
the subVOA generated by these 3 Ising vectors has zero weight 1 subspace.

First we will recall some definitions and review several basic facts.

Definition 1.1. Let V be a VOA. An element e € V5 is called an Ising vector if the sub-
VOA Vir(e) generated by e is isomorphic to the simple Virasoro VOA L(3,0) of central
charge 1/2.

Remark 1.2. It is well known the VOA L(3,0) is rational and it has exactly 3 irreducible
modules L(3,0), L(3,3), and L(3, &) (cf. [DMZ, Mi]).

272 2716
Remark 1.3. Let V be a VOA and let e € V be an Ising vector. Then we have the

decomposition
o)
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V= Vi0) @ Vilz) & Vi



2 CHING HUNG LAM
where V.(h) denotes the sum of all irreducible Vir(e)-submodules of V' isomorphic to
L(3,h) for h € {0, 3, }.

Theorem 1.4 ([Mi]). The linear map 1. : V — V defined by

1 on V,(0)® Ve(3),
-1 on Ve(%),

is an automorphism of V.
On the fized point subspace V™ = V,(0) & V.(1/2), the linear map o, : V¢ — Ve
defined by
1 onV,(0),

Oc 1= (1.2)
-1 onV.(5).

N |

1s an automorphism of V7.

1.1. 3C-algebra. Next we recall the properties of the 3C-algebra Usc from [LYY2] (see
also [Sa]). The followings can be found in [LYY2, Section 3.9].

Lemma 1.5. Let U = Usc be the 3C-algebra defined as in [LYY2]. Then

(1) Uy =0 and U is generated by its weight 2 subspace Uy as a VOA.
(2) dim Uy = 3 and it is spanned by 3 Ising vectors.

(3) There exists exactly 3 Ising vectors in Us, say, €°,e', e?. Moreover, we have

. . 1 . ) o 1 . .
(e)1(e?) = 3—2(6Z +el —eb), (e ed) = 28 and  Tue = Te = e

fori # j and {i, j,k} = {0,1,2}.
(4) The Virasoro element of U is given by

32
§(60 + el +é?).
(5) Let a = (" + €' + e*) — €. Then a is a simple Virasoro vector of central

charge 21/22.  Moreover, the subVOA generated by ¢° and a is isomorphic to
L(1,0)® L(3,0).

227

The decomposition of Usc as a sum of irreducible Vir(e?) ® Vir(a)-modules is also

obtained.
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Proposition 1.6 (Theorem 3.35 of [LYY2]). As a module of L(%,0) ® L(3,0),

1 21 1 21
~ I(= L(= L(= L(=
11 21 7 11 21 45
L(= = = - -z 20
1 1 21 31 11 21 175
LG ) P LG 16 O LG 15 @ Hag g )

For simplicity, we shall use [y, ho] to denote the module L(3,hi) ® L(2,hs). The

following classification theorem can be found in [LYY?2].

Theorem 1.7 (Theorem 3.38. of [LYY2]). There are ezactly five irreducible Usc-modules.
As L(%, 0)® L(%, 0)-modules, they are of the following form:
17 1 45 1 31 1 175

U0 =008 0.8 15,5 @ 15519 g 151 © [ 351 (= Usc)
U6 = 0 37)® 10,5719 5351 5 551@ g 176)© g 1

2. LATTICE VOA Vi1 g1 ks

Next we shall describe the construction of W using the lattice VOA Vg, | g1 -

Our notation for the lattice vertex operator algebra
Vi =M(1)® C{L} (2.1)

associated with a positive definite even lattice L is standard [FLM]. In particular, h =
C ®z L is an abelian Lie algebra and we extend the bilinear form to h by C-linearity.
h=he C[t,t7'] @ Ck is the corresponding affine algebra and Ck is the 1-dimensional
center of h. The subspace M(1) = Cla;(n)|1 < i < d,n < 0] for a basis {a,...,aq} of
b, where a(n) = a ® t", is the unique irreducible h-module such that a(n) -1 = 0 for all
a € b and n nonnegative, and k = 1. Also, C{L} = span{e” | 8 € L} is the twisted group
algebra of the additive group L such that e®e® = (—1)®%e%e? for any a, 8 € L. The
vacuum vector 1 of V7 is 1 ® ¢® and the Virasoro element w is 1 S0 | 8;(—1)% - 1 where
{1, ..., Ba} is an orthonormal basis of h. For the explicit definition of the corresponding

vertex operators, we shall refer to [FLM] for details.
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Definition 2.1. Let A and B be integral lattices with the inner products ( , )4 and ( , ),
respectively. The tensor product of the lattices A and B is defined to be the integral lattice
which is isomorphic to A ®7 B as a Z-module and has the inner product given by

(@® B,/ @) = (a,a')a- (8,85, forany a,a’ € A, and 8, € B.
We simply denote the tensor product of the lattices A and B by A ® B.

Now let L = Eg | FEgs 1 Eg be the orthogonal sum of 3 copies of the root lattice of

type Eg. Set
M ={(o,—,0) |a € Es} < L, and
(2.2)
N ={(0,o,—a) | @ € Eg} < L.

Then M = N = /2Fg and M + N = A, ® Eg (see [GL]). Note that there is a third
\/§E8—sublattice
N ={(a,0,—a) |a € Es} < M + N.
We shall fix a (bilinear) 2-cocyle €q : Eg X Fg — Zs such that

1
go(a, ) = 5(04,04) mod 2,

and oo, f) —eo(f, ) = (o, f) mod 2,
for all a, f € Eg. Note that such a 2-cocycle exists (cf. [FLM, (6.1.27)-(6.1.29)]). More-

«

(2.3)

= —¢? for any a € Fg, (o, a) = 2.
We shall extend ¢y to L by defining

€0 ((CY, O/a CY”), (ﬂa 6/7 5//)> = 80(0&, B) + 80(0/7 5/) + gﬂ(aﬂa ﬂ”)'

It is easy to check by direct calculations that e is trivial on M, N or N.

over, e%e”

Consider the lattice VOA
Vi = Vi, @ Vi, ® V.
We use s to denote the automorphism that acts as a cyclic permutation of the 3 copies
of VEg n VL == VES & VEg & VEg-
Definition 2.2. Let a® be a root of Ey such that
K :={B € Es|(3,a°) € 32} = Aq.

Set & = (a?, —a?,0) and define an automorphism p of V7, by

b= exp (?am)) |
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Then p has order 3 and the fixed point subspace Vy; =V 5, .
Notation 2.3. Let M, N and p be defined as above. Set

1 1
e=ey=—wy+ — Z e,

16 32
aeM(4)
frmen= gty 3 and
= €eN = —W — e an
N7 16N T 32 ’
aEN(4)

Then e, f, e’ are Ising vectors (see [LYY1]).
The following lemma can be proved by direct calculations (see [GL, LYY1, LYY?2]).

Lemma 2.4. We have (e, f) = (e,€') = (f,€') = 1/2%. Moreover, the subVOA VOA(e, f),
VOA(e, g), VOA(f, g) generated by {e, f}, {e,e'} and {f, €'}, respectively, are isomorphic
to the 3C-algebra Usc.

Notation 2.5. Let W := VOA(e, f,¢’). We also denote h = 7.7 and g = 7.7. Then g
and h both have order 3. Note also that e, f, e’ € Vi n and thus W < Viiny = Va,em,.

Lemma 2.6. As automorphisms of W, g commutes with h.

Proof. Recall that g = 7.7 = p on Vp, (see [LYY1]). Moreover, h(e) = f = ey and
h%(e) = ey
By a direct calculation, we have
hg(e) = hgh™'h(e) = p"(ew),
where p" = hph™" = exp (2(0, g, —)(0)).
Since <(07 Bv _ﬁ)7 (07 Q, —Oé)> = 2<B7 Oé> and <<07 ﬁ? _6)7 (Oé, —Q, O>> = _<Ba Oé), we have
gh(e) = plen) = p"(en) = hy(e).

Similarly, we have

and
hg(f) = hgh(e) = (hgh®)h*(e) = p"(eg), gh(f) = gleg) = pleg).

Hence gh = hg on W. 1
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Notation 2.7. For any 0 < i,5 < 2, denote
el = g'h(e).
In particular, we have

0,0 0,1 0,2

e’ = ey, e’ = ep, e =ey,
1,0 __ 1,1 _ 1,2 N
e’ = pen, €7’ = pPEn, € = pey,
20 _ 2 21 2 22 2
e” = pen, e’ = pen, em" = peg.

Lemma 2.8. Let G be the subgroup of Aut(W) generated by 1., 74 and 7. Then G has
the shape 32 : 2.

Proof. Use Lemma 2.6. 1

3. AFFINE VOA L (3,0)

Recall from Definition 2.2 that the sublattice
K ={B€ FEg|(B,a") € 3Z} = As.
Thus, we have an embedding
Vikikixk E Vg @ Vg @ Vg — Vi

It is also well known [FLM] that Vi = Vy, is an irreducible level 1 representation of the
affine Lie algebra sly(C). Moreover, the weight 1 subspace (Vi )i is a simple Lie algebra
isomorphic to sly(C).

Let 1, : K - K 1L K 1 K, =1,2,3, be the embedding of K into the i-th direct
summand of K 1 K | K, i.e.,

t(a) = (,0,0), w2(a) =(0,,0), 3(a) =(0,0, ),

for any o € K.
For any a € K(2) :={a € K | (o, a) = 2}, set
H, = (0,a,a)(—1) - 1,
E, = (@) 4 2@ ptal@)

Then {H,, E, | @ € K(2)} generates a subVOA isomorphic to the affine VOA Ly, ) (3,0)

slg

in V7, (see [DL, Proposition 13.1] and [F'Z]). Moreover, the Virasoro element of Ly (3, 0)
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is given by
1 8
= st e, hE R (—1)7 -1 o
231 9) 2 t 2 (F )|

k=1 a€K(2)

where {h',... h®} is an orthonormal basis of K ® C = Ey ® C.

Notation 3.1. Let £ = {(a,a,a) | @ € Eg} be a sublattice of L. Note also that
E=Ann,(M+ N):={peL|(8,5)=0foral /e M+ N}

Lemma 3.2. Denote the Virasoro element of a lattice VOA Vs by ws. Then we have

3 1
0O = _ E tio) =5 (a)
WEg + 4wM+N 19 e )
acK(2)
1<4,j<3,i#j

Proof. Let {h',..., h®} be an orthonormal basis of Ay ® C = Es ® C. Then

8
3+9 thhkhk 1?1
k=

_ Z @) | gle) 4 gia(@)) | (gmn(@) | gmiale) | giale)
acK (2
2
ot Y Z u(@)(=2) - 1+ (@) (~1)° - 1)
aEK(2
_9 phi@)—1(a)
1<4,5<3,i#j

1 18 1
1 1 1i(@)—15(a)
1B T ¥ T g a;@ ¢ '

1<i,5<3,i#j
Since wy, = wy4n + wg, we have
3 1
Q=wpt iy — s Y e
E + JYMAN T )

acK(2)
1<14,j<3,i#j

as desired.
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Lemma 3.3. For any 0 < ig,jo < 2, we have € € Comy, (LQZQ(C)(S?O))' Hence

W C Comy, (L;lg(c)(3, 0)>
Proof. By Lemma 1.5, we have

L(elodo 4 ebd — ") if (i, 5) # (ig, o),

(e)y(e70) =4 2
2070 if (4, 7) = (io, Jo)-
Thus,
o 8 1 o
Q) (1090} = 9g05J0 _ Z(9g10:J0 | | pt0:J0) — ()
(€l = 2¢f0d — S(26i0d 4 . gelo)
as desired. 1

Theorem 3.4. Let W be the subVOA generated by e, f and €' in V. Then Wy = 0.

Proof. Since h(—1) -1 € Ly )(3,0) for all h € E, the commutant subVOA

Comy, (LQQ(C)(:&, 0)) C Varen.

Therefore, it suffices to show W N (Vyren)1 = 0.
Recall that M + N = Ay ® Eyg has no roots. Thus,

(Varan)1 = spanc{h(=1)-1 | h € (M + N) ®; C}.

However,

3 1 3
~1)-1= e B § ti(@)—;(@) ~1)-1=2h(-1)-
th( 1) 1 WE 4WM+N 12 = (& h( 1) 1 4h( 1) 1 7& 0

1<i,j <3, 1
for any 0 # h € (M + N)®zC. Thus, (ComVL(LsAlg(C)(B, 0))) N (Varen)1 = 0 and we have
W1 =0. 1

Remark 3.5. By using a theorem of Dong and Wang [DW], it is also possible to show
that W = Comy, (L;l9 © (3, 0)), which is an extension of the parafermion vertex operator
algebra K,(9,0).
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On the existence of extremal Type II Z,,-codes

000 O Tsuyoshi Miezaki *

gboobo20120 60 180002000 000000000000000DO0O0O0OODOO
OOobDOo0ooO0ooO0oOoOoboODOooO0bOoOobOoOoOoOo0obOo0Ob0ODOooMath. Comp. O
gobooboooooooon

1 OO0

n00000000LOR00000000 {fi,...,fn}0 k-frame0 0000 0O(fi, f;) =
k6;; 00000000000006,000000000000k-frame0 000 0Zy-0
0000000000000000000000000000000000000000
0000000 extremal 0000000 kframe 0 00000000000000000
0000000000000000000000 Lech000O00000000000 k
000002-frame0 000000000 ([1,3)000 201000 RIMSOOOO0O0O000
0000000000000004frame000000000000000000O000O0
oooooooo

OD00kframe 000000000000000 20000

00 1.1 (Chapman [1, Lemma 5.1)). n=0 (mod 4) 0 000n-0000 LO k-frame O
0000000000 mO0O0 km-frame0 000

o0oO0O0oDOo0kOD00OO000p0OOD pframed00000OD0OOOOOOOCOOO
HEN

00 1.2 ([1,5). 000000 LO kframe 0 00000A,(C) 2 LOO Z-00 COO
000000000000A,(C)0Z,-00CO0000ADDOOOOOOOOO

000000000 minimum norm O 0O

n

QLQJ +2

goboobbooooooonDo

00 1.3. n<13600 k> [n/24|4+100000000,0000000000O extremal
00 L0O 2k-framed0 00000000 nd extremal Typell Zo,-0 0 OO0 D0OO0OOODOO

*Department of Mathematics, Oita National College of Technology, 1666 Oaza-Maki, Oita, 870-0152,
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OO0 Dextremal 0 0 0 0000000008000 Es-00000000HsO00DO 80D
DDDDDZQ-DDDDDDDEsZAQ(ﬁg)DDDDD 120000 2-frame0 00000
000000011 000000000 k0D0O0D2-frame000000O0O 80 extremal
Type Il Zop -0 OO D OO0OO00OO1600000 Eg@EgDDEDDDDDDDDD Zo-
0000000 ADODOODODO0OO0FREOO0000D00O02-frame0000000 160
extremal Type [1 Zop-O O OO OO ODODOO

0002400 LeechOD 0O A, 000 0A,0000020000000000Z.-0000
O0D0A0O00OD0OD0O000O0OChapmand McKayO DO O A, 00000000k # 117
O0002-frame0000000DO0O0O0O0OOGulliver-Harada O 0 0O O O extremal Type 11
Zoo-0ODOODODODDODDOO KDDOODO2k-frame 000000 240 extremal Type
IzZy-0000DO0ODOODOO

O00000Section200000A 0000 ChapmanO0 000000000000 OSec-
tion30 000000000000 480 extremal Type Il Zop-O0 OO OO OO0 OO

2 Chapman[ 0 [J

O00O00OOChapman 0000000000 ODODO[)ODO0OOOOOO
o0 soonooooooog

00o00A0OO0DODOOOOOOOO
(Oa17_17171711_17_17_1717_1)'

011000000000000010000000000CO00000000 M = (I1,2015+
$)00000 240 Z+-0000000000 A4(C) ~ A0 000 McKay 000 Leech
000000000

ST = —5082 =—-11/00000000c=2a+b (mod4) 00 d=a+2b (mod 4)0
0oooOo

al +b5 cl+dS
—cl +dS al —bS

00000 LeechDODOOOO0O0O0O0O PPT = (a®+116%+ ¢4 11d?)Iz4, 0 0 O O Leech
D000k=(a®?+1102+c2+11d*)/4000 k-frame 00 0000000000000 p
oooooo

c=2a+b (mod4) 00 d=a+2b (mod4) (1)

2p = (a® + 110? + % 4 11d%) /4 (2)
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0000000 a,b,e,d 000000 0Leech 000 02p-frame 0000 0000Chap-
man 0000 200000000000000000p#£11000000a,b,e,d000
00000000000000000000(1)0000 a,b,e,d00 (2)0000000
0000000000000 (X% ,a(m)¢™ 0000200 T,(11)000000000
000000000000 2000000000000 Ey(z)=1-24Y, _,01(m)¢™ O
00 TIy(11)000000000000

n(z)?n(11z)> Z b(m

0000000000000 000p#110000

a(p) =p+1-b(p)

0000000 000On(z)%n(112)? 0 OHecke eigen form O O O ODeligne D 0 0 0 O b(p) <
2p00000a(p) =p+1-bp)>p+1-2p=(/p—-1)*>00000
Gulliver-Harada OO OO OO0OO0OOO0O0D0O0O00OO k00O Leech OO O 2k-frame O O
00000 240 extremal Type 11 Zop-0 0 0000000000000

3 480 [
24x 24 (0,+£1)-00 WOOOOOOOO
0 1 -+ 1
~1
1
0000ADO0DODOODOOOOO
(0,1,1,1,1,-1,1,-1,1,1,—-1,-1,1,1,-1,-1,1,-1,1,-1,-1, -1, —1).

023000000000000010000000000COO00ODO0O00O M = (124,95)
O000D0 240 Z3-00000000 A3(C)0000o0ow? =wow?=-23w00
O00000a=d (mod3)00 b=c (mod 3) 000000

B al +bS cl+dS
 \—cI+dS aI —bS

00000 4A3(0)0000000000 PPT = (a?+23b2+c2+23d%) 154, 00 0 0A3(C)
OD0k=(a?+23b>+c2+23d*)/3000 k-frame000000000000000 p00
oooo

a=d (mod3)00 b=c (mod 3) (3)

p = (a® + 230 + 2 4+ 23d?)/3 (4)
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0000000 a,b,e,d0000000A3(C)D00p-frame000000000000O0OO
2000000000D0000000p #2,5,7,22000000000 a,b,e,dd0DO0O0
O00OSection2000000000000000O00O0OOTIy(1199 000000000
oo0o0O0oDbODbOOo0OooooobOOoOooooooooboooa
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0000 neighbor000O0O0O0O0O0OOE#2m5m27™323™+ 00000 Pygp 0 2k-frame
0000000000 480 extremal Typell Zop-O O O OO DO OOOOOOOOOOOO
1<k<600000extremal Type Il Zo,-O O OO DOOOOO0D0DDOOOOEK=14,46
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00 3.1. 000000000000 20000 Cuuu,Casses 000000003000
0000000000000 000000000000 NebeOOOOOOOUO Pygy, Pagp
0000000000000 ooooooOOOo(booooooooooO)30000O
O0D00Oextremal OO0 0OO00OO0OO0OOOO0O0OOCODOODOOOOODODOOOOO
O0O00D00O00OONebeD ODODODOODODDOO 20000000000 extremal 0 00O
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1 [FL®HIC
2—27 U v FZEMRY EOARES X (X LT,
D(X) :={d(z,y) | v,y € X,z # y},

CEFRTDH. T, dz,y) lTEEO2—27 Uy NEEZEL TS, D(X) Dok
NsThDEE, BEXITs-IEHHES EMIEND. s-IHEHESO EARMBEOUE S, 1
BEOE S s, Wotd ZEE LT, HEDZTOMEOKRE N s-HEHES 2R T 52 &
ThHDH. ¥R 1 HODEREICD D s-IEEEHESIT, LT A o7 Vo —y g v A% —A
EVES BT A EERXMRTH D (2.

T TR - R B A B 2 5. 2-HRREEE G D, BT D OREREZ RO 2 THR A1
TRESZ LT, V7 T7OENBRICEOND. TlX, 77 7%2%C521-5%4, £
DRI, DT T 7HEE RO - RER 2 525 2 ENEKD A I M2 B2 b
W7 T 7 OGO 2-IFHHER %, TDT T T OMDIAR LA TS, n TH O HH
TT 752778 XI1Z, n—2WRIELL FOZEMA~OMDIABZDBZME—(FET D Z ERMBND
[38]. 2D n—2WITLL FOZERA~DOHDIAGLD Z & 2 f/NEDIAG LR L2 5, —
Jin—1IRTTOMEDIARTEIIAFHEL TWD. ZOZ G, diktd+ 2TEAELL Eo 2-
PEEEEE A LB T 7N 1R LICHE LTS Z LD, 2-IHEHES OFmDS, AR
D777 OFG@IEDL TS, 77705 EHNWDSZ & T, TIRILE TORK 2-HHE
EAEDOHBIET LT D [4]. Fio, vNEDIALOWRILE D(X) OB LT, Bk
IO EAGZEFOER T, MHATRERS Roy 2k 5260 Tn5b 9. £/, 7770
2-FEREEES & L COMDIALDORITIZEA LTI, Maehara @ [5] 72 EDOLE G HDH. —KD
s-IEEEEE AT HOW T, FIREDERAZIT V2V, F IR E X vy 7REFEEL TV T,
BEDOEZAEFI DS TR0,

RiCk Rk 97, BT T L - IREEEA OGRS, EHEZEM CTIcRT HEkm Lo
EHEERN T T 7 EOBBRIGHALIEZNWEWSI DR, ZZTOHETHD. HEFEEKL ED
EREFZZXDHEFRITL, HID Roy, Suda [10] DfEFIZ X 5E5 23K E V. Roy, Suda [10]
I%, Delsarte-Goethals-Seidel [2] WR L7z—2 Uy RZEM EOTHA o, a—K, 7V
T—T g AX—LA0OMRE, BREKE LBV TN SE . ERERKE LB s, *
OMFITFERA LOHGHB IV bETEHETITH SN, =2—RFRE L TEETH D DNEHEK



fs-a1— RThHhDEFS->TEW. BEHEKMEs-7— NelE, F ST s-IRBEES O HREKImR
ThHV, Hpd ZRMOEEOEFRNEOBEEN s THhDH & &L, ZHMETIND.

ZOFRTOREZL, IR LEFHERO—ETH D, ARy T 7 OEFKIE E~DHD
ARG &, RRNHEHRKE 2, 3-2— FOEORNTH D, Fo, ZAREFRKE2-2—F
R T AT T, BT X~—ATHIOEZATHNOEAEOE R D DRFESIFIZE
R LT, =7 X~ — WTHIORHER-SIFIZ 2V TIE, Linear algebra and its application (Z
HHRF A TH D (6]

2 EHFRLHABR

ZITIE, BICRELERDIEREBEHFOERIZOVTHEIAN LY. v = (u1...ug)", v =
(v1...v9)T € CTITH LT,
d
w = Zu_kvk
k=1

ET 5. ZIT, alda DEFBRLEELEHRT L. Qd) LEHENT, EREKEEZERT S, D
EQ
Q(d) :=={r € | 2z =1}
Thd. Qd) LO-HSOEIEANL=F VERTEY HH L X, “HOOEATAMTH
LEWH. ARES X C Q) T LT,
D(X) :=A{u"v | u,v € X,u # v}

LEHTD. DX) OO s, DFEV |DX)| =sThdEX, X 2EEKs 7 —
R, F723HIZs-a— REMFES, s-a2— ROEARPRBEOOE DX, dE sEEELE
X, HRDET OB ORE N s-a— Ratk, DT THDH. TOEED
RKExWs-a—RiL, THFAL, TV —2 g AF—LEERBICERLTWVWASE NS D
N, DEOOEETHD. ZOFTIE, 22—, 3-a—F&2# 5. uv e CLITx LT,
u'v =v'u THHZLIZHEETIEL ae DX)DE%, ae DX) Thsb. o7, X
N 2-a— R ThiuE, DX)={a,a} (lZEH , 3-a—FThbiuk, DX) = {a,a,s}
(a1 TEEL, BIXSFEH) THDLHZ Enmns.

ZORTHMNTZ 77 G=(V,E) L 595 L&EX, TNENDORIE—H RO E L1FEz
RWEAREST D, DFEV, (v,y) € ETHLRLIE, (y,2) ¢ ETHLERELTELS. T
NRTCO2MERMNLZEFSOBR T 7 7% h—F A N EMS, GOBEEATIIA L1X, VT
WZATHT HENBITHIT, EOD (z,y) Ko

)L (zy) e EDLE,
o, o

LERSNS. HINST7 G =(V,E)ICk LT,

a, (u,v) e EDEE,
o(v) =< @, (v,u) e EDL X,
B, & DAt

2
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AT, VD Q(d) ~OHMK ¢, BHNEDa e C, EEBNFET L LE, oV) %G
DEREREIE DAL, FIITHIZHDIAAR LIRS, F—T A FOHDIAARIT2-a— K&
720, b—F AL NTRVWANT T 7 DOHDIARTI-a— Kb, WOBEEZITH> Z &
T, 23— K, 33— RKNORBICHEMT 7 7 OENMEOND. £z, 2,3-2— Kn[FEE
ThiuE, Gonsfam7 7 78R THY, R " SORMT T 76k, R
a— KRR ELNRNZ EHEBITHND.

Bz 5N HImMT T 706, FHEMAR 2 3-a— FRELNDAREENH LN, 22T
1%, EREROWITEP/NE 2D HDIAL (F/NERDIAA) Z#E 220, RILH/NE T
FNEWIEE, REICH L TROEENPRKEL 2D, ssa—RFELTRWLOTHD LS
)T EMHkD.

fh—F A FOHFTY, FFICEETHD _ELEHIF—FT A  EHENTDH. b—F A
N(V,E)IZX LT, »5HRE m,me BEELT, RTOEM 2z I LT,

Hy eV |(z,y) € E}| =m,
Ehz, RTORRD 2THM 2,y ITXH LT,
{z eV I(x2),(y,2) € E}| =mq

Al L&, “HIEAF—T A FTHDEMFIND. FITRNDOFM 223 b —T
AL MIIEAITH D EMHEN D, ZHIEA F—T A 2 FOIFIEMEE BT F ~—VATHIDF
TEMERFEETH L Z LIZR<MBITND.

Theorem 2.1 ([8]). nTEAD “BEH h—F A > "BAFIETDZ L L, 4 XDBn+1D
BT~ MIIIBEAET 5 2 L BRATH 5.

CEEH R —T A NOBETIIZA L L, T EZEMITH, § AR NAET 1 OR_Y b
nNET5H FOL X,

1 gt

—j I+A—AT
XET X ~—NATH L 72D, FRMOBIEICLY, HATORG % LICESLLIEET X

~— UTHI S “HIEH| h—F A > NOREEEZE S Z L HkES.
3 mAEFXR23-0—F

A7 77 GOBETIE AL L, JEETHSN1OEGITH, I ZHATHET5.
7, 179 B ZIRTERT S -

B:=J—-T—-A— AT,
TDLE, GOEBHREIEDIALD T T KTHIE,

M =T+ a(A+ AT) +/—1b(A — AT) +¢B (3.1)
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EMMTDH. ZZTabclIERTHD. 22T, Wi &7 28 FREREHE DAL %
B 27200, (31) O¥4FE Lz M BN IEEMT, T2 73 fhE7e% a,b,c e RERD
FUT kv, EEEKE 22— FOEAIEIB =070, —5O0EKa,bTHLZ LTS,
2-a— ROEEIE, 17418 = V—1(A - A7) O b s EBE/RE A MO LY, B/
Wtk 525 a,b B RETE D, SIESeidel T8 EMEEN TN D, & 2 AN, BEN 1 o8
25 L, FEOFERNEL BN 5. L, RREZEKAFa— 2525712
UALZGZ25Z LTI L. HFERIEMETHY, 2L oMEEZLELT LD, =
DWERETITRHET L. [T 2RI,

h—TF X N OBEREREHDIAI, DF D 2-a— & L TOHEDIAL DM/ NR I E 5
2D EBERENT HENS, WSO aHETSH. TZnHAN—FTANEL, A%
FOBHETIIE T 5. S & Seidel 174 L, 7 2 i HHIT/NS WS ORQRDEAME T 5.
P, % 7; OEFZEM~OBERZFATINE T 5. 5; K CTEF L, main angle & FES.

B = %V(Pi-j)*(ﬂ-j)-

WOEFN, h—T A2 FOEZREE DA T 5 INRITCERET HDTH 5.

Theorem 3.1 ([7]). Rep(T) ZEFE KD AL D/ NRILTHDL ETH. ElaZzZD
HOIABLDFFONBOME THL LT 5. TDOLE, RBKLT S.

(1) B = 0722561E, Rep(T) =n—my — 1222 a = (1/cg — V=1)/7 BEL. 2T
a1 =i nf /(T — 7).

(2) B1#0 D> my >1DEE, Rep(T) =n—mqg 22 a=—/—1/m DIELAL.

(8) ma =1, By =0, 7 3 < 025, Rep(T) =n—msy — 1 13> a = (1/c = V=1)/m,
ML, 22T e =B/ (11— 7o) + 33187 /(1i — 7).

(4) LSt L Z Rep(T) =n — 1.

F#lZ Theorem 3.1 @ (1), (2), (3) 12BN\ TIE, BVMNRICOMDIAZII—EINZEE D Z
CIZEBE SNV, 2O OIAL Z i/ NMEDIAZ L FES. Theorem 3.1 d (i) DML H
i%, disjoint THY, (i) DFHEMIET R—F AL "NEZ AT (I) D h—F A N EES
HEHEEKE 2-2— FOTLOMBIZITR O B K72 R (Fisher type) NEIHILTW 5.

Theorem 3.2 ([10]). X ##FEKHE Q(d) LD 2-a—RThsrET5H. TDL X,

2d, 2 MEED L x| (3:2)

MWS{M+J’ d RN#ED L %,
MR T 5.

Theorem 3.1 &, S HIZEAMEOMNTAZIT S Z & T, Fisher type @ EFR &R T 5 #
FEKM 2- 71— ROFHES T ITEGE LTz,



Theorem 3.3. X % h—FT A NT O /NEDIAHRTHDH ET5H. A% T OBEEETHIT
HDHETDH., DL ERNKNT 5.

(1) dBafo sz, XN 32 0EXZERTLI L, TH_HEAM T AL KT
&% Z & HIEA.

(2) dPMEEDO L E, XN (32) DEREZERTLHZ &L, [+ A- AT BET X~ —1AT
FITH D Z & MFIE.

THIEA =T A M EET I MTHIOFEEERRIE TH 5 2 LIFRNT R~z
o, Fisher type ®_ERZF#EKT 5 2-2— ROFEMIE EIEQ] h—7F 2 > N OfFEME & —
452 LARENE. TEHER F—F AL FOSENET LTVWBKRITICONWTIE, &
R2-a—= KRBT ENRETH L. B, FERMRIRK 2-21— FOERIEL Magma
REERMNUE, (1] 08X EFOFEZHOCCEHET S Z LN TE 5. BRK2-2— FOfE
¥& Nd) LT 5.

d ‘ 1234 5 6 7 8 9 10 11 12 13 14
|IX| |3 4 7 8 11 12 15 16 19 20 23 24 27 28
Nd)y|1 2 1 4 1 8 2 240 2 8956 37 11339044 722 9897616700

RN FERME 3-2— RIZ DWW TIE, Theorem 3.1 & [FERDOFE R 2 A Z ENE L W=D, IR
DUEMNR D EMETH D, WA, EFEEKE 3-=— NIz 5 Fisher oo FRTH 5.

Theorem 3.4 ([10]). X ##HKME Q(d) LD 3-2— K ThbrLT5H. 20X,

4. d=1m&x
X < ’ ’ 3.3
||_{¥+ZL d>2mL %, (3:3)

VIS RVAC AR

o ERITEARZRLDT, TNEEHRT D 3-a— NE7 VY vro—v g v AF—ADE
EEFFOZ EDNRIN(10], EOSEMBEIIEFICEERBETH- . T 27 Vv
T—a AXF—LAOMEEHANWT, HEXEE LT D 3-a—NE2HETHZ LIk LT,

Theorem 3.5 ([7]). X C Q(d) & (3.3) ZEWK T H3-2—RFThDHETH. £DLERN
)AL

(1) d=12>D(X) = {£v/~-1,-1},
(2) d=21>D(X)={£\/-1/3, -1},
(3) d >3 D& ZIEIFLE.

AEBH D 5 EHE, Fisher D ER A7 9 3-a2— N7 VY vrm—va v AFx— L DS
BEFOIW, TDOT V) m— g VAT —LDRNT A=A N5 IEFEL . Theorem 3.1
ERBRDER A 3-2— RIZHOWTHEZ D DITEE LW, FRZIRITITHR L CuOEF O KR &
W3-a—KREEZXDHM7 7 71250 THE, BOIARE G2 57103 Ankhb252 L

bt
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DAFECTHD. FRCEVE ZRSBM T 7 70T 52 & T, RRKEZKE3-a2— K
BT HZENTES. LL, FrUTiE 2d koLl F O EEKH 2-FEREES D4y VB
ThHHIED, d<3I2OWWTLD, BIEDE ZANHENKI LTy, RICZEDRE L
Z25. N(d) D KREFRKE 3-2— ROIERM 2 L OO TH S [7].

d |12 3
X[ [4 8 9
N(d)|1 1 35

d=1D¢ %, FER3Ia—NIESFEOHEHAES. d=20L X, Y EVAX4DET X
~— U ATH (—EBH) O/NEDIAZE L, YU(-Y) BN EK3-a—F. d=1,20& &
Fisher D FRZFHHK L TWAD. d=3D L X, HRRK3-a— KD 121%, 414 X3DIEH]
h—7F % k% 3D disjoint union SH7=H D, Y O 34 fE1E 6 Kot KFE 2-HEEEEA O
EREN SR LN,

4 FTET7EIT—ILITHOEFEDIT

PA AN+ 1DET X ~—A75 ¢, nTER_EIEH] h—TF X2 FOFEEENRFEE CTH 5
ZEITRICIR R TE, ZhuE, B ESNTZET X~ — ATHID, FOEIEEIC LV R
T TnbdZ iz by, A An+1DET X ~—ATHNBELND b—F
AU MEET, nTHR _HEA h—TF AL 2T eT5HL, TOARXY T LR EDEHR
IFRD I HIZELS Z RS,

‘ Ilznz . B; type Rep(T;)
T {(—vn)5 . (V) T} (&) (2 =
0

T2 {<_\/ﬁ)nT17017\/ﬁT} (0717 ) (1) nT_l
W2, EFREOER/R AT b T A, main angle ZFfD h—TF X > NMNX, BT X ~— 1175,
CHIEAI =T A R EREST T Z ERHRD. A, T D 1TTHERWZ T IZX LT,
ARG NT LD DR TRHKIZOTHLH, ST, D, BRIZ1ITEAEZRRV:
Ty 525, BRI 1ITESZRLS 72012, EOTESZRI DITK-T, T3l h—F A2 b
ELTOBENER >TSS, LnL, A7 bT AR EOFERIE, EOEAZRNTYH
DTOX 2T Ennns.

‘ T B type Rep(T;)
n—3 n=3 n—
T3 ‘ {(_\/ﬁ) 2 7(_1)17117\/5 : } (07%7%70) (1) 21

WIZZ DAY 8T hEFFO h—F A MIEORRIZEBITONDTZA I E VWD DR,
CITORBTHD. FEREIL, ZOART vFLhE2H D b—TF A2 MIVT _EHIEH h—
F A NOESEE AR OZ EBNTRENT. DFED, TORXRT NTF LE LD Ty R
52T, “EHIEAIbh—F A b, BT X ~— VA ERERT 22 ENnHsks. ERYL
SNTZET X~ —THINE 2TERZ RV h—F A RDOAXT F T ADOEHRND,
BT X~ — ATHN R T 5 2 EpkEh LTz,




Theorem 4.1 ([6]). A A n+1DET X~ —ATHNDFEMRE LT DAY T LxF
On—1TERA =T A2 FOFEENFRETH S ¢
n—3 1 1

(V)= (DL VR T L (3L = 0. —=.0)
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FHERIFICBET A2 EE

IR - BEEER /NS (Fumihito Oda)

1 [FU&IC

G2 HBR#ELE T %, Dress 238 A L 72 Mackey BT 1%, HIR G-EEDED S 7 — )L
NDZODBTTH % [Dr73]. i, HIRFEORBGICE T 2 HlREEZ ML L 72X
BT M LFEGR O T H 2 2T M, Ofl M = (M, M*) TdH->7z. Tambara
1Z, Mackey BIFDORIIZ, [Dr7l] THA I 2 [DS8Y], [DS89] & Tifw U 6 417 Fe ik Eh
HEGRS 2 DR ALY A TNR-EF T = (T, T%,T.) 2/ L 7z [Ta93]. Brun
3 Z %2 Tambara functor &FEA7Z [Br05]. A TI3FFIC Burnside Tambara functor
2= (2,2, 02) 1220 T 0, PWEHT 2LEHAUOWTHRL 5.

G-HEBIITRTHERLE T2, G-HEAL G-GROEZ set® LHEL. AREA X DUER
Dz | X| £FH L. G-HBE X ORAEHEZ [X] L EL. GOITXRTOETHOEAZE s¢,
2D G-HEHOELSE [sq) LEL. HBGOWDIHTHHLE, HSGLEHL, GOHt
itz e, £7, HHRESH (e} be LFHL, FRHG/H DYEFE%R gH, 7121, ge G
LF#L.

2 Exponential diagrams
[ X —=Y%2GEHRETS, G-FfRa: A— XITHLES

My (A) = {(y,a)

yeY, o: fHy) — A: map,
OéOO'Zidf—l(y)

i G-fER %
9(y,0) = (9y,%0), ‘o(x):= go(g~'x).
TED, Ui (A) oY ~NOHF (y,0) —»yz o tEHS, GHEBRa: A — XITXHL
pullback functor
f*: setf/Y — set?/X,
(B—Y) — (X xy B25X)
(XA REAERE T
¥y ¢ setY/X — setY)Y,
(A-5X) — (A-5Xx-Ly)
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&b T
I; : set’/X — set®/Y,

(A-5X) — (I;(A)23y)
ZHo, ODHRER

Ef Yye Eff*nf eXy Hf7

(72720, & \3BERE f* 4 I ORYALE,  IFBEE X, 4 f* ORHNE) 13 A = X It
LB
A e (a A € @ A
Ef< w) = Eff*Hf< w) e Hf( w),
X X X

X I1:A
Ye'(a)=e Xy
/ ell(a)=pm;a
A PX

f

Thbb

Tlsa
Y,
(e: X xyIIyA > (z,(y,0)) — o(z) € A, px, pru,a 13 )
252 %, O

/A — X IA
X EXP f!
f
ﬂ'fOé
Y HfA

(f' =pm,a &9 %) % Tambara (¥ exponential diagram & F-0Y, TNR-BATORH{LZ1T-
7z. Brun 325z PHEBIT L WA 72 [Bros).

3 Tambara functors

H£HLERDE%Z Set, DD G-EH X, Y DIEZM%Z X +Y £EL,
G-HEAX,Y LGB X — Y IZHLBEFO =2l

T = (T,,T*,T,) : set’ — Set,
T(X):=T\(X)=T"X)=T,.X),

2
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fi=T(f), [ :=Tf): T(X) —TY), [ TY) — T(X)

BEZD.
=0T = (T, T*,T,) 3L T OG22 & & semi-Tambara functor &I A:

(T.1) (Additivity) fEE D set® DREXI
X-5HX+Y <y
(Zxf L ) .
T(X) ¢ T(X +Y)1=T(Y)
23 Set ICB T AHEN X252 %, T(0) =0(:={0}).
(T.2) (Pullback formula)

X ——

Y
o| po L . T . T T ) T
w

A

y T(Z) —~T(W), T(Z)——T(W).

(T.3) (Distributive law)

XL A< X xyIfA T(X) <2 T(A)“=T(X xy II;A)
R
Y II;A T(Y) T(IIsA).

qQ

TRTOT(X) DSAHEERT £, f*, f. BZNZINERE, BR, FENE /4 FOHERTT
b 5% 61X, TIX Tambara functor E WIS,

4 4l

“oDBlZdR S,
1. Invariant ring functors

R%Z Gring £ 9%, FEDG-ELHXITHL X D6 RND G-EBROES%:
R(X) = Homg(X, R)

55, HBGOEWDHETH 574513, R(G/H) F invariant ring RY AMTH 2, G-
G f X — Y E3O0GHRZFHELET %:

fi t RX)— RY ;00— filo))= > o),

zef~1(y)
ﬁ:memeHNw>wmm
fo o R(X) — R(Y);0— fi() H 90
zef-1
3



ZDEE R(X), fi, f*, fu \& semi-Tambara functor R # W %,

2. Burnside functors.

RO G-HEAEXITHNL 2,.(X)Z X Lo G-HEADRME A — X| 2oL ET
5., ZDLEN(X)IFary<EG-set/X D coproducts & products IZBIT 2 FETH 5.
G- X — Y33 2DE8RZ2HET 5.

fios 00(X) — 2L (V)[A -5 X]— [A -5 X Ly,
o 2.0Y) — 2,(X);[B—Y]— [X xy BES X],
fot Qu(X) — 2 (V) [A 5 X] s [I(4) S Y],

ZDEZE N (X), fi, f*, fo | semi-Tambara functor 2, 2T 5.

5 Burnside ring DFEERNFEST

GDON—=vH A4 FRQG) X, BH ZIHEE {(G/H]|H € [s¢]} b b6, TEIZ G-
BDOTHN PP SEFRIND, S €sgliiL, RS 2(G) - Z T, FED G-
EBHXITHL oG([X]) = | X5 27T OOV —BNIHIET 5. £/, of (EBRHER T
ThHsb. GD mark homomorphism %, BRUER]IT

o= [ «¢:006) - 20),
(S)€lsc]

EL, 2G)= [ 2z Tb5.

(S)€lsa]

Lemma 5.1. BR¥EFMY o [ZHHTH 5.

N—vH A FEROFENFEGG (7 VI ViFEEER) oWHZEE T 5 GEll [Yo90]
#2M) H<GOLE, UTDXIHIIHEZoNn5ETF

Jnd : set” — set®
DFET 5 1 RRIZOWLTIE
Ind$ : X — Mapy, (G, X),

7272 L Mapy(G,X) 1 Hmaps a: G — X TIXRTD he H, ge GIZNL alh-g) =
h-alg) 27z THDORELE TS, Z0EE GEHIE (k-a)(g) = alghk), 7L ke,
X 13 H-set £ 5 5.

Lemma 5.2. {57 #f H < G IZWL, f:G/H— G/G ZF NGS5 LT 5, £ED
GEfa:A—G/HIZHNL, G-EEDRBIER

I4(A) = Mapy (G, a”" (eH))

DFAES 5.



Proof. G/G D—REAT f B2 H%DT
I;(A)={0:G/H - A|o: map, aoo =idg/y}
FA-HLTE Y, 2O E, 5% o T(A) = Mapy (G, a~L(eH)),
g5 p(s): G —a l(eH) g gs(g™ H)
DHEMERZ 525 2 LB3bdr s, O

28 f: G/H — G/G & Burnside Tambara functor 2 = (2, 2%, 2,) {22 T Lemma
5205 2.(f): 2(G/H) — 2G/G) D3
2.(([A= G/H]) = Mapy (G, ™' (eH)) = G/G]

ERDIEPODPDL, e ZIINL H=cDHED Q(f)(q[AS G/H) ZitE T2 L
DAREDO FETH > 7z,

AR H <G L HESG X IO T IndS(X) O G-HEA L L TOREIXL T ofiiE%
Hﬂb)fn+%f? %,

Lemma 5.3. H %2 G OO #E X 2 HEG LT X S<G%56IF

pS(Indg(X) =[]  #hnes(X).
9el5\G/ ]

N AV RVASN
Lemma 5.4. S 2% G OFG#HE, € ZTH 57613,

0§ (IndS (qle/e])) = ¢9/°
DS D 3L,

Proof. Lemma 5.3 2> 5,

pSUndd(gle/e])) =[] einostale/e) = ] aville/ed = ]] 4

ge[S\G/e] 9€[S\G] 9€[S\G]
e O
Gluck ([GI81]) & Yoshida ([Yo83]) I & D ZICH 2 657 Q¥ Q ®z 2(G) D
H < GITHIET 2 IR 50 ef ol

G = 7 2 KW (G KL (51)

7272 L u(K, H) 1% sg @ Mébius Ao, THZ o615,
NH@%pMUDT Wt H < GO GWNIZBIT 5 IEBULEE No(H) (resp. FI&H#E
Ho(H)/H) £3%. e<GEqgeZizxtL ¢¢ = Ind%(gle/e]) £ BX.

5
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Lemma 5.5. ¢ 2¥%D & ¥,
¢“= Y [WDI™)  uD,S)qdNG/D]

(D)els) s<a
DIK D LD,
Proof. Lemma 5.4 & XNEEILRI (5.1) & 0, LT OERXLK D 37D ¢

¢ = D o§(q%)ed

Selsal

= > ¢INSITV > |D|u(D, 8)[G/D]

SE[Sg] DSS

= Y (G:NS) ¥ NS|IT S DD, S)[G/ D)

s<G D<@

= |G| ) ID] (Z M(D,S)q'G/S') G/ D]

D<G s<G

= |GI" ) (G:ND)D| (Z u(DaS)Q'G/S'> [G/D]

De[sc] S<G

= > wp/! (Z u(D,S)qG/S'> [G/D).

DG[Sg} SSG

KHZ, 4C O [G/D] e B B0 CH 5.
Proposition 5.6. G & GHEEE ¢ 12OV,

(WD (D, S)g4*
S<G

TR, 77Xl DG, TH3.

Lemma 5.5 % Burnside Tambara functor 2 ICJRT EUT DO LI ICEKI NS,

Proposition 5.7. G- f : G/1 — G/G, q € Z, Burnside Tambara functor 2 12D

WTT
Q.(f)dGle =S Glel) = > WD (D, 8)¢“¥G/D - G/

(D)€lsc] S<@G
D WRVASY
ZER o ICHEZ B L, DAT D X 9 % integer-valued polynomials f§(z) #155.
Theorem 5.8. #77#E D < GITxL

Gy Z2G/5

EBL. ZDEE fS(x) 1F integer-valued polynomml Th 3.



6 Necklace polynomials

Z OHiTIE Theorem 5.8 DLIHI f§(z) 3% v 7 LV ALHADO L TH 2 Z & 2R
Y. a- b =X 2R S n DR GEABIRY) v 7 L ZADMEE M (o, n) 1%, B

M(a,n) = %Zu(%) ot = %Zu(d)otg,
d|n dn

72721, p Y72 Mobius function, THEAINS Z LN CHSNT V5 (see [MRB3]
for instance). Z U3 necklace polynomial EWHEILT W5, fi8in ORKFEREE C, TET.
G DETHEDUEBRICET 2 X v b (sq, <) & S TET. 1EEEE n OFEFREBIFRIZES
T8y b2 Z(n) TET. mBInDRBTH 27%61E, XM [C, Colo, 225 2 (2)
NDORELy FARBFET S, UTOMEZL RSN TR S,

Lemma 6.1. C; %% [C,,,Cplvy DEFRTH 575 51F,
d
(.75 (Cm, Ca) = po(zy | 1, -

WL 3L, BRI, 19, (Cry Ca) = 1 (L) DR D 32D,

m

Theorem 6.2. G D3 n DKEFETH 2 7% 518, n DERDOKIB m I L fE () =
M (z, ) D3 Y 3L,

Proof. f& (z) DEFE Lemma 6.1 225 BT DEADIL Y 370:

f& (x) = WG| j{: 1(C, S)z167S

S<Cpn

- ‘_ S 1(Cp, Ca)al €10

n |1 d n/m
- ()
m < m

Theorem 6.2 & Theorem 5.8 226 L FDRDNES .
Corollary 6.3. G DM n OKRIEE, ¢ DMEREDOIERETH 574613,

=) M (q, %) [G/C]
mln
N AVRYASN

I, FHERMNIEEDIHE L TR S3IAEIRF TOESTHET 22 52T K
X o MEEAND &I EEHT 5.
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R

=

«O» «Fr «

<

>

A

S,: the symmetric group on aset {0,1,...,n — 1}.
S, acts onR" by

Op = ('U’O'—l(O)nua_l(l)a o
where n= (,Ll/(), 1,

nua'—l(n—l))a
s tint)-

G: a subset of S,,.
w: a vector in R”.

A permutation code (G, i) for G and p is the orbit, i.e.,

(G, ) == {gn | g € G}.

125N 64



M: asets.t. M|=|(G,pn)|.

enc : M — (G, p): a bijection.
dec : (G, u) — M a bijection.

ec: R" — (G, p).

(enc, ec, dec, G, u, M): a permutation code
=

dec o enc = id.

Background

M= (G,p) - R" = (G, u) > M
“hello” — (xl,xz, ..

3 Xn) = (AL A2, ) = (3], X, ., X)) — “hell”
The above one is “a” definition. %’
«0O0» «Fr «=)» « =)

d(,): a distance metric on R (C R")

For a given \ € R,
“find” gopn € (G, ) orgo € G s.t.

d(X, gop) = - e'gd(k,gu)

«4O0r «Fr «=Z)» « > = o ¥
- 46—



a permutation code (G, i) is a rank modulation
— pu=(1,2,...,n)

«O» «Fr « =

y « =

G=Su,pu=(1,2....n)

«O» «F» « >
- 47—
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a permutation code (G, ) is a rank modulation
<~ pu=(1,2,...,n) and

M — (G,pu) = Sy, — (Gyp) > M

Solve the following simultaneously:
» To define G

» To construct enc and dec

= determine |G|

= realize enc and dec as combinatorial bijections
» To construct ec

and analyze a (topological) optimality

«O» «Fr «=» « =) = o>



G :={g € Silg® =id, g(i) #i(1 < Vi< n)}
» Can you count |G|?

» Can you find a comb. bije.: {1,2,...,|G|} = G
and its inverse?

» Foragiveno € S,
can you find g € G s.t.

d(g,o0) <d(g,T)VT €S,

for a given measure 4d(, ).

G:=C,:=(2,3,...,n,1]).
M:={0,1,...,n—1}.




G := Dy, := C, UwyC,,
where wy := [n,n—1,...,2,1]
M:=1{0,1,...,2n— 1}.




G =Gyl Sg. (Go = Cy, Dy, 8,)
M :={0,1,...,|Gy|R! — 1}.

C, = Aut(T'¢, ), Dy = Aut(T'p, ), S, = Aut(T's,)

GOZSRzAut(Fgl_II‘GI_I~--I_II‘G).




»y>0
»y>x—1
>y < 5x

Find x,y € R

Maximize a value of linear function over a polytope.

-

3u-2y=2 3x-2y=4

P

maximizing 3x — 2y
over the right region.

A solution exists uniquely = the solution is a vertex.
This kind of problem is called
a Linear Programming (LP) Problem.

A poly. time algo. is known for LP problems.

—Connection btw LP problem and S,—

DSM,, is the set of square matrices (X; ;) satisfying:
» (Positivity) X;, j, > 0, for 0 < iy, jo < n,

» (Row Const.) >, Xij, = 1 for 0 < jo <n,
» (Column Const.) >,

<j<nXioj =

1 for 0 < iy < n,
and is called the Birkhoff Polytope.

Ver(DSM,,): the set of vertices for DSM,,

Ver(DSM,,) = S,,,
i.e., vertex = permutation matrix,

by regarding a perm. mat. as a perm. on indices.

’f]

|

«O» «F» « >
. 52_
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WA € R":

o minimizes ||\ — opu|| <= o maximizes \X° i’

where o € S,,X? € DSM,, and || - || is the Euclidean distance metric.

» Input: p, A € R”
» Output: X € S,
1. Solve maxycpsm, AXp!  (i.e., maximize a linear function).

2. Output the solution X € DSM,, if X € S,
or terminate.

LP-decoding works as ML-decoding for (S,,, 1) %
and runs in polynomial time on n.

«0O0» «Fr «=)» « =) = o »

Let us generalize the decoding.
L: asetof lin. eq. and lin. ineq.
D the set of mat. satisfying £

» Input: u, A

» Output: X € S,

1. Solve maxycp, A\Xu!

2. Output the solution X € D, if X € S, or terminate.

If we find L such that
Ver(Dz) C Sy,

LP-decoding works as ML-decoding for (Ver(D.), ) —
and may run in polynomial time on n. }*
125N 64

|

«0O>» «F»r» «E» <«

i
v
it
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L: asetof lin. eq. and lin. ineq.
D.: the set of mat. satisfying £

Is there any non-trivial linear constraint L so that

Ver(Dg) C S,?

» Give a construction for £ satisfies above.
» Characterize Ver(D.).

i.e., Our Goal: construct a perm. code s.t.
LP-decoding works as ML-decoding.

«0O0» «Fr «=)» « =) = o »

I': agraph
Ar: the adj. mat. of T'

Dr := {X € DSM,, ’AI‘X = XAI‘}

ie.,
> Xiyjo >0, for 0 <ip,jo <n,
> D o<icn Xijo = 1for0 <jo <n,
> D o<jenXipj = 1for0 < ip <n,
> (ArX)i,jo = (XAr)i., for 0 <ip,jo < n.

I' is compact <= Ver(Dr) = Aut(I').

e
«O» «Fr «=» « =) = o>



“Circle” and “Tree” are compact graphs.

is compact.

“Cycle” is a compact graph. T" is compact = Union of compact graphs

» Construction of Linear Constraints from Graphs.
» Graph approach works well.

» In particular, Enc, Ec, Dec are in class P.

«O» «F» « >



Modular forms of weight 8 for the theta group!

K =2 (FHKRE)
SEBEHELTH5ARE FTICHREN TS

M.Oura, C.Poor, R.Salvati Manni, D.Yuen
Modular Forms of weight 8 for I'y(1,2)
Math.Ann. 346(2010), 477-498.

T, MHPVEELIZETICRKREDLRINDDDD L IIICEEL Iz e RBnE T,
Z O TIEEHR2 ST S NI L TEAEHEATWE 0
TIH, PHOFELIZERIETCWAEEEET, b b e ENICZ Y
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Combinatorial Structures immanent in the Leech lattice.
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1 Introduction

In an effort to compute some Fourier coefficients of Siegel theta series of various degrees
associated with the Leech lattice we have encountered many interesting parameters (such as
4600,336,170 for instance) that would be connected with combinatorial structures, and we
could derive many combinatorial structures, some of which are already known by another
approaches and another structures are may be new.

In this talk we will treat spherical codes, spherical designs (only mentioning), associ-
ation schemes, distance regular graphs!'.

Advantages of our method: synthetic in deriving many combinatorial structures, could an-
alyze detailed structures

Disadvantages: computational, not complete in that we can not treat the uniqueness ques-
tions on such structures within our current scope.

2 Leech lattice

The generator matrix of [24,12,8] Golay code.

=}

O OO DO OO OO oo o
O OO DO OO OO oo o
O OO OO OO OO+ OO
SO OO O OO oo+ O oo
DO DD DO OO+ OO oo
OO DD DD OO OO oo o
O OO OO OO O oo

OO DD DO H OO OO oo
O OO R OO DO oo oo
OO OO oo o
O R OO OO oo o
_ O O OO DD OO oo oo
— ), O, R R OO~ OR
—_ O ) = 2 OO OoO KO M
== =m0 OO0 O =O
—_ = _ OO0, O FEO
——_ 0O OO0 RO MO
—_ O OO O M= O = =
_— OO, O OO
_— O, O, P ORF OO
— = O =) R O~ =OOO
O RO R FPROOOR
— = R, OFR R, R OO0 RO
ORr R KRR RKFRRRFRRRR

Tn the talk at the meeting in Hirosaki the reporter talked of strongly regular graph associated with the
Leech lattice, but this part is not accurate. The correct connection would be the distace regular graph.
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When C' =Golay code above we put

P/

’y: %(1,...,1,_3),

N(C) = M(C) U (v + M(C)).
Then the obtained lattice N(C') is called the Leech lattice.
We use L to denote the Leech lattice.

References:J.H. Conway and N.J.A. Sloane [5], J. Leech [10], J. Leech and N.J.A. Sloane
[11].

3 theta series

3.1 ordinary theta series in one complex variable

In an even lattice L, for the non-zero vector x in L (x,x) is an even integer, and we say
that x is a 2m-vector if (x,x) = 2m holds for some natural number m. Let Ay, (L) be the
set defined by

Ao (L) = {x € L | (x,x) =2m}.

Let L be an even unimodular lattice of rank 8k, then the theta series for L is defined by

L)= Zexp(m’(x,x)z)

xeL

where $; = {z =2+ yi € C|y > 0} be the complex upper-half plane, and z is a variable
on $1. This series is rewritten as

Z a(2m, L) exp(2mimz),
m=1

where a(2m, L) = |Ag,,(L)].
In particular the Fourier expansion of ¥(z, £):
¥z, L) =1+ 196560e(2z) + 16773120e(3z) + 398034000e(4z) + - - - ,

where e(z) is the abreviation of exp(2miz).



3.2 theta series with spherical function

To define theta series with spherical function, some informations on the Gegenbauer
polynomials are necessary. The Gegenbauer polynomial H,(u) of degree v is a solution of
the differential equation of the second order:

d’H, dH,
2 u(8k — 1) T

(1 —u?) +v(8k +v—2)H, = 0.

The explicit form of the polynomial H,(u), (v =0 (mod 2)) is given by

w2 (=) ( 2’; ) (2r — 1)

H(u) = ; [T, (8k+2v—4—2(r— z‘))“y_%

)

Here we understand that H(Sk +2v—4—-2(r—i)) =1and (2r — 1)!! = 1 when r = 0,
i=1

where (2r — 1)!! is the product of odd integers from 1 up to 2r — 1.

Using H,(u) , the spherical function P,(x, «) of degree v is defined by

[SIN

(x,%)(a, @)

P,(x;a) = H, <&> ((x,x)(a, @)
Theta series with the spherical function is defined by

(3.1) 9(z, P, L) =Y Py(x; @) exp(mi(x,x)2).

xeL

where « is any vector in R® with 8k = rank(L). This series is rewritten as

(3.2) ¥(z,P,,L) = Z Z P,(x; o) exp(2mimz)

m=1 xEAom (L)

3.3 Basic Relations

Using theta series with spherical function the following relations are derived: Let £ be
the Leech lattice and Ay = A4(L), then we have

(3.3) > (x,a)* = 32760(cv, @)

xXEA4

(3.4) > (x,a)* =15120(a, @)’

xXEA4

(3.5) > (x,@)® = 10800(a, o)?

xXEA4
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(3.6) > (x,@)® = 10080(ar, )"

x€ENAy

(3.7) > (x,0)"" =11340(a, @)’

xXEA4

(3.9) S (x,0)t - 911(;”‘) S (%, a)™2 = ~90090 - (a, )"

xEAy xEA4

References:B. Schoneberg [19], E. Hecke [9], B. Schoneberg [20], B.B. Venkov [23], B.B.
Venkov,[24], B.B. Venkov [25].

4 More Tools

4.1 Siegel Theta Series
The Siegel theta series of degree g attached to the lattice L is defined by
V,(Z,L) =
Z exp(mio([x1, ... ,%4]2)),

X1,...,Xg€L

where Z is the variable on Siegel upper-half space of degree g, [x1, ... ,X,] is a g by g square
matrix whose (7, j) entry is (x;,x;) and o is the trace of the matrix.
Siegel theta series of degree g can be expanded to

0y(Z,L)= Y a(T, L)%,
TePs (L)

Here 755‘ (Z) is the set of positive semi-definite semi-integral symmetric square matrices of
degree g, and a(T, L) = #{(x1,... ,x,) € L9 | [x1,... ,x,] = 2T}.

4.2 Reduction Theory of Quadratic Forms

Let T be a symmetric square matrix of size g written by

tin t12/2 - tlg/2
- tie/2  tag - tyy/2
tlg/Q tag - tgg
then associated with it a quadratic form Qr[&;, - - ,§,] is defined by
Qr = Qrlé, - ,&] = Z NIST
1<i<y<g
4
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where &, - -+ , &, are real independent variables. Let GL,(Z) be the group of all unimodular
square matrices of size g. Two quadratic forms Qr[§] = > cicj<, tgjl-)fifj and Qr,[¢] =

Y ici<i<g tg»)&gj are said to be integrally equivalent if there is an element U € GL,(Z) such
that the equality U"T7U = T3 holds, where U’ is the transposed of the matrix U. A quadratic
form Qr[¢] with real entries t;; is said to be positive semi-definite if it satisfies the condition
that Qr[¢] > 0 for any set of real numbers &, - - -, &,, and the form @[] is called positive
definite if it satisfies the condition: Qr[¢] > 0 for any set of real numbers &, - - -, &,, where
at least one of them is not zero. When Qr[¢] is positive definite the matrix 7" is also called
positive definite. Let P,(R) be the set of positive definite symmetric matrices whose entries
are real numbers.

The reduction theory of positive definite symmetric real matrices treats the conditions by
which one can find all representatives of matrices of equivalence classes. For the precise
conditions on the reduction one may consult the references Minkowski [12], or van-der-
Waerden [26].

An element 7' € P,(R) is called semi-integral if the diagonal entries of 7" are all integers
and the off-diagonal entries are integers or half the integers. If T" is a semi-integral then the
associated quadratic form Qr[§] = >, ;o<  i;&&; has integer coefficients, and Qr[¢] takes
integer value whenever &;,--- &, are all integers. When 7' is a semi-integral and positive
definite the discriminat dr of Q7|[¢] is defined by

g det(27") if g is even,
T bdet(27) ifgis odd

We denote by P;(Z) the subset of Py(R) consisting of semi-integral matrices. We will use
the table of the reduced elements in P;(Z) with n = 3,4,5. Thanks to N.J.A. Sloane’s home
page we can utilize the tables of the reduced quadratic forms of sizes 3,4,and 5 Brandt-Intrau
[4], G. Nipp [14], G. Nipp [15]. One may note that in these tables mostly primitive forms
are recorded. Here the quadratic form is called primitive if the coefficients t;;, 2t;;(i # j) are
coprime integers, and the forms without this condition are called imprimitive.

We add one unusual terminology. A positive definite semi-integral quadratic form (or matrix)
Qrl€] = D 1cicjcy tis&i§; 1s called 2-special if Qr[{] satisfies the following property: when
T is reduced then the diagonal entries of the obtained form are all 2. We give instances of
2-special quadratic forms.

5 How to Compute Fourier Coefficients

5.1 Principal Sequence of Matrices

21111

9 1 211 ? ; 1 1 12111

ngz( ),330: 1 21 ],%= To=111 2 1 1
1 2 1121

11 2 111 9 11121

1 1112



5.2 Computations

In the equations (3.1)~(3.6) we take any one vector a € Ay(L), we put
Ao = #{x € A4| (x,0) = a}.

The number a are proved to be one of +4, 42, 4+1,0. Note that Ay = A 4 =1and A\, = A_,
holds for a = 2, 1. By putting these quantities into the equation (3.1) we get

(5.1) 24Xy +2- A +2-4% = 32760 - 4.
In the same way from (3.2) we get
(5.2) 22"\ +2- A +2-4" = 15120 - 4%,

We can solve the equations (3.14) and (3.15), and the solution is Ay = 4600, \; = 47104. By
the setting of A\,’s 2A4 + 25 + 21 + A\¢ counts all members of the set A4 non-overlappingly,
hence we have

2A1 + 2X\s + 2X1 + Ao = |A4| = 196560,

and Ao = 93150.

As a summary of the above arguments we give For any one of elements o« € A4(L) there are
(i) 93150 elements x € Ay(L) with (x, ) =0, (ii) 47104 elements x € A4(L) with (x,a) =1,
(iii) 4600 elements x € A4(L) with (x, ) = 2. Consequently we have

a(Tao, L£) = 196560 - 93150, a (T, £) = 196560 - 47104, a(Taz, £) = 196560 - 4600,

where

a9 me () me (3 P) e (21)

We use the convention (T, {a/2,b/2},2) to denote the matrix

tll t12/2 a/2
t12/2 t22 b/2 s
a/2  b/2 2

tin tiz/2

t= < ti/2 o ) '
We use the matrices (3.16) again. First we seek all possible pairs of integers a, b under the
conditions:
(i) (%a2,{a/2,b/2},2) is positive semi-definite,
(i) when (%Ta9, {a/2,b/2}, 2) is reduced under unimodular transformations: U*(%a9, {a/2,b/2},2)U,
the minimal value of the non-zero diagonal entries of the resulting matrix is 2.
The pair of integers (a,b) satisfying the conditions (i),(ii) are grouped into the sets ac-
cording to the determinant of 2(%sy, {a/2,0/2},2) and the equivalence by the unimodu-
lar transformations. In the ternary quadratic forms det(2(%a2,{a/2,b/2},2))/2 is called

where

6

_ 64—



the discriminant of the matrix 7' = (%9, {a/2,b/2},2) (c.f. the Section 2.4). We de-
note it by d. We write Cy(Fas, (a,b)) to denote the set of ordered pairs (a’,b’) such that
det(2(Taz, {a/2,0/2},2))/2 = det(2(Tay, {a'/2,b/2},2))/2 = d and (T, {a/2,b/2},2) is
equivalent to (Tgo, {a'/2,b/2},2). The total sets thus defined are called admissible sets with
respect to .

We set, for a fixed pair x,y € Ay satisfying (x,y) = 2,

)\a,b(2‘:€22; X, Y) - #{Z € A4|(X7 Z) = a, (y> Z) = b}

We may consider all possible pairs of integers a, b under the conditions (i) and (ii), but this
time Ty is replaced by To; or Top. As a result of searching we find that Coy(Tae, (0,0)) =
{(0,0)} and

022(‘3227<170>) = {<170>7<171>7<071> < 170> < 17_1>7<07_1>}7
018(122’@71» = {<2a 1>7<17_ > <17 > < L > <_1’_2>><_2a_1>}7
Ci6(T22, (2,0)) = {(2,0), (2,2), ( 12), (0, ~2). (~2,0), (-2, ~2)},
00(22% < ) 2>) {< _2> < > <47 2)? < 4’ _2>> <274>7 <_2’ 4>}

exhaust all possible admissible sets. Let <a, b) be an element of one of the above admissi-
ble sets and A, ;(2%99;x,y) be as above. We take o = ux + vy, where u and v are real
independent variables, then we see that for z € Ay

(z,) = au + bv,

holds for some a,b. One may note that A\, ,(2%29;%,y) = 1 for each ordered pair (a,b) €
Co(2, —2) and that (a, @) = 4u® + 4uv + 4v%. Note also that the equality

Map(2%02;X,y) = Mg 5(2%00; X, y)

holds for any element in one of the above admissible sets. The relation (3.1) in our present
case implies that (A,p = Ao p(2%20;x,y) for short)

Ao{(1u+ 0v)* + ((=1)u + 00)*} + Xo.1{(0u + 1v)* + (Ou + (—1)v)*}

A {(1u + 10)? + ((=Du + (=1)v)*} + M1 {(2u + 10)? + ((—2)u + (=1)v)?}
HAr2{(lu+20)* + (= Du+ (=2)0)*} + A - {(Tu + (=1)v)? + ((=1u + 1v)*}
+ [A20{(2u +00)% + ((=2)u + 00)°} + A2 {(2u + 20)* + ((=2)u + (=2)v)*}
+X0.2{(0u + 20)? + (Ou + (—2)v)?}]

+{(2u — 20)? + (—2u + 2v)* + (4u + 2v)* + ((—4)u + (—=2)v)® + (2u + 4v)? + ((—=2)u + (—4)v)?)}
= 32760 (4u? + 4uv + 40v?).

Since this equation is an identity for the polynomials in u, v, we must have equations in the
coefficients such as

2)\0,1 + 2)\171 + 2)\271 + 2)\17_1 + 8)\1,2 + 8)\2,2 + 8)\0,2 = 130992,

AN 1+ 8Xg1 —4A1 1 + 88X 2 + 1622 = 130992,

2)\1,0 + 2)\171 + 8)\271 + 2)\17_1 + 2)\1,2 + 8)\2,0 + 8)\2,2 = 130992.

]

Using the relations (3.2)~(3.5) we obtain other 32 equations on A’s. These plentiful equations
are enough to determine all As. We compute that

Ao =X = A1 = A1 = Ao,—1 = A_1,—1 = 20736,

Aog = A1 =AMz =A21=2A11=2A1_2=2816

A0 = A22 = Ao2 = A20=A_2_2=Ag_2 =891

The same lines of tricks go up to degree 5. The reason for not being able to use this trick in
degree 6 is that we do not know the reduction table of quadratic .
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6 Combinatorial Structures in the Leech lattice

6.1 Spherical Code
Let

=1

be the unit sphere in the n-dimensional Euclidean space R". An (n, M, s) spherical code is
a subset C of ), of size M for which (u,v) < s holds for all u,v € C,u # v. Where (u,v)
is the inner product in R".

Theorem 6.1. In a packing of unit sheres in R"™ let Sy,..., Sk be a set of sheres such that
S; touches S; for alli # j. Suppose there are further sheresTh, ... , Ty each of which touches
all the S;. Then, after rescaling, the centers of Ty, ... , Ty form an (n—k+1, M,1/(k+1))
spherical code.

If we put a sphere of radius 1 with the center at each lattice point of Leech lattice L,
then we get the so-called lattice packing of spheres with respect £. Two such spheres S
with the center x and S5 with the center y have one common point (the touching point) if
and only if the distance \/ (x —y,x —y) between x and y equals 2. The last condition is
rewritten as

(6.1) (x,%x) + (y,y) — 2(x,y) = 4.

When y = 0 and x € A4 then the condition (6.1) is simply (x,x) = 4. Thus the number of
spheres that touch the sphere Sy with the center 0 equals |A4| = 196560.

Next we consider the problem of the number M; of the spheres that touch both the sphe
Sp and the sphere S7 with the fixed center x; € A4. Let S be one of such spheres and x its
center. Then x must satisfy x € A4 and

(x,x1) = 2.

The number M; is simply the number Ay discussed in the Section 4.1 and it equals 4600.
We fix two vectors X1, X € Ay satisfying (x3,x2) = 2. The spheres Sy, Sy and Sy (its center
is X9) touch mutually. The number M, of the spheres that touch the spheres Sy, S; and
Sy is equals the number of x € A4 which satisfies the conditions (x,x;) = (x,x2) = 2.
This number My equals Ay2(Tg2;4) = 891 discussed in the Section 4.2.1. Likewise the
number Mj of spheres that touch the spheres Sy, S7, S and S3, that touch mutually, equals
the number Mg 2(Ts0; X1, X2, X3) = 336, discussed in the Section 5.1. The number M, of
spheres that touch the spheres Sy, 57, 52, 95 and Sy, that touch mutually, equals the number
X22.922(%40; X1, X2, X3,X4) = 170, discussed in the Section 6. By applying the Theorem 6.1 to
the above discussion we derive

Theorem 6.2. Viewing the lattice packing of the Leech lattice L we obtain the spherical
codes of the parameters (24, 196560, 1/2), (23,4600, 1/3), (22,891, 1/4), (21, 336, 1/5), (20, 170,1/6).



6.2 Spherical Design

A finite non-empty set X of unit vectors in Euclidean space R%™ is said to form a
spherical t-design for some positive integer ¢ if the following holds for £ =0,1,--- ,¢:

1 1
I de =
vol(§1) o, T = 157 2 1(©).
cex
where S? is the unit sphere with the center at origin in R*™ and f(¢) = f(&, -+, €ap1) is
any polynomial in real variables &1, - - - , &4 of degree k. As to the spherical design obtained

from £ we can not add any further result than the ones obtained by B.Venkov:

Theorem 6.3. Let L C R** be an extremal lattice, m > k+1 and Ay, = {x € L | (x,x) =}
then X = ﬁ/\gm s a 11—design.

By this Theorem %A4, %AG, -+ are spherical 11—designs.

6.3 Association Scheme

As to the precise definitions for the theory of association scheme one may refer (10) or
(13).

Here we give a brief definition of the association scheme. An association scheme with d
classes is a pair (X, P), where X is a finite set with at least two elements and P is a partition
of X x X with the following properties:

(i) P=A{Py, P,...,Pi}

(ii) Py = {(z,2)|x € X},

(iii) if P; is a member of P then the set PT = {(y, z)|(x,y) € P;} is also a member of P for
1=0,1,---,d,

(iv) for any pair (x,y) € P the number pf'; of z € X such that both the conditions (z, z) € P,
and (y,z) € P; hold does not depend on the choice of (z,y) € P;. The numbers pﬁj are
called the intersection numbers of this association scheme (X, P).

The number n; = p?,i is called the valency of P;, and it holds that

d
X = n.
1=0

Let A4(L) be the subset of the norm 4 vectors in £. It is easy to show that for two vectors
x,y in Ay4(L) it holds that (x,y) € V = {£+4, £2,£1,0}. We define the relations among the
elements in A4(L) in the following way:

Two elements x,y € Ay(L) are related to the relation R, for a € V if and only if (x,y) = a.
Since the relations R, are defined through the inner product, R = R, holds automatically.

Theorem 6.4. Let Ay be the set of vectors of norm 4 in the Leech lattice L, and R =
{R4, Ry, Ry, Ry, R_1, R_o, R_4} be a set of relations on Ay defined above. Then the pair
(As, R) forms an association scheme.

We fix a vector xg € A4(L) and consider a subset of A4(L) defined by
A472([,) = {X € A4(,C) ‘ (X, XQ) = 2}

9
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We can show that the cardinality of A42(L) is 4600. We are going to prove that the subset
A4 2(L) forms an association scheme with respect to the inner product relation. Before doing
so, we may show that for two vectors x,y in A42(L) it holds that (x,y) € Vi = {4, £2,1,0}.
We define the relations among the elements in Ay(L) in the following way:

Two elements x,y € Ay2(L) are related to the relation R, for a € V; if and only if (x,y) = a.
We use the notation qf,j instead of pf’; ; used in the previous Theorem.

Theorem 6.5. Let Ayo be the set defined as above, and R = {§4, §2, ﬁl, }A%O, ]/%_2} be a set
of relations on Nyo defined above. Then the pair (Ay2,R) forms an association scheme.

6.4 Diatance Regular Graph

From the Leech lattice we may obtain some distance regular graphs, but at the present
stage it is not appropriate to mention any definitive potential results. The reporter is reluc-
tant to give any slight hints to the readers.

References: E. Bannai and T. Ito [2], E. Bannai and N.J.A. Sloane [3], E. Bannai and E.
Bannai [1], P. Delsarte [6], P. Delsarte, J.M. Goethals and J.J. Seidel [7], J. Martinet (Ed.)
[13],

6.5 Concluding Remark

Most of the results in Section 5 and Section 6 are covered in the preprint [17]. The
reporter hopes that the readers may find the paper in the published form.
References

[1] JeNTe—, PPy, EBR OB GERE  Springer Tokyo, (1999)
2] E. Bannai and T. Ito, Algebraic Combinatorics I: Association Schemes, Benjamin 1984
[3] E. Bannai and N.J.A. Sloane, Chapter 14 of [5].

[4] The Brandt-Intrau tables of primitive positive-definite ternary quadratic forms, origi-
nally in

http://www2.research.att.com/ " njas/lattices/Brandt_1.html
now in
http://www.math.rwth-aachen.de/~Gabriele.Nebe/LATTICES/Brandt_1.html

[5] J.H. Conway and N.J.A. Sloane, Sphere Packings, Lattices and Groups, Springer-Verlag
1988. Third Edition (1998)

[6] P. Delsarte, An algebraic approach to the association schemes of coding theory, Philips
Res. Reports Supplements, No. 10 (1973)

10



[7]

8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]
[17]

[18]
[19]

[20]
[21]

P. Delsarte, J.M. Goethals and J.J. Seidel, Spherical codes and designs, Geom. Dedicata
6 (1977) 363-388

V.A. Erokhin, Theta series of even unimodular 24-dimensional lattices, LOMI 86 (1979),
82-93, J. Soviet Math. 17(1981) 1999-2008

E. Hecke, Analytische Arithmetik der positiven quadratischen Formen, Kgl. Danske
Vid. Selskab. Mat.-fys. Medd. 13 (1940)

J. Leech, Notes on sphere packings, Can. J. Math. 19 (1967)

J. Leech and N.J.A. Sloane, Sphere packings and Errol-correcting codes, Can. J. Math.
23 (1971)

H. Minkowski, Gesamelte Abhandlungen, Chelsea, New-York, 1967

J. Martinet (Ed.), Réseaux Euclidiens, Designs Sphériques et Formes Modulaires, Mono-
graphie L’enseignement Mathématique (2001)

G. Nipp, Tables of Quaternary Quadratic Forms (Computer Generated Tables), origi-
nally in

http://www2.research.att.com/"njas/lattices/nipp.html

,but moved to
http://www.math.rwth-aachen.de/~Gabriele.Nebe/LATTICES/nipp.html
G. Nipp, Tables of Quinary Quadratic Forms, originally in
http://www2.research.att.com/"njas/lattices/nipp5.html

,but now moved to
http://www.math.rwth-aachen.de/"Gabriele.Nebe/LATTICES/nipp5.html

M. Ozeki, On a problem posed by R. Salvati Manni, Acta Arithm. 151 (2011) 1-22

M. Ozeki, Siegel theta series of various degrees for the Leech lattice, submitted to a
jounal, 2012

R. Salvati Manni, Slopes of cusp forms and theta series, J. Num. Th. 83 (2000) 282-296

B. Schoneberg, Das Verhalten von mehrfachen Thetareihen bei Modulsubstitutionen.
Math. Ann. 116 (1939) 511-523

B. Schoneberg, Elliptic Modular Functions, Springer (1974)

C.L. Siegel, Einfithrung in die Theorie der Modulfunktionen n-ten Grades, Math. Ann.
116 (1939) 617-657

11



[22] C.L. Siegel, Lectures on Quadratic Forms, Tata Institute of Fundamental Research,
Bombay (1967)

[23] B.B. Venkov, The classification of integral even unimodular 24-dimensional quadratic
forms, Trudy Math. Inst. Steklov 148 (1978), 65-76 Proc. Steklov Inst. Math. 148
(1980) 63-74

[24] B.B. Venkov, On even unimodular Euclidean lattices of dimension 32, LOMI 116
(1982),44-45, 161-162, J. Soviet Math. 26(1984), 1860-1867

[25] B.B. Venkov, On even unimodular Euclidean lattices of dimension 32, II, LOMI 134
(1982),34-58, J. Soviet Math. 36(1987), 21-38

[26] B.L. van der Waerden and H. Gross, editors, Studien zur Theorie der quadratischen
Formen, Birkhauser, Basel, 1968

Michio Ozeki
Emeritus Professor at the Department of
Mathematical Sciences,

Faculty of Science, Yamagata University
permanent address: Postal code: 036-8155
4-8-27, Nakano, Hirosaki City, Aomori
Japan
E-mail: ozeki.mitio@ruby.plala.or.jp

12

_ 70—



Partial Epstein zeta functions on linear codes over Z,
and their functional equations
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Abstract

In this paper, partial Epstein zeta functions on linear codes over Z,, which are
related with Lee weight enumerators of linear codes over Z,,, are newly defined. Then
functional equations for those zeta functions on codes are presented. In particular,
it is clarified that simple functional equations hold for partial Epstein zeta functions
on linear self-dual codes over Z,,.

1 Introduction

MacWilliams identities are important formulae in coding theory. The minimum distance
of a code determines the error correction / detection capability of the code. The distance
distribution of a linear code is equivalent to the weight distribution of the code, because
the difference between any two codewords is equal to another codeword. MacWilliams
identities for weight enumerators provide the relationship between the weight distribution
of a code and that of the dual code [11, 12]. By using a MacWilliams identity, the
weight enumerator of the dual code of a code is derived from that of the code, and vice
versa. Several types of weight enumerators and MacWilliams identities for them have
been known [11, 12].

Broué and Enguehard provided a construction method of elliptic modular forms using
the weight enumerators of self-dual codes [4]. The relationship between several types of
modular forms such as Hilbert, Jacobi, and Siegel modular forms and those of weight
enumerators, e.g. Hamming weight enumerators and Lee weight enumerators, of codes
over finite fields, finite rings have been extensively studied [1, 2, 3, 4, 5, 6, 7, 8, 14, 15].

Modular forms closely relate to the Dirichlet series and zeta functions. One classical
reason why modular forms were studied is their use in investigating the number of ways of
representing an integer by a quadratic form. For example, the number of ways an integer
can be represented as a sum of squares is equal to the coefficient in the g-expansion of the
power of a modular form. P. Epstein introduced a zeta function associated with positive
definite quadratic forms [9]. In [16], partial Epstein zeta functions, which are summands
of Epstein zeta functions associated with quadratic forms, have been introduced and
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their functional equations have been proved by using the Mellin transform of theta series
which are related with modular forms on binary linear codes. Moreover, in [17], partial
Epstein zeta functions for binary linear codes, which are related with Hamming weight
enumerators of binary linear codes, have been newly defined and functional equations of
those zeta functions for codes have been presented. In particular, it has been clarified that
simple functional equations hold for binary linear self-dual codes. In this paper, from the
numerical interests, partial Epstein zeta functions for binary linear codes are expanded to
those for linear codes over the integer residue class ring Z, with odd prime p by using Lee
weight enumerators of those codes. Then partial Epstein zeta functions for linear codes
over Z, are analytically continued to entire functions on whole complex plane except for
a simple pole and functional equations of those zeta functions are derived.

The organization of this paper is as follows: Section 2 presents some definitions and
basic facts concerning linear codes over Z, and explains the MacWilliams identity for
Lee weight enumerators of linear codes over Z,. Section 3 describes theta series and their
transformation formulae. Section 4 presents partial Epstein zeta functions for linear codes
over Z, and their functional equations that are the main theme of this paper.

2 Preliminaries

This section presents the definitions and the basic properties of linear codes over Z, and
explains the MacWilliams identity for Lee weight enumerators of linear codes over Z,.

2.1 Linear codes over Z,

Let p be an odd prime and let Z, = {0,1,...,p — 1} be a residue class ring of the integer
ring Z. A k-dimensional subspace of n-dimensional vector space Z; is called an [n, k]
linear code over Z,, where n and k are called the code length and the dimension of the
code, respectively. An element of a code is called a codeword of the code. An [n, k| linear
code may be specified by a basis of k linearly independent codewords. A matrix whose
rows are a basis of a code is called a generator matrix of the code. Let G be a k x n
generator matrix of an [n, k] linear code over Z, and let us denote G as

g11 912 - Gin
921 922 - G2n

G == . . . 5
k1 9k2 °° Gkn

where g;; are elements of Z, and the rows of G are a basis of C'. All rows of G and all
linear combinations of them are codewords in C. Therefore, C' contains p* codewords.
The null space of C' is spanned by the rows of the following matrix H that satisfies the
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relation G 'H = Oy (n—):

hl,l h1,2 e hl,n
h2,1 h2,2 T h2,n
H = . . . )
hnfk,l hnfk,Q T hnfk,n

where h;; are elements of Z,, 'H denotes the transpose of H, and Opx(n—k) denotes the
k x (n — k) zero matrix. The matrix H is called a parity-check matrix of C' and generates

the dual code of C. The dual code C* of C' is defined by
C’L:{VGZZ | (¢, v) =0forall ceC},

where (c, v) = Z?:l cjv; for ¢ = (e1,¢2,...,¢,) and v = (v1,v9,...,v,), which is the
inner product of ¢ and v. For a linear code C, its dual code C* consists of all rows of H

and all linear combinations of them. In other words, H is a generator matrix of C+. If
C' = C*, then C is called a self-dual code.

Example 1 The following matrices G5 and Hj indicate a generator matrix of a [5, 3]
linear code over Zs and a parity-check matrix of the code:

1

E

Gs =

S O =
O = W

1 4 4

1] me[rr
4 3 1

Hereinafter, we call this code Cj.

Example 2 The following matrix Gg is a parity-check matrix of a [6, 3] self-dual code
over Zs as well as a generator matrix of the code:

Ge =

=N O
= w o
N O =
w O =
S = N
S = W

Hereinafter, we call this code Cg.

2.2 MacWi.illiams identity for Lee weight enumerators of linear
codes over Z,

The distance distribution of a code closely relates to the error correction / detection
capability of the code. Any two codewords in a code have to be definitely far from
each other for ensuring the specific error correction / detection capability. The distance
distribution of a linear code is equivalent to the weight distribution of the code, because
the distance between two codewords is equal to the weight of another codeword.
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Definition 1 (Lee weight [12]) Let u = (uj, ug, ..., u,) be an element of Z, where u;
is the ith component of u. The Lee weight of u;, denoted by wy,(u;), is defined by

wy, (w;) = min(u;, p — u;).

Then the Lee weight of u, denoted by wr,(u), is defined by

wy(u) = Z wr, (u;).

The Lee composition of u, denoted by Comp(u), is (lo, {1, ..., {;), where ¢ = (p — 1)/2
and [; = [;(u) denotes the number of compositions of Lee weight j in u.

Let L, , be the set of Lee compositions {(lo, l1, ..., ly) | lo, Loy ..., I > 0and lo+1; +
R + lq = n}

Definition 2 (Lee weight enumerator [12]) Let z, z1, ..., 2, be indeterminates,
where ¢ = (p — 1)/2. Let C be an [n, k| linear code over Z,. The Lee weight enumerator
We(xg, 21, ..., 24) of C is defined by

q
We (IO; T1, ... $q) _ Zxéo(C)xlll(C) . ~SL’2‘1(C) _ Z W, H‘T?’
=0

ceC l€Lpn

where W, denotes the number of codewords ¢ with Lee composition Comp(c) = | =

(lo, Iy, ..., 1) in C and ZleLM denotes the summation over all [ € L,,. In the same
way, for the dual code C* of C, the Lee weight enumerator Weu (zg, 21, ..., z,) of C*+
is defined by
1oy 1Ll(a! L(at a 1+
Wer (20, a1, oo ag) = S alp @ad @ ot = 3™ Wit [[ a7
c’eCt Lelyn J=0

where W, denotes the number of codewords ¢’ with Lee composition Comp(c’) = I+ =
(I 1 lql) in C* and ZlLeLM denotes the summation over all I* € L,,. Both
the weight enumerators We (2o, 21, - .., z,) and Weo (2o, 21, ..., 2,) are homogeneous
polynomials of degree n in ¢ +1 = (p+ 1)/2 indeterminates o, z1, ..., 7.

The following Theorem 1 holds for Lee weight enumerators of linear codes over Z,,.

Theorem 1 (MacWilliams identity for Lee weight enumerators [12]) Let C be
an [n, k| linear code over Z, with dual code C*+. Then the following relation holds be-
tween the Lee weight enumerator of C' and that of C*:

Wer(zo, 21, ..., 24)

1 K q q
— WWC (ZEo—i- 2(5254_ §;0~s)x87 1’0—1— Z(€;s+ 51,_1'8)065, o 7x0+ Z<§zs+ gp_q.s)xs> ’
s=1 s=1 s=1

(1)
where &, = exp(2mi/p) is a primitive pth root of unity and |C| denotes the number of
codewords in C.
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Equation (1) is the MacWilliams identity for Lee weight enumerators of linear
codes over Z,. Equation (1) is symmetric with respect to the roles of C' and C*, that
is,

We(zg, 1, ... 24)

q

’CHWCL(;UWZ (€04 ¢,0) :cs,:co+z &+ &), . .. ,x0+Z(§g'S+§pq'S)x3> .
s=1

(2)

The MacWilliams identity represents that the weight enumerator of C* is derived from
that of C, and vice versa. In particular, if C'is self-dual, then n = 2k and |C| = p* = \/p".
Therefore, Eq. (1) results in the following form:

We(zo, x1, ... xy)
($O+Z§1(€2'5+€p_ O )as wo+ D (67 s wo+ Sl (E04E, q’s)st)
N , N e 7 )

= We
(3)

Equation (3) shows that the Lee weight enumerators of linear self-dual codes over Z, are
invariant under the transform

7o Lot 600 o g0 60\ (g
Up : . — — . . . .
: \/ﬁ : : : :
1 g9l -¢l .. gqq —qq
:Eq gp + fp gp + Sp "L‘q

Example 3 The code Cs, which was given in Example 1, contains 5* codewords shown
in Table 1. Then the weight enumerator of Cj is

We, (g, o1, 3) = ) + 2x02] + 22075 + 4:609(:1 + dairy + drpwiwy
+ 82325 + 8wty + 10x20twy + 1003023 + 12271,
+ 122125 + 14w023 2y + 14w001 25 + 20302703, (4)

On the other hand, the dual code C3- contains 5? codewords shown in Table 2. The weight
enumerator of C3- is

Wes (o, 21, 2) = T) 4+ 223379 + 202w 25 + datal + 4xiad + 6wty + 6xom 2. (5)

Substitute (xg + 211 + 215), <x0+ “Livhy, | =1y ) and (x 4=y = x/5x2>

into xg, x1, and xy of We, (20, 21, x2), respectlvely, then

_ 75—



Table 1: Lee compositions of codewords in C5 and the numbers of codewords with them

] Lee comp. \ No. H Lee comp. \ No. H Lee comp. \ No. ‘

(5,00) | 1 (1,40) | 2 1,04) | 2
(2,30) | 4 2,03) | 4 3,11) | 4
032) | 8 023) | 8 221) | 10
2,12) | 10 || (04,1) | 12 || (0,1,4) | 12
131) | 14| (113 | 14| (122 |20

Wes (xo + 21 + 209, 1o + 5By + 58y 3 + 580, + —1;“@;1:2>

4
= (20 + 2x1 + 223)° + 2 (wo + 221 + 222) (xo + 1+\[ 1+ _71;/5@)

+ 2 (g + 211 + 21) <x0 + _1;\/5.731 + _1;“/5:1: >

+ 4 (xg + 221 + 225)° (.r + _1+‘[x + == ‘f
5,

+4 (zg + 271 + 21'2)2 (1‘0 + == \fx + =

)
)
+ 4 (zo + 221 + 220)° (x I Mt ) <x0+ g Sy >
—I—8<x—|—1+\f:v~|—1f><:vo+1f+ f)
( I *1;‘/%2) (xo I et 1;\/5:1:2)3
1-v5 )2 <x0 + 2y 4 ‘1;V5x2>
+10 (o + 22 + 225)° <x0 + =y 4 *1;“5952) (a:o + =y 4 13\/5332)2
To + #gxl + _1;\/5.7:2>4 <xo + = \fx - H\[ >

<{E0 + _l—gﬁIl + —_1;\/55E2> <.T0 + —_1;\/5.1‘1

+ 10 (.CEO + 2331 + 2.232)2 <.CEO + _1—5\/3$1 + = ; 5

+12

1

+
[\

+ —_1g¢5$2>
3
) (s =55+ )
3
T 14 (@0 + 21 + 22) (xo T _l—gﬁxl + _1;\/5@) (fo + _1;\/5961 + _1J2r‘/5x2)

2 2
(iL‘o + _1;\/51'1 + _1—5\/533’2>

+ 14 (.’]30 + 2.3171 + 2$2) (ZL‘O + _1—5\/51'1 + _1;\/5332

+ 20 (330 + 25E1 + 2.772) (l’o —+ _1—5\/51'1 —+ _1;\/51'2

= 53WC§' <.§L’0, xy, .’L’Q).

Conversely, We (29, 71, 22) is derived from Wey (2o, 21, 22).
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Table 2: Lee compositions of codewords in C3 and the numbers of codewords with them

’ Lee comp. \ No. H Lee comp. \ No. H Lee comp. \ No. ‘
(5,0,0) 1 (2,2,1) 2 (2,1,2) 2
(0,3,2) 4 (0,2,3) 4 (1,3,1) 6
(1,1,3) 6 — —

Table 3: Lee compositions of codewords in Cg and the numbers of codewords with them

’ Lee comp. \ No. H Lee comp. \ No. H Lee comp. \ No. ‘
(6,0,0) 1 (2,2,2) 60 (0,3,3) 40
(1,5,0) 12 (1,0,5) 12 — —

Example 4 The self-dual code Cg, which was given in Example 2, contains 5% codewords.
The Lee compositions of codewords in C are shown in Table 3. Since the generator matrix
of 6’6L is identical with that of Cg, both the weight enumerators of Cg and Cé are

Weg (2o, 1, w2) = Wet (20, 1, 2) = x5 4+ 6032375 + 402553 + 123027 + 127075, (6)

In fact, We, (20, €1, 22) is invariant under the transform os:

V5 ’ Vb ’ V5
B (x0+2x1+2x2)6
V5
+ 60 (xo + 22 + 2902)2 <$0 + _145\/5% + _15\/5332>2 (900 + %5901 + #5%)2
V5 Vb V5

3 3
40 (l’o + _1—5\/51'1 + _1;\/5.%2) (330 + %5.’131 + #.ﬂ?g)

W <.’L‘0 =+ Q.Tl + 2£E2 Zo + _1—5\/55131 + _1;\/5332 o + _15\/51'1 —+ _13\/5172)
Ce

V5 V5

5
112 (a:o + 22 + 2:62) (xo + 71;‘/‘?’:61 + 12‘/5:62)

5 N3

5
i 12 (ZEO =+ 21‘1 + 21‘2) (CC() + _1;\/5$1 + _l—g\/gIQ)

V5 V5

= x§ + 6052375 + 40z 7) + 123025 + 122075 = W, (20, 71, T2).

Here, it should be noted that & + &' = #5 and &2+ &% = *1;‘/5.
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Equation (1) provides the relationship between the coefficients of We (g, 21, . .., 24)
and those of Wei (29, 21, ..., 2,). To indicate the relationship explicitly, we introduce the
following notation in Definition 3.

Definition 3 Let us denote the expansion of [TI_ (zo + -1, (&0 + fp_j's)xs)lj for [ =

(lo, ll, R ,lq) S me as
q
Ppyn(l) = Z Hpvnvlvp H$5]7
j=0

pELp,n
where peLpn denotes the summation over all p = (po, p1,- .-, pq) € Lpn. The polynomial
P, (1) is a homogeneous polynomial of degree n in indeterminates xg, z1, ..., Z,.

Proposition 1 The coefficients iy 5,1, have the following properties:

. Pt L=\,
(Z) Z Hp .t plp,m,p,x :{ 0

otherwise,
pGLp,n

. p* if [ =(n,0,...,0),
(i1) Z Np7n7lap:{ 0 ( )

otherwise.
pGLp,n
Proof. Replace x5 in H?:o (:po + 39, (6'1];'8 +f;j's) ms)lj with 2, = x¢ +
7 (5;"” + 55”) x, for s = 0,1,...,q, we obtain the following relation from Defini-
tion 3:

q

q q q L
H{G“§X$+gﬂ%%§]$+WﬂG“§N$+$ﬂ%”
r=1 s=1 r=1

3=0
q

q Ps
= Z Hp,n,l,p H (xo + Z(f;T + §p_w)xr> . (7)
r=1

pELpn s=0

The right-hand side of Eq. (7) is transformed into

q
S X montettonen | TT= (8)
r=0

A€Lpn \pPELpn

On the other hand, the left-hand side of Eq. (7) is equal to

=7 (9)

J=0

<.

Upon comparing the coefficients of the polynomial in Eq. (8) with those in Eq.(9), we
therefore obtain Property (i).
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If we put g = 21 = --- = 24 = 1 in the equations

q
H(:Eo—i-Zf“—i—f 75) ) Z ,upm,l,ppr] for I = (lo, l1,...,1y) € Lyn,

7=0 pELp n
then we obtain Property (ii). O

By using the coefficients fi,,,,,,, the right-hand side of Eq. (1) is rewritten as follows :

%WC (mZ (&7+6") zor 20+ Z (&7+6 ") Tar - 0+ Z (& +6™) :c>
q Ly
s=1

l€Lp.n 7=0

Z VVZ Z Hpmip pr]

lELp n pELp n

o =S Wik, Hw”’ (10)

pELp n lELp n

Compare the coefficients of Eq. (10) with those of the left-hand side of Eq. (1), then it

is clarified that the following relation holds between the coefficients of We(zo, z1, . . ., 24)
and those of Wi (g, 21, ..., 24):
1
Wh=—= Y Wiy, foralph€L,,. (11)
€Ly n

In the same way, the following relation is obtained from Eq. (2):

Z frs Ppnit, forall pe L,,. (12)

lLeLp n

Equations (11) and (12) play importaint roles in Section 4.

3 Theta series

In this section, we deal with one-variable theta series that are essential to derive the
functional equations for partial Epstein zeta functions on linear codes over Z,, in Section 4.

_ 79_



Definition 4 Let 7 be a complex variable in the upper half-plane H of C. For 7 € H
and for all v,,, € Zy, the theta series 0,,,(7;v;,,) are defined by

Op(Ti Vo) == > exp (m7<m, m))

mezZn p
m=vp n (mod p)

— Z exp (m’r (pm + v, pm + Vp,n>) ’
p

mezn

where (u,v) is the standard inner product of u and v.
The following relation holds for 7 = 0,1,...,¢:
Hp,l(T;j) = p,l(T;p - j)v

where 0,1(7;j) = Y,.cz xp (miT(pm + j)?/p). Therefore, if v,,,, has Lee composition ,

the theta series 6, ,(7;v,,,) consists of the powers of 6,1(7;0), 0,1(7;1), ..., 6,1(7;q):
q
Hp,n(7—§ Vp,n) = p,l(T; O)loep,l(T; 1)11 T ep,l (T; Q>lq = H 9p,1<7—; j)lj' (13>
=0
Let up,g = (0,...,0,1,...,1,...,¢q,...,q) € Z; such that ly zero, l; one, ..., I, q are

aligned in u,,; in this order from left to right. Then the theta series 6, ,(7;V,,) is equal
to 0,,(7;u,,,). Hereinafter, we deal with the theta series in Definition 4.

Definition 5 Let 7 be a complex variable in H. Let U,, = {up. | | =
(lo, lhy ...y 1) with lo,ly,..., 0, > 0and lp + 1, +--- + 1, = n}. For 7 € H, the theta
series O, (T;up ) for I = (lo, 11, ..., 1) € Ly, are defined by

. (m, m)
Opn (T3 Wp i) = Z exp (mTT

mezn

m=uy, | (mod p)
=3 exp (7”»7 (pm + w1, pm + up,n,l>>
mezZn p

Proposition 2 The theta series 0, ,(T;u,,,) for allu,,; € U,,, satisfy the following two
transformation formulae:

) > 5%
(1) Opn(T + 25 0p00) = &7 v ]Hp,n(ﬂ Upni),

(i) Opn (_Tla up,n,l) = (\/?)n \/Lpfn zpeLm Mp,n,lvpep,n(ﬂ up,n,p);

where i = \/—1, —/4 < arg+\/7/i < w/4, and pp,,., denotes the constants in Defini-
tion 3.

10



Proof. The first formula follows directly from the definition of 6,,,,(7;u, ).
To obtain the second formula, the Poisson summation formula is applied to the func-

tion f <\/%(px + upm’l)) with f(x) = e ™) for t > 0. Let us denote f (ﬁ(px + up,n,l))

as follows:
t
009 = 1 (1S ) ).

Then the Fourier transform g(x) of g(x) is

~ 1 Upon Y 1
3y) = e e (—wﬁ<y,y>) .

By using the Poisson summation formula, the following relation is obtained:

n,ls n, 1 )
Z exp (—ﬂt<pm+up’ N} pm—i_u}?, l ) Z gpupnlm exp( t<m m)) .

meZn P mez" p
(14)

Equation (14) still holds for 7 € H by the principle of analytic continuation. That is,
both sides of Eq. (14) are analytic functions of 7/i on the right half-plane. Equation (14)
and the analytically continued function of it must be equal everywhere for ®(7/i) > 0,
because these two functions agree on the positive real axis of a complex plane. Therefore
we obtain the relation

n,tsy n m 1
Z exp (ij <pm+up, 1, pm—+tu, l>> _ Z 5pupnl exp (m <m m)) 7
mezn p p mezZn p

(15)

where —7m/4 < arg+/7/i < w/4. The summation on the left-hand side of Eq.(15) is
0pn(T;0p,0). On the other hand, the Summation on the right-hand side of Eq. (15) is
expressed by the linear combination of Hpn( — Uy, 1) for u, ., € U, as follows:

Z gpupnlm exp< 1 > Z Hpnlp pn(_l upnp)' (16)

mezZn pELp

Finally, the following relations are obtained for all u,,; € U, ,:

(73 Uy ) = (\f ) ( ! u)

From Proposition 1 (ii), the second transformation formula is obtained. O

11
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4 Epstein zeta functions on linear codes over 7,

Definition 6 (Epstein zeta functions [9]) Let s be a complex variable with Rs >
n/2, let Y be an n x n matrix of a positive definite quadratic form, and let g and h be

n-dimensional real vectors. Then the Epstein zeta function associated with (Y, g, h) is
defined by

2mi(h, a)

e

Zn Y7g7h78 :: S

( )= 2 fargY@ate)
a+g#0n

where a runs over all elements in Z" except for any vectors such that a+g = 0,,, and 0,
is the n-dimensional zero vector.

Let us substitute the n x n identity matrix /,, into Y and substitute 0,, into g and h,
respectively. Then we have

1
Zn(ImOnaOmS) = T\
2 ooy
a#0n

where (a, a) denotes the standard inner product of a and itself. We denote the function
Zn(1,,0,,0,,s) by Z,(s) and define the partial Epstein zeta functions of Z,(s) as follows.

Definition 7 (Partial Epstein zeta functions) Let s be a complex variable with
Rs > n/2. Partial Epstein zeta functions Z, ,,(s;u,,,) for u,,; € U, , are defined by

1
Zpn(siUppy) = Z

S
raczn (pm + up 0, pm A+ Uy )
Pm+up7n’l¢0n

where the vectors u,,,; are those given in Definition 5.
It should be noted that
Zpi(s37) = Zpa(s;p—j) for j=1,2,...,¢q.
If the Lee composition of v,,,, € Z,, is [, then
Zpn (83 Vpn) = Zpn(S; Upn).

Theorem 2 Partial Epstein zeta functions Z,,(8;0pn,) for all uy,,, € U,,, which are
defined for Rs > n/2, extend analytically to entire functions on the whole complex s-plane

except for a simple pole at s = n/2 with residue (7r/pz)n/2 /T'(n/2), where T'(s) is the
gamma function. Let

’ﬂ' —S
Ry (55 tpng) 1= (5> I (5) Zy (55 Wy

12
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Then the following relation holds for all vy, € Uy,

Apn(s upnl

< — S Uppn, p) (17)

pELp.m

where pipn1, s the constant given in Definition 3. These relations for all vy, ,; € U, ., are
equivalent to the following single equation:

—s —(n/2-s)
s s n
(_) I () Zpn(siupni) = (E) I ( ) Z Hp.n.t,pZpn <2 — S up,n,p) :

p pEL
(18)

Proof. The proof of Eq. (18) is closely parallel to that of the functional equation for the
Riemann zeta function in [10]. O

The above type of partial Epstein zeta functions are components of partial Epstein
zeta functions on linear codes over Z, which are defined as follows.

Definition 8 (Partial Epstein zeta functions on linear codes over Z,) Let C be
an [n, k] linear code over Z, and let A,(C) be the following set:

Ay(C):={c+pm|ceCandmeZ"}.

For a complex variable s € C with fts > n/2, the partial Epstein zeta function on C' is
defined by

Znjo)(s) = ) =>. Z ——— pm+ o

reAp(C) < L, ceC mezn
r#£0n pm~+c#0p

In the same way, for the dual code C* of C, the set A,(C*) is defined by
ACH)={c+pm | €C"andme Z"}.

For a complex variable s € C with fs > n/2, the partial Epstein zeta function on C* is
defined by

ZAp(CJ-)(S) = Z Z Z (pm + ¢/, pm—i—C’)

r/€Ap(CL) < c’eC  mezn
/40y, pm-tc/#0n

Sorting the order of the components of u,,; does not change the summation
Zypn(s;upny). Therefore replacing u,,; in Z,,(s;u,,;) with a codeword c of Lee
weight j does not change Z, (S'upnl) If the Lee weight enumerator of C' is
Welzo, 21, %q) = Dep, VV; =0 é , then Zy (c)(s) is denoted by using the coef-
ficients W, of Wc(xo,xl, ey Tg):

1
- Z Wi Z (pm + w0, pm+ uy,0)° Z Wilipn(5: Up)-

l€Lpn mczn l€Lpn
Pm"l’upyn’[#()n

(19)

13



In the same way, for the Lee weight enumerator Wei(xg,21,...,2,) =
1+

ZlLeLM I/Vlﬁ J _oxj of C+, the partial Epstein zeta function Zp,c1y(s) is denoted as

Zyen(s)= Y. Wi > !

S
<prn T, L, pm+ up,n,lL>

Itel mezZ™
S p,n Pm"rup’n’lj_#()n
L .
= Wi Zp (51 Uy 00)- (20)
ILelypn

The following Theorem 3 is the main result in this paper.

Theorem 3 The partial Epstein zeta function Zy,c)(s) extends analytically to an entire
function on the whole complex plane except for a simple pole at s = n/2 with residue
p"(m/p*)"?/T(n/2). Then Za,c)(s) satisfies the following functional equation:

™\ ° 1 o\ "2 1 "
(E) F'e) mZAP“’)(S):(;) 0(5=5) Zommien (5-9)

In particular, if C' is self-dual, we have

() roman=(5) "0 G- e (5-)

and the residue of Zy,(c)(s) at the pole s =n/2 is (7/p)"/?/T(n/2).

Proof. Let us substitute Eq. (12) into Zx,(c)(s). We then have

Zpy)(s) = Z WiZyn(8:0pn1)

€Ly n

E Hp n, 1L lVV[l ZPJL(S; up,n,l)

leLp,n lJ‘ELp n

1
=== 2 | 2 teniraZoa(siwpn) | Wit (21)

Iely, \l€Lpn

Multiplying both sides of Eq. (21) by (7/p) " T'(s) /A/p* yields

(5) re jﬁm)(s)

- (Z) ) P k\/_ Z Z /vanvlL,lZp,n(SJ Un) WJL (22)

p lJ‘EL n leLp,n

14
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Using Eq. (18), the right-hand side of Eq. (22) is rewritten as

( ) (n/2—s) g_ S> \/_ﬁZAP(CL) <g - 3) . (23)
o)
) (s

The residue of Z,,(cy(s) at the pole s = n/2 is the sum of those of Z,, ,,(s;1y,,). Therefore

the residue of Zy (c)(s) at the pole s = n/2 is p* (7/p? )"/ /F(n/2) In particular, if in
Eq. (23) C = C4, the equation becomes

() Tz =) G e )

Put k = n/2 into p* (7r/p2)n/2 /T'(n/2), then the residue of Zy (c)(s) at the pole s = n/2
is (7/p)"* /T (n/2). O

Example 5 For all s € C with s > 5/2, the partial Epstein zeta function on the code
C5 given in Example 1 is

Zncs)(8) = Zs,5(5:(5,0,0)) +2Z55(s; (1,4,0)) + 2Z55(s; (1,0,4)) + 4Z55(s; (2,3,0))
+ 4Z5,5<3; (2v Oa 3)) + 425,5(33 (37 17 1)) + 825,5<3; (0’ 3a 2)) + 8Z5,5(S; (07 27 3))
+107Z55(5;(2,2,1)) + 1025 5(s; (2,1,2)) + 1275 5(s; (0,4, 1))
4 12755(5: (0,1,4)) + 1475 5(s: (1,3, 1)) + 1425 5(s: (1, 1, 3))
+20Z55(s;(1,2,2)).

On the other hand, the partial Epstein zeta function on the dual code C5- is

ZA(C’;)(S) = Z575(S; (5, O, O)) + 2Z575(S; (2, 2, 1)) + 22575(8; (2, 1, 2))
+ 4Z575(S; (O, 3, 2)) + 4:Z575(S; (0, 2, 3)) + 6Z575(S; (]_, 3, 1)) + 6Z575(S; (1, 1, 3))

Two zeta functions Zy(c;)(s) and Zy ¢z (s) satisfy the equation

5) o= () () i (-

Example 6 For all s € C with Rs > 3, the partial Epstein zeta function on Cy given in
Example 2 is

ZA(CG)(S) = Z5,6(S; (67 0, 0)) + 6025,6(8; (2,2, 2)) + 4025,6(3; (0,3, 3))
+ 12Z576(S; (1, 5, O)) + 1225,6(5; (1, O, 5))

This zeta function satisfies the functional equation

(g) E (5) Znicw () = (%) h (3 —5) Zae)(3—9).
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[Sco64] W.R. Scott, ”Group theory”, Prentice-Hall, Inc., Englewood Cliffs, N.J. (1964).

_ 92_



Kleinian codes and binary codes

Shun Tabata and Hiroki Tamura

1 Introduction

In [3], Kleinian codes, that is, additive codes over Kleinian four group is in-
troduced, and two constructions of binary codes from Kleinian codes are given.
These constructions are analogous to constructions of lattices from binary codes
found in [2], [8].

In [4], a frame of an integral lattice is defined, and frames are classified into
three types. A lattice generated by construction A (resp. B, C') has a frame of
Type A (resp. B, C). In this paper, we define a frame and its type with respect
to a binary code so that a binary code generated by each construction from a
Kleinian code has a frame of the corresponding type. In fact, this definition of
a frame of a binary code coincides with that of a T-decomposition in [4], but
for analogies, we use the term “frame”.

In Section 2—4, we give a proof of our main result:

Theorem (Theorems 5,6). Let D be a self-orthogonal binary code of length 4n
with a frame F{;. We assume D is doubly-even when Fj is of Type C. Let C be
a Kleinian code defined as follows:

C={xe K"|(d}+x,0)ND #0}.

Then D can be expressed as pa(C), pp.(C) and pc,(C) for some v € K"
according as Fy is of Type A, B and C respectively.

Theorem (Theorems 9,24,25). Let D be a self-orthogonal (resp. doubly-even)
binary code of length 4n with a frame of Type A or B (resp. Type C). Then
Aut(D) is transitive on the set of all frames of the same type if we assume
4n > 16 (resp. 4n > 32) for Type B (resp. Type C).

Combining above two theorems, we have

Theorem. For U = A, B or C, a mapping C — pyo(C) gives a one to one
correspondence from the set of all isomorphism classes of self-orthogonal (resp.
even) Kleinian codes of length n to the set of all isomorphims classes of self-
orthogonal (resp. doubly-even) binary codes of length 4n with a frame of Type U
if it is assumed that 4n > 16 (resp. 4n > 32) for U = B (resp. U = C).

These are analogues of the following theorems.



Theorem (Kitazume, Kondo, Miyamoto [4]). Let L be an n-dimensional even
lattice with a frame F = {%e1,...,%e,}. Let C be a code defined as follows:

C:{Xc{l,...,n}l(A+%ex)ﬂL7é@}.

Then replacing some e; by —e; if necessary, L can be expressed as L 4(C), Lg(C)
and L (C) (6 = 0 or 1 and § = n/8 mod 2) according as Fy is of Type A, B
and C' respectively.

Theorem (Kitazume, Kondo, Miyamoto [4]). Let L be an n-dimensional even
lattice with a frame. Then Aut(L) is transitive on the set of all frames of the
same type if we assume n > 16 (resp. n > 32) for Type B (resp. Type C).

Theorem (Kitazume, Kondo, Miyamoto [4]). For U = A, B or C, a mapping
C — Ly(C) gives a one to one correspondence from the set of all isomorphism
classes of doubly even codes of length n to the set of all isomorphims classes of
n-dimensional even lattices with a frame of Type U if it is assumed that n > 16
(resp. n > 32) for U = B (resp. U = C).

In Section 5, we give some examples to show that the assumption: n is
sufficiently large, in our main theorem is necessary.

2 Construction of binary codes from Kleinian
codes, and frames of binary codes

Let K = {0,a,b,c} = Z5 x Z5 be the Kleinian four group, where 0 is the neutral
element. A code C over K of length n is a subset of K™, and a code C is called
linear if C is a subgroup of K™. The weight wt(z) of x = (x1,...,2,) € K™ is
the number of nonzero z;. A code C is called even if wt(x) is even for all z € C.
The scalar product (-,-): K" x K™ — F5 is defined as (z,y) = Y i, T - Yi,
wherea-b=b-a=a-c=c-a=b-c=c-b=1 and zero otherwise.

The dual code C* is defined by

Ct={zc K" | (z,y)=0forall y € C}.

We call C self-orthogonal if C C C+ and self-dual if C*+ = C.

A binary code of length n is a subset of F5, and a binary code D is called
linear if D is a subgroup of F5. A code D is called doubly-even if wt(x) is
divisible by 4 for all z € D. We define the scalar product on F3 by = -y =

Z:'L:1 xyy; for x = (z1,...,20),y = (Y1, .,Yn) € F5.
The dual code D+ is defined by
Dt ={z e Fy|z-y=0forall y € D}.

We call D self-orthogonal if D C D+ and self-dual if D+ = D.
We assume that all codes in this paper are linear.
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(z,0) (z,a) u(z,b) (x,c)
0000 0000 0000 0000
0011 0011 1100 1100
0101 1010 0101 1010
0110 1001 1001 0110

o o O8

Table 1:

The automorphisms of F consist of the permutation of the positions and
the automorphisms of K™ consist of the permutation of the positions together
with a permutation of the symbols a, b and ¢ at each position.

For X C {1,...,4n}, define ex € F3" by

= [1 X,
e i =
* 0 ifi¢X.

We denote ey, by e, and eqy . 4n) by 1

Let v € K™. We define maps pa, pB.v, pc,» from Kleinian codes of length n
to binary codes of length 4n, where pc , is defined only for even n. The maps
pa and pc ., appear in [3] as ps and pp. For analogies to [4], we use pc, and
define a new map ppg ,.

Definition 1. Let dj = {(0000), (1111)}™ and (d})o = {z € d} | wt(z) = 0
(mod 8)}, (di)1 = da \ (d7)o-
pa(C) :=(C,0) +dy,
pB.v(C) = 1(C,v) + (d]f)o,
,OCU( )= (UC,v) + (di)o) U (¢(C, ) + (d1)5, raoa 5.2 + K(V));
where x : K" — F3" is the map induced from & : K — F3, 0 — (1000),

— (0100), b — (0010), ¢ — (0001), and ¢ : K™ x K" — F3" is the map
induced from ¢ : K x K — F3, 1(z,v) = £(0) + &(z) + ((k(0) + £(x)) - £(v))1.

)

Note that pp (C) (resp. pc.»(C)) is equivalent to pp o(C) (resp. pc,o(C)).
The following is a slightly refined version of [3, Lemma 2].

Lemma 2. If C is a self-orthogonal (resp. even) Kleinian code, then py(C)
(U = A,B,C) is a self-orthogonal (resp. doubly-even) binary code. If C is
self-dual, then p4(C) and pc(C) are self-dual.

Definition 3. Let D be a self-orthogonal binary code of length 4n. A set
{fi,. ., fn} C F3" is called a frame of D if all the following conditions are
satisfied:

o fi+fjeDforanyi,je{l,...,n}
o wt(f;) =4 forany i € {1,...,n}.



e supp(f;) Nsupp(f;) = 0 for any distinct ¢, € {1,...,n}.
Definition 4. Let F' be a frame of D. We say that F' is of

e Type A: if FF C D,

e Type B: if F ¢ D and F C D+,

e Type C: if F ¢ D+,
Let Fo ={er,,..., ez, } where I; = {4i — 3,4i — 2,4i — 1,4i}.

Note that dj =3¢, F2f. It is not difficult to see that py(C) has a frame
Fy of Type U (U = A, B, C) for any self-orthogonal Kleinian code C.

Theorem 5. Let D be a self-orthogonal binary code containing d}. Let C be
a Kleinian code defined as C = {z € K" | (d} + «(x,0)) N D # (}. Then
D = pa(C).

Theorem 6. Let D be a self-orthogonal binary code of length 4n with a frame
Fy of Type U (U = B,(C'). We assume D is doubly-even when U = C. Let C
be a Kleinian code defined as C = {x € K" | (d} + «(x,0)) N D # 0}. Then
D = py(C) for some v € K™.

Proof. Let Co = {x € K™ | ((d})o + ¢(x,0)) N D # (0}, and Cy = {z € K™ |
(d}y + k(z)) ND # 0}. If Fy is of Type B, we have D = pp,(C) for any
v € Cq \ Ct (resp. v € Cg-) when Cy # C (resp. Co = C). If Fy is of Type C, we
have D = pc(C) for any v € C.. O

Lemma 7. Let D be a self-orthogonal binary code. Assume there exists a
weight 4 codeword ey; j ¢y € D, then (i, j)(k,£) € Aut(D).

3 Proof of the main theorem: Type A

Lemma 8. Let D be a self-orthogonal binary code. Assume Fj is a frame of D
of Type A. If F is another frame of D of Type A, then there exists o € Aut(D)
satisfying |F' N Fy| < |o(F) N Fy.

Proof. Let f € F'\ (FyNF). Then f = ex, + ex,, for some X, C Iy, | Xi| = 2
(k=1,7) with i # j. Let {s,t} = X;,{u,r} = I; \ X; and set o = (s,u)(t,r).
Then |F N Fy| < |o(F) N Fp|. O

By induction, we have the following.

Theorem 9. Let D be a self-orthogonal binary code of length 4n with a frame
of Type A. Then Aut(D) is transitive on the set of all frames of D of Type A.

For frames of Type B or C, we have a similar result as Lemma 8 if two
frames have a common element.

Lemma 10. Let D be a self-orthogonal binary code of length 4n with a frame
Fy. If F is another frame of D such that FNFy # (), then there exists o € Aut(D)
satisfying |F' N Fy| < |o(F) N Fy.

In the following sections, we consider the case F'N Fy = ().



4 Proof of the main theorem: Type B,C

Definition 11. Let F', I’ be frames. We call F' is orthogonal to F’ if f- f' =0
for any f € F and f' € F’.

If F is orthogonal to Fy and F N Fy = (), then any f € F is of the form
f = €Xx; + €X;,

for some Xy C Iy, |Xk| =2 (k =1i,j) with i # j.
In this section, let D be a self-orthogonal binary code of length 4n with a

frame Fy. If F' is another frame of D such that F' is orthogonal to Fy and
F N Fy =0, then for any f, f' € F with f # f’, one of the following holds.

(i) {ie{l,....n} [supp(f+ )N # 0} =2
(i) [{i € {L,....n} | supp(f + /) N I; # 0}| = 3
(iii) {i € {1,...,n}|supp(f+ f)NI; # 0} =4
Let N(F) ={{f,f'} C F'| f and f’ satisty (i)}. Note that |[N(F)| < n/2.

Lemma 12. Let F be a frame orthogonal to Fy of D such that F'N Fy = (). If
|IN(F)| < n/2 then there exists 0 € Aut(D) such that

e o(F)NFy#0or
e o(F)NEy=0, o(F) is orthogonal to Fy and |[N(F)|+ 1 < |N(o(F))].
By induction, we have the following.

Lemma 13. Let F be a frame orthogonal to Fyy of D. Then there exists 7 €
Aut(D) satistying

e T(F)NFy#(or
e 7(F)N Fy =10, 7(F) is orthogonal to Fy and |N(7(F))| = n/2.

In the above lemma, |N(7(F))| = n/2 occurs only when n is even. Let
n = 2k.

Definition 14. Let v € F5. For 0 < i < k — 1, define v € F§¥ by (v?); =
(52'13'1). Let

k—1
Fr = {epasa epars .
1=0

Let di = (11000000), d2 = (00110000), d5 = (00001100), ds = (00000011),
d5 = (10101010) and set D = <d1,d2,d3,d4,d5>.

A self-orthogonal code of length 8k with frames F{, and F; of Type B is
contained in D¥,
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Definition 15. For 0 <¢ <k —1 and = € K, define ¢; , € S by

0io = (80 + 1,80 + 7)(8i + 2, 8i + 8),
— (8i+ 1,8 +8)(8i + 2,8 +7),
@i = (8i 4 3,80 4 5)(8i + 4,8 + 6),
— (8i + 3,8 + 6)(8i +4,8i + 5),

and let

T = $¥i,094,aPi,bPi,c)
P ={pix |z € K}U{mypi. |z € K},
®={gg... 01| 0;i €P;,0<i<k—1}.
Lemma 16. g(Fy) = Fp for any g € .
Let dg = (00001010) and d7 = (10001000).

Lemma 17. For each ¢ € D + dg + d7, there exists a unique ¢ € ®y such that
gb(dG) € <d1 + dy,ds + d3> +c+dg.

By above lemma, we can define vy : D + dg + d7 — ®q by
¢0(c) = qb if qb(d(;) S <d1 + dy,ds + d3> + ¢+ dg.
We extend g to v : D¥ + (dg + d7)* — ®.

Lemma 18. Let D be a self-orthogonal binary code of length 8% with frames
Fy and F;. If one of the following holds:

(i) D C (D*,(dg + d7)¥) and x € D+ N (D* + (dg + d7)*),
(ii) 2 € DN (D* + (dg + d7)¥) and wt(x) =0 (mod 4),
then ¥ (z) € Aut(D).
By above lemma, we have the following.

Lemma 19. Let D be a self-orthogonal (resp. doubly-even) binary code of
length 8k with frames Fjy and F; of Type B (resp. Type C). Then there exists
g € Aut(D) satisfying g(Fy) = Fo.

Lemma 20. Let F be a frame orthogonal to Fyy of D such that FNFy = () and
|IN(F)| = k. Then there exists v € Sy, satisfying v(F) = F; and v(Fy) = Fp.

By Lemmas 10, 13, 19, 20, and by induction, we have the following.

Lemma 21. Let D be a self-orthogonal (resp. doubly-even) binary code of
length 4n. Assume Fj is a frame of D of Type B (resp. Type C). If F is
another frame of D of Type B (resp. Type C) such that F' is orthogonal to Fy,
then there exists o € Aut(D) satistying o(F') = Fp.



Lemma 22. Let n > 4. Let D be a self-orthogonal binary code of length 4n.
Assume Fj is a frame of D of Type B. If F' is another frame of D of Type B
then F' is orthogonal to Fj.

Proof. Let f € F. It suffices to show f-e;, = 0 for any i satisfying supp(f)N1; #
(0. Since |{f € F | supp(f) N1I; # 0} <4 < |F|, there exists f’ € F such that
supp(f)NIL; =0. As f+ f' € D C (d})*, we have f-ef, = (f+f)-e;, =0. O

Lemma 23. Let n > 8 be even. Let D be a doubly-even binary code of length
4dn. Assume Fy is a frame of D. If F' is another frame of D then F' is orthogonal
to Fo.

Proof. Let f € F. It suffices to show f-e;, = 0 for any i satisfying supp(f)NI; #
0. Since [{e;, € Fo | supp(f) N1I; # 0} < 4 < |Fy|, there exists I; € F such
that supp(f)N1I; = 0. And since [{f" € F' | supp(f')N(L; UIL;) # 0} <8 < |F],
there exists f € F' such that supp(f’) N (L; UI;) =0. As f + f',er, +er, €D,
we have f-er, = (f + f') - (er, +er;) = 0. O

Now we have the following.

Theorem 24. Let n > 4. Let D be a self-orthogonal binary code of length 4n

with a frame of Type B. Then Aut(D) is transitive on the set F of all frames
of D of Type B.

Proof. Without loss of generality, we can assume Fj is a frame of D of Type B.
By Lemme 22, any F' € F is orthogonal to Fy. Thus by Lemma 21, Aut(D) is
transitive on F. U

Theorem 25. Let n > 8 be even. Let D be a doubly-even binary code of length
4n with a frame of Type C. Then Aut(D) is transitive on the set of all frames
of D of Type C.

Proof. Without loss of generality, we can assume Fj is a frame of D of Type C.
By Lemme 23, any F' € F is orthogonal to Fy. Thus by Lemma 21, Aut(D) is
transitive on F. O

5 Exceptions

If a self-orthogonal (resp. doubly-even) binary code D of length 4n has frames
Fy, F of Type B (resp. Type C'), then by Lemma 21, F' is not orthogonal to Fy
and thus n < 4 (resp. n < 8) by Lemma 22 (resp. Lemma 23). With the help
of MAGMA [5], we give all codes up to equivalence such that no automorphism
of D maps F' to Fy.



5.1 Type B

n =4, F = {egitaits8,i+12} : 1 <1 <4}, a generator matrix of D is

[1100110000000000 |
0110011000000000
0011001100000000
0000111111110000
0000000011001100
0000000001100110
0000000000110011

5.2 Type C

(i) n=16, F ={eq1,2,38}€{4,5,6,7} } U {€{i,ita,i+8,it12} : 9 <@ < 12}

e The [24,12]-code D; generated by Fy + Fy, F + F and

110011000000000000000000
011001100000000000000000
000000001100110000000000
000000000110011000000000
which is equivalent to Cay in [6].
e Two [24,11]-codes Dy = D1 N e{Lm} and D3 = D; N ef1’8712’14’20’22}.
e Three [24,10]-codes Dy = Dy N D3, D5 = Dy N 6%‘2’3} and Dg =
D3N 6%1,2,15,16,23,24}'
(11) n=_8, F= {e{i,i+4,i+8,i+12} 11 € {]_, 2,3,4,17,18,19, 20}}

e The [32,16]-code D; generated by Fy + Fy, F'+ F and
11001100000000000000000000000000
01100110000000000000000000000000
00000000000000001100110000000000 | ’
00000000000000000110011000000000

which is equivalent to the 29th code in [1].
e Two [32,15]-codes Dg = D7ﬁe{ﬁ’2’9710} and Dy = D7ﬂe{ﬁ’3’9711’17718’25’26}.
e Three [32,14]-codes Dl() = Dg N Dg, Dll = Dg N 6%‘2’3’10711} and

_ 1
D1z =Dy N €11,2,9,10,17,19,25,27} "
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On a class of wreath products of hypergroups and
association schemes

oo od

0000000000 Paul-Hermann Zieschang (University of Texas at Brownsville)
0000000000000 00O0O00ODO000OO0O0D p|DoDoOooooO

1 Hypergroups

Hypergroup OO0 0000 F. Marty 000 19300000000 4000000
OO00b0obO0ob00o0o0boooo0ob0ob0obD0o0o0bUbOUUhypergroup OO
Joooobobobobobbbboo0b0d0ddououUuddHHypergroup OO OQOO
00000000 20 B|00000ooooo

O00 hypergroup DO ODODODOOOODOOOODOONO Zieschang 00000
O Marty 0000000000000 OOO [8:

Let S be a set, and let © be a map from S x S to the power set of S. For any
two elements p and ¢ of S, we write pq instead of u(p, q) and assume that pq is not
empty.

For any two non-empty subsets P and () of S, we define the complex product P(Q)
to be the union of the sets pg with p € P and ¢ € ). If one of the two factors in
a complex product consists of a single element, say s, we write s instead of {s} in
that product.

We call S a hypergroup (with respect to p) if the following three conditions hold.

H1 For any three elements p, ¢, and r in S, we have p(qr) = (pq)r.
H2 The set S possesses an element e such that se = {s} for each element s in S.

H3 For each element s in S, there exists an element s* in S such that p € rg* and
q € p*r for any three elements p, ¢, and r in .S satisfying r € pq.

Association scheme [0 complex product 0000000000 H1OH2O0 H3 O
O000;cf. [7]0 OO0 hypergroup O association scheme 00000000000
O00D0000D00D000000000 hypergroup SO SOOODOOO p,qO0
00 |pgl=1000000000000 thin hypergroup 00000000000
O00000000000p#¢* 000000000 p,q0000 |pg=1000
00000 hypergroup OO ODOOOO

1
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2 Wreath products of hypergroups

gbbbuoooobbbooobboboooobbod

Let S be a finite hypergroup. A non-empty subset T" of S is said to be closed if
pq* C T for any p,q € T. The intersection of closed subsets is also closed. For a
non-empty subset U of S, < U > is the intersection of all closed subsets containing
U.

Let s be an element in S different from e. We say s is an involution if < s >=
{e,s}. We say s is an idempotent if ss = {s} and < s >= {e, s,s*}.

Let T be a closed subset of S. For s € S, we write s” := TsT and define
S//T := {s" : s € S}. Then S//T gives a partition of S. Define ur : S//TxS//T —
P(S//T) by

pr(p”,q") = {r" :r € pT'q}.

We can verify that S//T is a hypergroup with respect to pr.
Hypergroups S; and Ss are said to be isomorphic if there is a bijection f from S

to Sy which satisfies f(pq) = f(p)f(q).
A hypergroup S is called a wreath product of hypergroups S; and Ss if it has a

closed subset 71" such that
T=S5, S//T=S,

and st = {s} for any t € T and s € S\ T. We write S = S, 1 5,.

000 hypergroup OO ODOOOOOOOODOO hypergroup O wreath
product O 0O O wreath product DO OOOO0OO0OO0OOOMOOOOOO wreath
product 0 000 0OOOOO association scheme 0000 O0OO0OOOOOOONOMO
ooooodd

3 Main result

Theorem 3.1 Let S be a finite hypergroup. Then the following are equivalent.
(a) For any p,q € S with p # ¢*, |pq| = 1.

(b) S is a wreath product of hypergroups all of which are thin, generated by an
imvolution, or generated by an idempotent.
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0000000 association scheme 000000000 /5|000000000
00 O Association scheme D 0000 Terwilliger OO0 000000000 COODOO
0000000 [5 000 Terwilliger 0 O 0O almost commutative D 0000000
0000 association scheme 000000000 OODOOOD O Association scheme
OD0000000D000D0000 Terwilliger 0000 OODO almost commutative
Ooo0obooobooboooobuoobbooobOodn hypergroup OO DO OO
O0000000B00000000000000 association scheme 000000
0000000000 000000

Theorem 3.2 Let (X,S) be an association scheme. The following are equivalent:
(a) For each non-primary irreducible T -module W, |Supp(W)| = 1.
(b) For any p,q € S with p # q*, |pq| = 1.

(c) (X,9) is a wreath product of association schemes all of which are group schemes,
or one-class schemes.

Association scheme 000 X 0 XOOOOOOOOO SOODOOOOO hyper-
group 000000000000 DO0O0ODO XDOOOoooosSoooooooooo
00000000 (b)0ODODO association scheme 0000 O OO hypergroup O
gdououotdotdotdooouoooouood
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Buratti-Del Fra DHO O [0 0 deformation
of Veronesean DHO OO 0O 0O 0O O

000000000 (Hiroaki Taniguchi)*

1 O0ood

0000000000000 (dimensional dual hyperoval) D DHOO O OO
00 O O O Buratti-Del Fra’s DHO [1],[2] O Veronesean DHOO O OO OO
DHO p|00000000000000OD0O000O0DO0O0O0O00ODODOO
Dbooboobobooboboboboobobooboboobobb
OOooooobHoOOObOOOOoooboOouobooooobooooooooo
000000000020 000DHOOOOOOOOOOOOO PG(m,2)
00 DHOO C. Huybrechts 0 A. Pasini (4]0 0000000000O000.

00 1 (GF(2)00 DHO). mO000000 PG(m,2) 0000 d0000
opoooo SO, PGm,2) 0000 ¢-000000D0D00OOCOOOOOO
gogooooooooo:

() SobooooO0 200 00000100000,
(2)SO0000OD0O0O00O0300 d-D00O00OODODODOOOO,
(3)SO0000d000000 PG(m,2)0000,
4)SO 2+ 00 00000000,

O00d>3000. GF(2)00d000000000000000O00O0O0O0O
O0n,0000002<n<d(d+3)/20000000000000000
0000000000 PG(d(d+3)/2,2)00000

0 O O Huybrechts’ DHO [3],

0 O O Buratti-Del Fra’s DHO [1],[2],

0 O O Veronesean DHO [6], [7],

0 O O Veronesean DHO O O O [5],

*E-mail address: taniguchi@dg.kagawa-nct.ac.jp

1
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4000000000000 0O0DOODOOOODO.0DOOODLDOO
gbooboooobboooobboboooon

2 Buratti-Del Fra’s DHO [0 Deformation of
Veronesean DHO

n>d+1>3000HA0Jd+10000000000O00000O0O00O00O0O
gbooog.

00 1.s,t€c HOOOO a(s,t) e H@(HAH)DODOOOOODODOOODO.

(a1) a(s,s) = (0,0),

(a2) (s,t)—a(t s),

(69) als.) 0.0, N

(a) als,t) = a(s'£) if and only if {s,t} = {57},

(a5) {a(s,t) |t € H} U {(0,0)} is a vector space over GF(2).

00000X(s) = {a(s,t) | t € H\{0}} O PG(H® (HAH))0O d-000
000000 S={X(s)|seH}0d-0000000000000000.

00 HOOO {eg,e1,...,e} 000000t = e, + e, € HOOOOO
O0000Supp(t) :=={ey, - ,e,00000000J(t) := Supp(t) (|Supp(t)]
0000O00)0J() = {0} USupp(t) (|Supp(t)| D0D0D0)00000
t = agegtare;+--+ageq € H (a; € GF(2),Vi) OO0 ¢ := areg +- - +ageq
0000000000 H\{0,e} 000000000

O 1. Buratti Del Fra’s DHOODODOO a(s,t) 0000000

a(s,t) = (s+t,sAt)
+ xsf Z (e, e0 ANw) + Z Ty 5(e0, €0 A W)
weJ(3) weJ (%)

000 2 =65+ + Y pespé(s+w) eGFR)ODOD

D00GF(2)-000000 HeHOODOOO AXH)O A2(H) = (zQy+
y@z|r,ye HYOODOOS2(H) = (H®H)/A2(H)0000 z@y00
D00 zey00000000.

00 2.s,t€ HOOOO b(s,t) € S¥(H)000000O0O0OOO.
(b1) b(s,5) = s ®s,
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(b2) b(s,t) = b(t, s),
(03) b(s,t) # 0,

(b4) bls,t) = b(s' ¥) iff (5,8} = {s'.¢),

(b5) {b(s,t) | t € H\{0}} U{(0,0)} is a vector space over GF(2).
O00000X(s) := {b(s,t) | t € H\{0}} 000 X(c0) := {b(s,s) | t €
H\{0}}O PG(S*H)O0 d-000D000000 S := {X(s)|s € H\{0}} U
(X(c0)} O d-000D000000D.

O 2. Deformation of Veronesean DHO OO OO b(s,t) 0000000

b(s,t) =s®@t + x5 Z w @ (w + eg)

weSupp(s)

+ Z Ty sW @ (W + €).

weSupp(t)
000 20 =E(5+1) + Xpesupmn (5 +w) € GF(2) 000 .
O 3. Buratti Del Fra’s DHOO D OODOODOOODOOODOO
a(s,t1) + a(s,ta) = a(s, s +t1 + ta + a{s, t1, ta }eo),

000 afs,ti,ta} :=&(s+t1) +&(s+t2) +&(ti +t2) e GF(2)OE() OO0
H\{0,eo} 000000000

O 4. Deformation of Veronesean DHOO DO DOODOODOODOODOOODOO
b(S, tl) + b(S,tQ) = b(S,tl + 9 + Oz{S, tl,tg}(s + 60)),

000 afs,tr,ta} = &(t1)E(s +11) +&(t2)E(s +12) + (s +t1 +12)E (81 +12) €
FO&H0O00 H\{0,e}000000000

HOO s:= Y0 e, t =30 yyes (000 a9 € GF(2) 0000
st =30 zwe, 000 sUt:=s+t+sNt000. 000 e(s,t) :=
Es)EME(s+1) 0000000000000 2000000000000
0od

00 1.s,te HOOO a(s,) e HO (HAH)DOODODODO0D0O00DO
a(s,t) = (s+t,s \Nt)+&(s+t)(eo,e0 A (sNT)).

0000 {a(s,t)} O Buratti-Del Fra DHOO OO O DHOOOOOO.
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00 2.ste H\{0}O0DOO b(s,t) € S2(H)00000000000O

~

b(s,t) :=s@t+e€(s,t)((sUt) @ (sUt+ep)).
0000 {b(s,t)} O Deformation of Veronesean DHOO OO0 DHOO OO
go.
guoodooooobbbboooogd
00 3. e PG(d(d+3)/2,2) 00000 d-00 DHO S == {X(t) |t € H}
0000 a(s,t) == X(s)NX(¢) 0O 3000000000000SO
Buratti Del Fra’s DHOO OO DOODOO
e PG(d(d+3)/2,2)00000 d-00 DHO S :={X(t)|te H\{0}} U
{X(c0)} 0000 b(s,t) :=X(s)NX () D OO b(s,s) := X (s)NX(c0)
OO0 400000000000080 Deformation of Veronesean DHO
gogooog

3 Ubgobgh

00 1.00 10a(s,t)000000000O00OOOOOOO0.
a(s,t1) +a(s,ta) = a(s,s +t1 +ta + afs, t1,t2 }eo).
000 aofs,ty, bt} :=E&(s+t)+E&(s+1ta) +E&(t1+1) OO0,
00. {&(s+t),E(s+5),E(t+)}0000000000000000. (0
00000000200 00003000000000000000000.)
(1) &(s+t)=1,&(s+1ta) =1, &t +t2)=1000
a(s,t) +a(s,ta) = (s+t1,sANt1)+ (e, e0 A (sNty))
+ (s+ta,sNt2) + (eo,e0 A (sNta))
= (t1 +ta, 8N\ (t1 + t2))
+ (0,e0 A (sN(t1 +t2)))
a(s,s + 11 +ta + eg).
(2) E(s+1t1) =0,&(s+1ta) =1,&t1 +t)=1000
a(s,t1) +a(s,ta) = (s+t1,8A\t)
+ (s+ta,sAt2) + (eo,e0 A (sNta))
(t1 + ta, s A (t1 + t2))
+ (eg,e0 A (sNta))
(s, s+t + ).
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a(s,t1) +a(s,ta) = (s+t1,sAty) + (eg,e0 A (sNty))
(s +ta, s ANta) + (eo,e0 A (s N ta))
(t1 +ta, s A (t1 +t2))

(0,e0 A (s N (81 +12)))
= a(s,s+t1 +t2).

(4) E(s+1t) =0,8(s+t2) =0,&(t1 +12) =0000
(s+t1,sNt1)+(s+1t2,sNts) = (s+ (s+t1+12), s\ (s+t1+1)) 000

_|_

+

d(S,t1)+d(S7t2) :d(8,8+t1+t2).
Jooobbobbooooooooooo O

00 71000. {0,e,...,e) 000010 a(s,t)00000 10 a(s,t) 00
000000

a(e;,ej) = (ei+e;+ep,e; Nej) OO0  ale,e;) = (e +ej e Nej),
a(0,e;) = (e; +€0,0) OO0 a(0,e;) = (e;,0),
a(0,e9) = (ep,0) OO0 a(0,e9) = (e, 0) OO DO.

000000 {ale,e;),al0,e;),a(0,e0) | 0

{ales ¢)),a(0,¢;),a(0,¢0) | 0 <@ < j < d}j D
00000000.00,000000

<i<j<d},000
0o DH@GMUﬂDDDD

n:H®e(HANH)=H® (HANH)

O00000000000<i<j<d0000 n(ale;,ej)) = ale;,e;), O
00000 0<:<d0OD00O0O w(a(0,e;)) = a(0,e,) D00O0O0O0DODODO.
000000 100, a(s,t) 000 a(s,t) 00000000 O00O0O0O0OS,t
O00d0d0dd0oooooooooDoDoo0O0oOoOogg s,t e HOOO
O w(a(s,t)) = a(s,t) 00000000 0O0OO. OO0 {a(s, )} 0000
Buratti-Del Fra DHOO O OO DHOOOOOOOOOOO. O

4 O0O0O0O0O0O

b 2. 0000000000400

A~

b(s,ty) + b(s,ts) = b(s, ty +to + afs, ty, ty}(s + €p)).
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D00 afs,tr, o} :=E(1)8(s +t1) +E(L2)E(s +t2) +&(s + i +12)§(t +12) €
GF(2)0000

00, {e(s,t1),e(s,ta2),e(s,t1 + )} 0000000000000000. (O

O0€(s, t1+t2) = €(s,t1+ta+s+e) 00000000 {e(s,t1),€(s,t2),e(s, t1+

tg)}DDD 200000000000 3000 ODDDDDDDDDD.)
(1) e(s,t1) =1, €(s,ta) = 1 e(s,t;1 +t2) =1000

~

b(s,t1) +b(s,ta) = s@ (t +ta) + (t1 +ta) ® (t1 + t2 + €o)
+ (sﬂ(t1+t2))®(sﬂ(t1+t2)+eo)
= b(S,tl +t2+ (8-'-60)).
(2) 6(8,t1) = 0, E(S,tg) = 1, E(S,tl —|—t2) =1000
(ti=egorty=sort;=s+e000)

8(8,151) + 8(5,752) = s5® (tl + tg) + tg &® (tz + 60)
+ (sNtx) ® (sNta+eg) +5® (s+ eo)
= b(S,t1+t2).
(3) E(S,tl) = 1, E(S,tg) = 1, E(S,tl —|—t2) =0000
(t1+t220,€0,t1+t2:s, Ort1+t2:5+€0|] DD)

B(S,tl) + B(S,tg) = s® (tl + tz) + (tl + tg) (059 (tl -+ tz + 60)
+ (S N (tl +t2)) ® (S N (tl +t2) —|— 60)

~

= b(s,ty +t2).
(4) €(s,t1) = 0, €(s,15) =0, (s, 11 +t,) = 0000
b(s, 1) +b(s, 1) = s @t + 5Dty = 5@ (b + Lo) = b(s, 11 + t2).
afs,ti,ta} = E(t1)E(s +t1) + E(t2)E(s + ta) + (s + 1 + L2)E(t1 + 1) D OO

OO0 O&(s)afs, tr,ta} = e(s,t1) + €(s, ta) + (s, s + 1 +t2) 0O OO {b(s, )}
o0 2000000000000000 ]

00 2000. {ey,...,ea} 000020 b(s,t)00000 20 b(s,¢) 000
00o000

bese;) = e ®e;+elese;)(ei+e;)® (e + e+ e)),
b(ei,ej) = 67;®€j aooo.
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000000 {blee;) |0<i<j<d},000 {blese;) |0<i<j<d
000D $¥H)=(He H)/A?(H)0D00D00000000. 00,00
00000 7:8(H) 2 S*H)00000000000<i<j<d000
w(b(es,e;)) = bles,e;) 00 000D000. 000000 200, b(s,¢) 00
|:|Z;(S,t)DDDDDDDDDDDD,S,tDDDDDDDDDDDDDDDD
0000000000 s,te A\{0}0000 n(b(s,t)) =b(s,)000000
00000. 000 {b(s,t)} 0000 Deformation of Veronesean DHO O O
OO0 DbHOOOODOODOOODOO. O]
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Permutation Pattern & Lehmer Code 2>5 € F 5 HEF4E
B DOREEIZ DOV T

Bl Heth

MR (e-mail: tomie@morioka-u.ac.jp)

1 Introduction

AFE TlE Permutation Pattern OFEARR) 72 FAR 2 8L L 7-1% . BBz HWi-EAF Tl LTH
N5 ¢EPB LD g = -1 ODFFREIZOWTIRANT 5, F70iEH#D 6 E E 2D Lehmer code DA
EHOBEIZE LT, BITMRBLIOEFICLVEONTRMEEZHI T 5, Permutation Pattern ™
¥z EFICB T2 EARNZ2EHE L TKouthiZXD, EDOX 72 S Dyt o lZx L TH o avoiding
permutation OE%7Y Catalan B T EIF b5 LW I FEPRH D [12] [13], Catalan £ & (T "IH

1
FEERNTC, = m(“’:) LREINDETHY, MAEHHROMZ LFICRWCTHEEICEN S,

72 & 21X Stanley OEFEFEIZIB VT @ Catalan T BT ORISR N EEMEE LTETH
TS [16), FTHiRbALRBIE LT Dyck Path B3 50T %, o € S3 avoiding permutation
725 Dyck path ~OEHKF AN OBBEINTEY [7]. SHIEWOND S, DOILTICRLTr
avoiding permutation D% 2 iF1Z1% Dyck path ®BIFIZ & 7= 5 Schroder path 238405 [11], £/
Claesson (2 & Y $#2% X172 generalized permutation pattern {233\ CTi H R IZ Motzkin path 23T
TV BT 5 (6], ZD KD IT Permutation Pattern & Lattice Path OFIZITEHE R D720 23D 5,
F 72 Permutation Pattern & Lattice Path O O2FFHI BN TIEL < OFERN M LN TEY . FFiZ
Claesson & Kitaev (I [7] IZAWT, 2HFOR I ZET—2ODHIEL LT, " HSIC L2 TEDL 5
WO (EDXHR) MBEROBEBAPRI-NDD” ZREL, BEIHFONTEZOMIEOR SIZH
LTimCTWb, — AR E T A —&—ZFfD k-Catalan 1, Coxeter ££D degree % VN CT—/i%
{b &7z Coxeter Catalan 2, & 512 Z 115 & 5T Fuss—Catalan 272 E~O— AL LML ST D

[1]o

AFETBUWTIL, Permutation Pattern ®%rz EIF Iz oW T < oo HEg 22t R 28T 5.
WIZ Lattice Path & OBEHE, Hplc—%f—X Il DWW T B R 7= . Permutation Pattern ™%tz
EFIZBT 5 ¢l (D—2) Z/NT 5, FiZqg=1 LTI TOEBNELINDLD, ¢= -1 &
72D EITDONT, WL DD AT R OVEE NG5 RE R 2R RS, REBICERNDEE D
Lehmer code ONAFAEIEIZ-DUN T, Denoncourt O JefTIFFE K OVER B AR TR Z/E T 2,
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2 Permutation Pattern[Z2DULVT

1T Permutation Pattern Ziin T A BRICHEARMN & 2 2 FHEEZ TR T D, iHT Kitaey DEFRLE
WO L (9]

Definition 2.1. 7 € S, B L Wo € S I LT Do-pattern Z@ieliE, 1 <igp <ip <---<ip <n
WXL m(ig)mw(ia) - - w(in) DR/DBERD o(1)o(2) - o(k) & =BT DL EHV D,

HRIZ st(m(iy)m(in) - - m(ig)) X 7w (i) 7w (i) - - - w(ip) ITBWTRNERER L DD S, Ore LTHRL
TebD T 5, 728 21X 462513 128V T 462513 1IT3\\ T st(425) = 213 & 725 DT 213-pattern
ZEte, WIZ Pattern Avoiding = EF#T 5,

Definition 2.2. m € S,, o-pattern avoiding permutation TH 5 L1131 < Vi; < Vipg < -+ < Vip < n
WKL T ost(m(ig)m(in) - - - w(iy)) # o(1)a(2) - - o(k) D3O SLOREZ N D,

S 2B T g-avoiding permutation & 725 6 DDOEEE S, (0) LE L, FFIC
Sy(321) = {123, 132,213,231, 312} Th %,

Theorem 2.1. [12] [13]
£5,(123) = £5,(132) = £5,(213) = §5,(231) = #5,(312) = £5,(321) = -1 (*")

n+l\n

WL OO EHLE avoid T AHHAIT DOV T H Schmidt & Simion 12X > TEX G TW5, EHD
£ BIZK LT BIZET 5 pattern ZF5727200 S, O DHES % S,(B) LB, 2oL x

Theorem 2.2. [14]
1B =275 5,(B) DIEEKIZUTONTNINERD

1. $5,(132,123) = $5,(132,213) = £5,,(132,231) = £5,(132,312) = 2"
2. #5,(132,321) = (;) + 1
3. $5,(123,321) = 1,2,4,4,0,0,0, - --

Theorem 2.3. [14]
1B =37261T5,(B) DEEIILLTOWTANLE LD

1. #5,(123,132,213) = F,,41, F,: Fibonacci number, Fy =0, F; =1

2. £5,(123,132,231) = £5,,(132,213,231) = £S5,(123, 132, 312) = £5,,(123,231,312) = n

B Sy DILInHIRDGEITTXITHONTEY, tB=27T, S3BLRS, Ohb25550
Bx EF LT TICHEINTWD, FFICEIB=2ThbW NG &b Sy ODILPLRLIGEITN Ohvg

FRDNTEZ BT IREA TS, WL D0 D413 Schroder path & 7237330 0 235 S0 TER 0 Bk
vy [11]),
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3 EEHRZAV-EANEH

3.1 TEEEVLCOMDRER
AR IR R ORI A %, 26 Kitaey OEHEZ B0 = & 9]

Definition 3.1. BZE#OES L LT

F(n,B,q) = 3 s, ™"
LEDD, 122U invr T OEEEONT 2RTHEDLT D,
ZDLEFn,B,q) Il LTHLILTVWDRERE WS DZIT 5,
Example 3.1.

1.

ﬁj

(¢, q) =TS L+ g+ P+ +q)
2. F(n, {213,312}, q) = [T/ (1 + ¢') [14]
3. F(n,{321,231},q) = (1+ ¢)" ! [14]

4. F(n, {132,312}, q) = Y00 " F(k, {132,213}, ¢) [14]

5. S,(312) & Dyck path ~® Inversion & Path 23T e E LA — 57 2 G [2]
6

. S(321) Ik W ’CZWQS (321) T n(m) ga(m g (m) R} BIRT & IV TZ R n(r) (X OWEL.L a(T) 1Z gen-
erating tree |23 1T 5 IREL (3]

FFIZH P2 12 281F 7= Barcucci, Luogo, Pergola, Pinzani (JIR O EE Z/R LTV 5,

Theorem 3.1. [3]
Sn(321) OEHLIZKF L T Inversion D)%

3.2 Even Odd Sum

B2 W EAMF EFNCB N T =1 & L& ED[EIZONTHRARD, DFEVIX F(n,B,—1))
Dffi, Permutation Pattern (Z X = THll[R S 72 EHE ST 1T D IBEHL & FFE#O 22OV THE 2
5o ZOX) BB LIIMO TARRBETHY, FLLUTICERD L5 IcmBAVERSENElE I
TWEPXICTTTIZMONTEY, BN EATW S ATREME S 4312 ® 523, BiFEA T Baxter O
X [4]. Klazar OF@ 3 [10], Simion Scumidt D@3 [14] 3 X O OB MGEHSCLISMISCIRIT R 2705 7
olz, EHITIE, SEERASTZEEELSIMI b EWR)N O EE S EA L LT, descent, peak, valley 72
ERRA R b TR, N6 q=—1FHREICOWTHHEREWERH DD TIER VN EHE X
TW5, ZNHEEDTH LITFHOFRHIVUE ZEHR T IV, HIDIZHARZ2E E L CTROEE
BT D,
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Theorem 3.2. [14]

F(n, {123}, 1) = F(n, {231}, -1) = F(n, {312}, -1) = (-1)5) () 2
2. F(n, {321}, 1) = F(n, {213}, 1) = F(n, {132}, ~1) = C(u_1)2
T2 Un MBI & X1 Clueyye = 0 LED B,

& <2 n BEEE DA 28V TiX Noncrossing Partition (23517 % Kreweras Complement 72> & .
20D ROEIIIMHECTH D 0IEFITHHATH 5,

Theorem 3.3. [4]
o=0(1)0(2)(3)--0(k),0’ =0(2)0(1)o(3)---0o(k) & L7c& & F(n,{o,0'},-1)=0&,72%,

¥¥1Z Corollary & L TIRE15H5,

Corollary 3.1. [4]
F(n,{3412,3421}, —1) = 0, F(n, {1423,1432}, —1) = 0, F(n, {1234,1243},-1) = 0

E<UZ B L LTS, OBESE L O EME 2 9Bo T L SHIC F(n, B, —1) =0 725 & 13
RS, B2 1E

Proposition 3.1. [4]
F(n,{1234,1324}, —1) = —1 & 725, $EIC S7(1234,1324) I2B 1 D BEHOFELE 918, A
1% 919

Baxter IR DO FEZ R LTz,
Conjecture 3.1. [4]
F(n,{4231,213}, —1) = 1
2. F(n,{123,1432},—1) = £F,_», F,: Fibonacci number
F(n, {4312,4213},—1) = 0
EHITROFIHEME R T,
Proposition 3.2 (Tomie).
F(n,{4231,213}, —1) = 1
F(n,{123,1432}, —1) = (—1)"F,_a, F,: Fibonacci number

F(n,{4312,4213}, —1) = 0 BERALT 2 03 E DWW TIEBITED & Z A 4352 TV Baxter
En < 22OV TIRANZ T 5 LR~ T 5,
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4 Permutation Pattern & Weak Bruhat Order

S, DIt o, 7 IZBE L Tinv(o) C inv(r) C &Zfililcd & & o <7 LEDD, ZOLD REIEFESIT
Weak Bruhat Order & FEIZAVHANLIC e Z /ot leRItw ZRAILE T DR E 0D, FIEFESICH
T HA) 728 & LT Mobius BB EFR S5, Weak Bruhat order (2B % MHE 72 &% Bjdrner
& Brenti OZFE (5], PNEFFEGITET 2 FWICE L Tid Stanley DEFE [15] 2D Z &,

Definition 4.1. *FIEFES P KOz <y € P2k LT Mobius B u([x, y]) %Fﬁ'ﬁf—f‘ﬁzzquu([w,y}) =

Ope ZET-THE— DL LTED D, KT P AIATE T &/t 0 2555 & & pu([0,1]) % Mobius %
En, pu(P) TET

RFIZ S,,(321, 312, 231) 38 JUY S, (321) 12 Weak Bruhat Order & AU R TE & AT INZ T2 R4
A 5n(321,312,231) BE N S,(321) & 2 5,

Theorem 4.1. [17]
S(321,312,231) 5 L O° sn( 1) ® Mdbius 23 IEIC Fy o(—1) & 72 5.
727120 Fulq) 1%, Fi(q) = Fa(q) =1, Frya(q) = Fraa(q) + qFi(q) TEE b g-Fibonacci 3.

Fact 4.1. S,,(132), S,(213), 5,,(231) B8 LT 5,,(312) IZ Weak Bruhat Order Z A1 % & Tamari Lattice
Z1%%, & <12 Mobius £ (—1)"

5 Permutation Pattern & Lehmer Code

KBRS, DT 0 \CH LT es(0) = £{jli < J, o(i) > 0(j)} EED (o) = (e1(0), 2(0), ..., cnl0)) € NP
LE<, ZORA, = {o]oc < w in weak Bruhat order} Z# VT, c(A,) C N" ZE®H, HARKLOHE
FENEF T H o CRIBEFHEEZ AL D, c(A,) T RE Z LIZHBUROME AR (8],

Theorem 5.1. [§]
0 € Sy I LT c(Ay) 15 Be R

3Bt BRI join irreducible 72 670> & 72 D53 HNEFFEE G @ order ideal BRI Bk 2 ALLTZNAST
L LTHEIEND, FHZZ D KD R0 FIEFAES % base poset & FES, FFIZ ¢(A,) D base poset &
M, &<,

Theorem 5.2. [§]
ci(0) #0, z € [ci(o)] IZX LT m;, € N IZEITD j kD

1.0 (j<i—1)
2. @ (j=1)
3.0+ (j>i+1and (i) > o(j))

4. max{0,x — g{kli <k <j, o(i) > o(k)}} (j =i+ 1and o(i) <o(j))
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LEDD, ZDEE M, ={m;.(0)|ci(o) #0, z € [¢;(0)]} &£75,
M, OHEEIZE L TROFEN T I D,

Proposition 5.1. [1§]
231-avoiding permutation o {Z%f L C M, % chain @ disjoint union , F7=ifXIL LAV, 72
& ZUX Mysyy 1E 231-pattern ZFi> TWBHMNE X 20 chain £ 725,

RIZ Permutation Pattern & Z8{El L2 &2 LIEFEAIZB W TE 2 5,

Definition 5.1.
FNEFEEAR P & QTR LT PIXQ & RIBIZREHIARFES %25 720 P 2 Q-free &9

BIZIZ2®2023@ 1 free &725 n B0 BIAFES OEEIT Catalan i Tz EF 5 s
ZERMBTVWD [16],

Theorem 5.3. [18]
w € 5,(3412,3421) TH D Z & & M, 8 By-free T2 Z L 1X[EME, AL By 137 7 2 ® Boolean
algebra

REFERENCE

[1] D. Armstrong, Generalized noncrossing partitions and combinatorics of Coxeter groups, Mem.
Amer. Math. Soc. 202 (2009), n0.949.

[2] J. Bandlow and K. Killpatrick, An Area-to-Inv Bijection Between Dyck Path and 312-avoiding
Permutations. Electron. J. Combin. 8 (2001), no.1, Research Paper 40, 16pp. (electronic)

[3] E. Barcucci, A. Del Lungo, E. Pergola and R. Pinzani, Some permutations with forbidden
subsequences and their inversion number, Discrete Mathematics, 234 (1-3) (2001) 1-15.

[4] A. Baxter, Refining enumeration schemes to count according to inversion number, Pure Math-
ematics and Applications (Special issue for the proceedings of Permutation Patterns 2009).
Volume 21. Issue No. 2. (2010). 137-160.

[5] A. Bjorner, F. Brenti, Combinatorics of Coxeter groups, Springer-Verlag, New York, 2005.

[6] A. Claesson, Generalized pattern avoidance, European Journal of Combinatorics, [22, 961-971,
2001.

[7] A. Claesson and S. Kitaev, Classification of bijections between 321- and 132-avoiding permuta-
tions. Sem. Lothar. Combin. 60 (2008), Art. B60d, 30pp.

[8] H. Denoncourt, A refinement of weak order intervals into distributive lattices, arXiv:1102.2689.

[9] S. Kitaev, Patterns in permutations and words, Springer Verlag (EATCS monographs in Theo-
retical Computer Science book series) 2011.

- 118-



[10] M. Klazar, Counting even and odd partitions, Amer. Math. Monthly 110,6(2003), 527-532.

[11] D. Kremer, Permutations with forbidden subsequences and a generalized Schroder number.
Discrete Math, 218, 270, 333-344.

[12] D. Knuth, The art of computer programming, I: Fundamental algorithms. Addison-Wesley,
Publishing Co, Reading, Mass-London-Don Mills, Ont, 1969

[13] D. Knuth, The art of computer programming, III: Sorting and searching, Addison-Wesley, Read-
ing, MA, 1973.

[14] R.Simion and F. W. Schmidt, Restricted permutations, European Journal of Combinatorics
6(4), 383-406, 1985.

[15] R.P. Stanley, Enumerative Combinatorics, vol. 1, Wadsworth Brooks/Cole, Pacific Grove, CA,
1986; second printing, Cambridge University Press, Cambridge, 1997.

[16] R. P. Stanley, Enumerative Combinatorics, vol. 2, Cambridge University Press, Cambridge,
1999.

[17] M. Tomie, NBB bases of some pattern avoiding lattices, arXiv:0912.4560.

[18] M. Tomie, A relation between the shape of a permutation and the shape of the base poset
derived from the Lehmer codes, arXiv:1111.3094.

- 119-



ZE-ATOEBREIZDNT

LN K HER ) R ST R B R i R AR
hH 1E%

1 EA

F9. E=AFROTESZ RSG5 —SEf, £ 120° Bi5 R, &/ 120°
[Bl#E L, 2% 25, I, ZOWEELTHOE I =20 =A% K&
R = AOTE I a%% (INZEZZCIE2E-MAFLELS), TOE
iRy & Lo ZIRDEHICTED D,

“’ri\@ A ?’fﬁﬁ@

FELLSEAT AL, T 2E-AO LD =MAIF A% R, Thllz S+t
WIZ (K AB & CEIEAET D) RER =M% R ChERIET
LDOMN Ry, TH D, Lyld, 2EH=MAO EHO =M A% L, ThEEI+H,
WICKRE =A% [, ChERSE-HDTHD,

FoT, Ry Ly iZZD=ZMAAB & C DIEMZEDETZILODIEM
DEHTH D, T LT, FERD L I IZ—FLEOTHMIT Ry (2 X VEFIC
(1,2,3,-+-,9) LBBT 2, BT R IZZD9ELETBTHY . Ly b
BT Ry kﬁﬁf&;ét&bT%’rT&;éo

A A A
AA AAAA

Ry Ly L; Ry

UL, Ry & Lo lZFERHATH D, FEBRIC EAKD L HIT Ry Ly & Ly Ry

- 120-



38705, AL, BITENOERT AL LTRRALTWVS,

EHIC, TNEIGEL ERO2E=A GEO=MAK) Z2SHITkE
REAEOHEAICEHE LD (Zh e 3BE-AFET5H, ) OLRTHEHA
(278 LEOERETEDD, TIFELFERERZ_SOBER R & Ly 5 %
LD, Ry & Ly T ORRCE U CHFMEDR S D72 Ry 720 254
5o TV, ZOML ZOOBERIL2 7T H EABTH Y EVNIIERHT
b5,

ALY A A
Ry AA 2, AA —, AA

IAAA tAAA AAAAA

- 121-



2 EBMBEOTEE

:hﬁ)% ?)n Aﬁj:@%?ﬁﬁ Gn %ﬁi—‘%-ﬁééo jz—éx\ Rl = 01 = (1,2,3) k
LLi=o0i'=(3,2,1) 5, ZOK, G = (o) £TDERDEDIC

Rg L L2 %E%T% G2 = <R2,L2> %ﬁ?%ﬁ“éo

EBE, Go BT DRy & Ly THRIIZ Gy (o) DE L EFRT D,
SFD
Gy = (Rs, La) C G121 (02)

L35, 22T, ADLBIEHLTWAS T 5,
FEIREIZ, n > 312k L TR ERET D,

EE 2
Gn—l X Gn—l X Gn—l @m%@ﬁ*ﬁ Op = (1, 2,3) ;5_”’:%}%_

R, =o0109---0y

L,=0y oy 0,7t
LBE
LEFRT D,
3 G,DMHE

-

GAP Zfli > 72§ HIC L D n=1,2,3,4,5,6 1ZB8 L THAITR O X 5 12
2%,

|Gi| =3 [Ga| =33 |Gs|=3% |G4| =32 |Gs5| =38 |Gg|=3'"

- 122-



Gy DIEZ 75 &

fHEE 1

G =5

ZLT, 3OD=MAREREEIEDHNE 9 DIAKT —)L 3R H Y, +
NSO T T R TN I D TH 5,

ALEA
(Ra). (Lo) & (L' RyLy) 132 THRIR HATEL O DEIEETH V| (RS, RyLo)
IINTEL 9 DEAT — BT H B,

g

F18
[Gul = [Guna[ /372 (2 2)

Hoa=s
n>11IZxLT
El.= {g € Gn|g3: 1}
LB,
EHE 1
n> 11X LT
¢n: Gn — Gn,1
W W
R,— R,_1

L,— L,

(T ESTHERB GG D,

AR

nE=AEO—F/NSW=AFE R E D Z LI LY Lo ERR
Bgrfmonsd, (ZZT nEHEARLIEn -1 EH AL RS R =M
FEOFTHRIZERE L7z & L, 1 E=ARITHICE=AELT2,)

- 123-



LS
m> 112 LT

E .= {g € Gn|g?’m: 1}
EB<,

T 2

(1) Go 1T TR TH B,

(2) ker ¢, IFFERT —~V 3B L7025,

(3) Em i G, DHFHETHY, Ef=kerp, (m>1)
4) Z(G,) = {L,R> "L} #T. |Z(Go)| =3

ZIEER
(1) 1FEZ L VAL,
ker ¢, 13T X TCOER/N=ZAFOREZEE L TWHD T, /b =HA
FEDRBROREDBEFEDOTH3RETH D, BT, ker ¢, IFFERT —~L 3HET
bb, £oT(2) MY IO,

(3) &7
Ry & L ZEZAROTEADERETH 20 HIRO L HIITHIFRRTE S,
[0 1 0 00 1
Ri=l001|,Li=]|100
100 010
ZLT, Gp C(Gry X Gy X Gpq) ¥ {0,) THDHND, JFHAMIC
0 R,., O 0 Los
R,=1| 0 0 Ignt |, Ly=| I3ns (n>2)
Ijnor 0 0 0 L;n .
LATHIE RN TE B,
EY
G, C  (Gno1 X Gpoq X Gpoq) % (oy)
L o }
Goo1 C (Ghooa X GpoxGpo) X {o,_1)
L ¢ 1
Gy C (G1 X Gy x G) % (09)
INOXS

ker ¢, C ker ¢,,_1 X ker ¢,,_1 X ker ¢,_1

- 124



Thd, €L T

¢3- - ¢n (En) C E3
focg)(\ *ﬁ% 1k ET% e Gn,1 X Gn,1 X Gn,1 @%Kﬁj\ﬁfﬁ)éo
J:OT\ (Enl_lx Enl_lx Enl_l) N Gn = ker gbn £0
El=kerg, (n>?2)
ThY Ey DXL G Oty & 307 vy 775 Th %,
E/

E;Ln - (an—m—&—l te gbn)_l (Enl—m-‘,-l)

7RDT (3) BV LD, FRIZ, Ep =G, Th D,

WIZ, (4) 122N T, BRI TS, M1 £V n=2TIERkY 2
D, WRIIn>3IELT, n— 1B FTIZ @) BV sro& 3%,
WE, ge Z(Gy) ETDE dulg) € Z(Gny) £V

g 0 0

g=10 g2 0 | (91,92,93 € Z(Gn-1))
0 0 gs

Thb, ZOK, R, AZEDIETgIIRETH DD g1, go, g3 DIK[ANE 2
FolEfE 24, B,

g1=02=93 € Z(Gp1)
Thb, OFEV., g1 =1,R¥ L3 THLHIMD
Z(Gn) = {1,R,* ", L,*"}

LT, (4) B9 Y 310,

- 125-



	01
	02
	03
	04
	05
	06
	07
	08
	09
	10
	11
	12
	13
	14
	15
	16


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




